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Holographic Dark Energy Model is Consistent with Pantheon SN Ia Data∗
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Abstract We constrain three cosmological models, i.e., ΛCDM model, holographic dark energy (HDE) model and
Rh = ct model by using the recent Pantheon compilation of type Ia supernovae (SN Ia), the direction measurements of
Hubble parameter H(z), and the baryon acoustic oscillations (BAO). The spatial curvature is considered in the ΛCDM
model and the HDE model. We show that the HDE model in a spatially flat and HDE dominate universe has the same
behavior as Rh = ct model if the characteristic parameter of the HDE model C0 approaches to infinity. Numerical
results show that the ΛCDM model is the best favoured one among the three models. The HDE model is consistent with
observational data, the best fitting value of C0 is around 0.8, which implies that the Rh = ct model should be modified
to be compatible with the present cosmological observational data. Combing all the datasets, we give strict constraint
on the Hubble constant, where h0 = 0.694 ± 0.020 for the ΛCDM model and h0 = 0.689 ± 0.019 for the HDE model.
Our results imply that the tension of Hubble constant between Planck collaborations and Riess et al. has been partially
relaxed. The constraint on the spatial curvature is also given, where Ωk0 = −0.066 ± 0.165 for the ΛCDM model and
Ωk0 = 0.029± 0.067 for the HDE model.
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1 Introduction

The standard cosmological model, i.e. the ΛCDM

model is well consistent with various astronomical obser-

vations, such as type-Ia supernovae[1−2] (SN Ia), baryon

acoustic oscillations (BAO), cosmic microwave back-

ground (CMB) radiation from WMAP[3] and Planck

satellites.[4] The ΛCDM model states that our universe is

mainly constituted of three components, namely, baryonic

matter, cold dark matter, and cosmological constant. The

cosmological constant is the most popular model of dark

energy, which could explain the accelerated expansion of

the universe. However, the cosmological constant will face

fine tuning problem,[5] if it originates from vacuum energy

density. To understand the nature of dark energy and to

solve the fine tuning problem, various models have been

proposed to discuss the dynamics of the dark energy.[6]

Instead of considering dark energy as a cosmological con-

stant, it is interesting to search alternate models of dark

energy and test them using the current astronomical ob-

servations.

Melia[7] has proposed an alternate model of dark en-

ergy, namely, Rh = ct model. Melia’s model suggests that

the Hubble horizon of the universe is always equal to the

light traveling distance throughout the whole history of

universe. It was shown that various astrophysical data

are well consistent with the Rh = ct model.[8−12] In fact,

the Rh = ct model has connections with holographic dark

energy (HDE) model.[13] The HDE model is inspired by

the holographic principle,[14] and it assumes that the in-

frared cut-off of vacuum energy density, which is relevant

to dark energy is the size of the future event horizon of

our universe. In an early work, Zhang and Wu[15] con-

strained the HDE model using the gold sample of SN Ia

combined with CMB and the large-scale structure (LSS),

and the results can be fitted well with the observational

data. In Refs. [16–17], various dark energy models have

been discussed by using the observational data, and the

best fitting results of the HDE model can also be fitted

well with the observational data. Moreover, in Ref. [18]

for recent review, the HDE model is in good agreement

with several cosmological observations.

The Planck collaborations have combined the CMB

data with various astrophysical data to give tight con-

straint on models of dark energy and modified gravity.[19]

However, Riess et al.[20] have measured the Hubble con-

stant by using four geometric distance calibrations of

Cepheid, and the measured value of Hubble constant is

more than 3σ tension with the global measurement from

CMB.[4] In some other works,[21−23] an evidently smaller

value of C0 can be obtained when the Planck CMB data
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are used for the HDE model. Recently, a large sample of

Supernova cosmology data[24] called Pantheon has been

released. The redshift of the data is ranging from 0.01

to 2.3. The wider range of redshift could help to find or

constrain the behavior of the dynamics of dark energy. It

is interesting to test the alternate models of dark energy

and to constrain the Hubble constant with the Pantheon

SN Ia data.

In this paper, we will test three cosmological models

(ΛCDM, HDE, and Rh = ct) by using various astronomi-

cal probes, which include the Pantheon SN Ia data, H(z)

and BAO. The rest of the paper is arranged as follows:

In Sec. 2, we briefly review the ΛCDM model, the HDE

model and the Rh = ct model, and present the relation

between the HDE model and the Rh = ctmodel. In Sec. 3,

we introduce the observational datasets, which are utilized

to constrain the cosmological parameters, and present the

best-fitting results of the model parameters. Finally, dis-

cussion and conclusion are presented in Sec. 4.

2 Theoretical Models

According to the cosmology principle, the universe is

homogeneous and isotropic on large-scale, which can be

described by the Friedmann-Robertson-Walker metric as

ds2 = c2dt2 − a2(t)
( dr2

1− kr2
+ r2(dθ2 + sin2 θdϕ2)

)
, (1)

where a(t) is the cosmic scale factor, c is the speed of

light, k = ±1, 0 denotes the spatial curvature of universe

and corresponds to a closed, open and flat universe, re-

spectively.

Given the equation of state of each component of the

universe, one can find the solutions of Einstein equations

in FRW spacetime. In the simplest ΛCDM model, we only

consider our universe being composed of matter (including

baryonic matter and cold dark matter) and dark energy.

The dark energy in ΛCDM model is represented by the

cosmological constant. Taking the spatial curvature into

consideration, we can find the equation for the Hubble

parameter H ≡ ȧ/a

H(z) = H0

√
Ωm0(1 + z)3 +Ωk0(1 + z)2 +ΩΛ0 , (2)

where we have used the relation a(1 + z) = 1 to derive

the above equation, H0 is the Hubble constant, Ωi0 ≡
ρi0/ρcr (i = m,Λ) is the normalized energy density to-

day, ρcr = 3c2H2
0/8πG is the critical density of the uni-

verse, and Ωk0 = −kc2/H2
0 is the spatial curvature. The

total content of the universe is normalized to unity, i.e.

Ωm0 +Ωk0 +ΩΛ0 = 1.

In the FRW spacetime, the particle horizon is given as

Rp = ac

∫ t

0

dt

a
, (3)

where c is the speed of light in vacuum. By making use

of Eq. (2), one can obtain

(1 + z)Rp =
c

H0

∫ z

0

dz

E(z)
, (4)

where E(z) ≡ H(z)/H0 is the dimensionless Hubble pa-

rameter. In the ΛCDM model, the relation between the

luminosity distance and redshift is given as[25]

dL(z) = (1 + z)
c

H0
|Ωk0|−1/2sinn

(
|Ωk0|1/2

∫ z

0

dz′

E(z′)

)
, (5)

where

sinn(x) =


sin(x), (Ωk0 < 0),

x, (Ωk0 = 0),

sinh(x), (Ωk0 > 0).

The dimensionless distance modulus is defined by

µth(z) = 5 log10

[dL(z)
Mpc

]
+ 25 . (6)

The Rh = ct model requires that the Hubble horizon

of universe is always equal to the light traveling distance

throughout the whole history of universe,[10,26−27] where

Rh = c/H denotes the Hubble horizon. Then, the rela-

tion between the luminosity distance and redshift can be

directly derived from the Einstein field equation and the

relation Rh = ct. It is given as

dL(z) = (1 + z)
c

H0
ln(1 + z) . (7)

Accordingly, the dimensionless Hubble parameter in the

Rh = ct Universe is given by

E(z) = 1 + z . (8)

Comparing the ΛCDM model with the Rh = ct model,

one can find that the Rh = ct model can be equivalently

considered as a flat ΛCDM model with equation of state

ω = p/ρ = −1/3 for the total contents of universe.

The HDE model suggests that the energy density of

dark energy is relevant to the future event horizon of our

universe[13,18]

Rf = ac

∫ ∞

t

dt

a
. (9)

The expression of the energy density of dark energy being

relevant to holographic principle is given by

ρde = 3C2
0M

2
PR

−2
f , (10)

where C0 is a constant parameter, and MP is the Planck

mass. From Eq. (10), the equation of state of dark energy

satisfies

ωde = −1

3
− 2

√
Ωde

3C0
, (11)

where Ωde ≡ ρde/ρcr = C2
0/H

2R2
f is the normalized den-

sity of holographic dark energy. While the universe is

dominated by holographic dark energy, one can find from

Eq. (10) and Friedmann equation that H−1 ∝ a1−1/C0 . If

C0 approaches to infinity, then Rf approaches to C0a or

C0t and ωde approaches to −1/3. In this limitation, we
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find that Rf in HDE model has the same behavior as Rh

in the Rh = ct model.

The relation between the luminosity distance and red-

shift in the HDE model takes the same form to Eq. (5),

since the background geometry, i.e., the FRWmetric is un-

changed in the HDE model. However, the E(z) in Eq. (5)

is different from the one in ΛCDM model Eq. (2). In a

spatially flat universe, namely, Ωk = 0, E(z) in the HDE

model satisfies the following relations[18]

E(z) =

(
Ωm0(1 + z)3

1− Ωde(z)

)1/2

, (12)

dΩde

dz
= −2Ωde(1− Ωde)

1 + z

(√
Ωde

C0
+

1

2

)
. (13)

In a spatially non-flat universe, E(z) in the HDE model

satisfies the following relations[28]

1

E(z)

dE(z)

dz
= − Ωde

1 + z

(Ωk − 3

2Ωde
+

1

2
+

√
Ωde

C2
0

+Ωk

)
, (14)

dΩde

dz
=−2Ωde(1−Ωde)

1+z

(√Ωde

C2
0

+Ωk

+
1

2
− Ωk

2(1−Ωde)

)
, (15)

where

Ωk(z) =
Ωk0(1 + z)2

E(z)2
, (16)

and the initial condition for solving Eqs. (14), (15) are

E(0)=1, Ωde0=1− Ωm0 − Ωk0.

3 Observational Constraints

In this section, we use the available astrophysical data

to constrain the above cosmological models: the ΛCDM

model, HDE model, and Rh = ct model. For the former

two models we consider spatially flat and non-flat cases

separately. The non-flat ΛCDM model and HDE model

are called oCDM model and KHDE model, respectively.

3.1 Observational Data

The observational data used here comprise the type

Ia supernovae (SN Ia), the direct measurement of Hub-

ble parameter (H(z)), and the baryon acoustic oscillation

(BAO).

For the SN Ia data, we used the most up-to-date

and the largest compilation called “Pantheon” recently

released by Ref. [24]. The Pantheon compilation consists

of 1048 SN Ia in the shift range 0.01 < z < 2.3. Com-

pared with the previous compilation such as Union2.1[29]

and JLA,[30] the number of SN Ia in the Pantheon is sig-

nificantly enlarged and the redshift range is much wider.

The observed distance modulus can be obtained using

the linear relation

µobs = m−Mb + α×X1 − β × C , (17)

where m is the apparent magnitude, Mb is the absolute

magnitude of SN Ia, X1 and C are the stretch and color

parameters respectively, α and β are the coefficients of

stretch and color corrections respectively. Usually the

nuisance parameters α and β are fitted together with cos-

mological parameters. In the Pantheon compilation, the

authors proposed a new method called BEAMS with Bias

Corrections (BBC) to calibrated the SNe. According to

the BBC method, the nuisance parameters α and β are de-

termined by fitting to a randomly chosen reference cosmol-

ogy. Once α and β are determined, we do not need to fit

them any more in other cosmology fits. For the Pantheon

dataset, the authors reported the apparent magnitude af-

ter correcting for stretch and color, so we do not need to

do the stretch and color correction any more. Thus there

is only one free parameter remain, namely the absolute

magnitude Mb.

We constrain Mb simultaneously with the cosmologi-

cal parameters. The best-fitting parameters are the ones,

which can minimize the χ2,

χ2
SN = ∆µTC−1∆µ , (18)

where ∆µ = µobs −µth is the vector of distance residuals

and C is the total covariance matrix between each SN Ia.

The total covariance matrix can be written as the sum of

statistical covariance and systematic covariance,

C = Dstat +Csys , (19)

where the statistical covarianceDstat is a diagonal matrix.

Both Dstat and Csys can be found in Ref. [24].

Next, we consider the constraints from H(z) data,

which provides the direct measurement for the Hubble

parameter at different redshift. In general, there are two

methods to directly measure the Hubble parameter, i.e.

the differential age of galaxies (DAG) method and the

BAO method. However, only the former method is inde-

pendent of cosmological model. In this paper, we use the

30 H(z) data measured from the DAG method compiled

in Ref. [31]. The χ2 for H(z) data is

χ2
Hz =

N∑
i=1

[H(zi)− Ĥi]
2

σ2
Ĥi

, (20)

where H(zi), Ĥi and σĤi
are the theoretical Hubble pa-

rameter at redshift zi, the observed Hubble parameter,

and the uncertainty of Ĥi, respectively.

Finally, the third data we use in this paper is the BAO

data, which provides a “standard ruler” for length scale

in cosmology. This standard ruler is characterized by the

comoving sound horizon rd

rd =

∫ ∞

zd

cs(z)dz

H(z)
, (21)

where cs(z) is the sound speed at redshift z, zd is the red-

shift of drag epoch.[32] Following Ref. [33], rd is recorded

as a free parameter.
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The effective distance measurement DV (z) can be de-

picted as

DV (z) =

[
d2L(z)

(1 + z)2
cz

H(z)

]1/3
. (22)

Moreover, BAO data can estimate the ratio of the effective

distance to the comoving sound horizon

R(z) =
DV (z)

rd
. (23)

In this paper, we use the BAO data points compiled in

Table 1 of Ref. [34], but we exclude the point of z = 2.34.

The χ2 of BAO data is given by

χ2
BAO =

N∑
i=1

[Rth(zi)−Robs(zi)]
2

σ2
Ri

. (24)

Eventually, all the data sets are combined to constrain

the cosmological model. The total χ2 of the all data sets

is the sum of each χ2,

χ2
total = χ2

SN + χ2
Hz + χ2

BAO . (25)

The values of the best-fit model parameters generate the

corresponding minimal χ2 (or χ2/dof, where dof=N−k is

the degree of freedom, and N is the total number of data,

k is the number of free parameters).

The Akaike information criterion (AIC)[35] and the

Bayesian information criterion (BIC)[36] are used to pick

up the model which are best consistent with the observa-

tional data. They are defined by

AIC = χ2
min + 2k , (26)

BIC = χ2
min + k lnN , (27)

where χ2
min is the minimum of χ2, k is the number of free

parameters, and N is the number of data points. The

model which has the smallest AIC or BIC is the best one.

Usually, one can choose a reference model and calculate

the difference of AIC or BIC of other models with respect

to the reference model. Here we choose the ΛCDM as the

reference model, and define

∆AICmodel = AICmodel −AICΛCDM , (28)

∆BICmodel = BICmodel − BICΛCDM . (29)

For AIC, the model is strongly supported when 0 <

∆AIC < 2, is less supported when 4 < ∆AIC < 7, and

is essentially unsupported when ∆AIC > 10.[17] For BIC,

there is positive, strong and extremely strong evidence

against the model with 2 < ∆BIC < 6, 6 < ∆BIC < 10,

and ∆BIC > 10, respectively.[37]

3.2 Results

In our paper, we analyse the characteristic of holo-

graphic dark energy comparing with the standard cos-

mological model. Firstly, we use the SN Ia data alone

to constrain the parameters. Due to the degeneracy of

the Hubble constant h0 (h0 = H0/100 km · s−1 ·Mpc−1)

with the absolute magnitude Mb, the two parameters can

not be constrained simultaneously. Here, we fix h0 = 0.7

and free Mb. The best-fitting parameters are list in Ta-

ble 1, where in the last two rows we also list the ∆AIC

and ∆BIC values for each model. According to the infor-

mation criteria, the flat ΛCDM is the best model, while

the Rh = ct model is decisively disfavored. According

to AIC, the oCDM, HDE, and KHDE models could not

be excluded, although they are not as good as ΛCDM.

According to BIC, however, oCDM and HDE models are

strongly disfavoured while KHDE model is decisively ex-

cluded. In any case, the universe prefers being spatially

flat.

Secondly, theH(z) data are added to the SN Ia data to

constrain the cosmological parameters. The inclusion of

the H(z) data breaks the degeneracy between h0 and Mb,

thus the two parameters can be limited contemporane-

ously. The best-fitting parameters are reported in Table 2.

Compared with Table 1, we can see that the parameters

from SN Ia+H(z) are consistent with that from SN Ia

alone. The Hubble parameter in Rh = ct model is con-

siderably smaller than the local measurement and Planck

result, while in the rest models, the Hubble parameters

are between the local H0 and Planck H0. Similar to the

SN Ia only case, the Rh = ct model is decisively excluded,

and the ΛCDM is the best model.

Table 1 The best-fitting results for different cosmological models from SN Ia alone.

ΛCDM oCDM HDE KHDE Rh = ct

Ωm0 0.298± 0.022 0.324± 0.068 0.274± 0.062 0.261± 0.047 –

C0 – – 0.855± 0.263 0.904± 0.286 –

Ωk0 – −0.068± 0.171 – 0.004± 0.066 –

Mb −19.351± 0.011 −19.354± 0.014 −19.354± 0.015 −19.352± 0.011 −19.238± 0.004

χ2 1026.862 1026.715 1026.908 1026.953 1114.914

χ2/dof 0.982 0.983 0.983 0.984 1.065

∆AIC 0 1.853 2.046 3.911 86.052

∆BIC 0 6.808 7.000 13.821 81.097
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Table 2 The best-fitting results for different cosmological models from SN Ia+H(z).

ΛCDM oCDM HDE KHDE Rh = ct

Ωm0 0.301± 0.020 0.330± 0.064 0.286± 0.043 0.289± 0.050 –

C0 – – 0.804± 0.181 0.845± 0.251 –

Ωk0 – −0.079± 0.162 – −0.039± 0.204 –

Mb −19.381± 0.054 −19.374± 0.056 −19.387± 0.056 −19.381± 0.064 −19.489± 0.050

h0 0.690± 0.018 0.694± 0.020 0.690± 0.019 0.692± 0.021 0.624± 0.014

χ2 1041.498 1041.277 1041.376 1041.356 1131.545

χ2/dof 0.969 0.970 0.970 0.971 1.052

∆AIC 0 1.779 1.878 3.858 88.047

∆BIC 0 6.762 6.861 13.823 83.064

Table 3 The best-fitting results for different cosmological models from SN Ia+BAO.

ΛCDM oCDM HDE KHDE Rh = ct

Ωm0 0.296± 0.021 0.316± 0.067 0.257± 0.016 0.263± 0.070 –

C0 – – 0.924± 0.013 0.867± 0.359 –

Ωk0 – −0.052± 0.168 – 0.022± 0.072 –

Mb −19.352± 0.010 −19.355± 0.013 −19.353± 0.011 −19.353± 0.015 −19.238± 0.004

rd 148.476± 1.898 148.885± 2.333 148.471± 1.921 150.147± 5.873 134.156± 1.084

χ2 1031.562 1031.475 1031.649 1031.571 1124.484

χ2/dof 0.982 0.982 0.983 0.983 1.069

∆AIC 0 1.913 2.087 4.009 90.922

∆BIC 0 6.873 7.047 13.930 85.962

Table 4 The best-fitting results for different cosmological models from SN Ia+H(z)+BAO.

ΛCDM oCDM HDE KHDE Rh = ct

Ωm0 0.299± 0.020 0.323± 0.064 0.277± 0.043 0.278± 0.043 –

C0 – – 0.837± 0.195 0.795± 0.218 –

Ωk0 – −0.066± 0.165 – 0.029± 0.067 –

Mb −19.378± 0.054 −19.372± 0.056 −19.382± 0.056 −19.390± 0.058 −19.238± 0.004

h0 0.691± 0.018 0.694± 0.020 0.692± 0.018 0.689± 0.019 0.623± 0.014

rd 150.169± 3.699 150.080± 3.719 150.330± 3.814 153.261± 8.045 134.156± 1.084

χ2 1046.212 1046.055 1046.240 1046.063 1141.101

χ2/dof 0.969 0.970 0.970 0.970 1.056

∆AIC 0 1.843 2.028 3.851 92.890

∆BIC 0 6.831 7.016 13.828 87.901

Thirdly, the BAO data are combined with the SN Ia

data to make an analysis, where the sound horizon rd is an

additional parameter. The best-fitting results are given in

Table 3. The best-fitting parameters are consistent with

Table 1 and Table 2. In the Rh = ct model, the rd is

considerably smaller than the rest models. The Rh = ct

model is decisively disfavoured and the ΛCDM is still the

best model. Compared with Table 1, we see that adding

the BAO data to SN Ia does not change the main conclu-

sion.

Finally, the combination of SN Ia + H(z) + BAO

data are utilized to constrain the cosmological models.

The best-fitting results are presented in Table 4. From

Table 4, we can see that very similar conclusion can be

arrived compared with the previous three cases.

In summary, based on the above analysis, the obser-

vational astrophysical data, either the SN Ia alone or the

combination of SN Ia with other data, strongly exclude

Rh = ct model and favor ΛCDM model, but the HDE

model could not be ruled out yet. In addition, the data
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prefers a spatially flat universe.

4 Discussion and Conclusion

In this paper, we combined the latest observation of

Pantheon SN Ia dataset with 30 H(z) and 6 BAO mea-

surements to give strict constraint on three cosmological

models, i.e., the ΛCDM model, the HDE model and the

Rh = ct model. For ΛCDM and HDE models, we con-

sider two cases, i.e., the universe is spatially flat or non-

flat. Numerical results show that the ΛCDM model is

the best favoured one among the three models. And the

HDE model is consistent with observational data. How-

ever, the Rh = ct model is decisively disfavored by the

observational data. In the Rh = ct model, the best fit-

ting Hubble constant is remarkably lower than the one

given by Planck collaborations[4] and Riess et al.[20] Thus,

the present cosmological observations do not support the

Rh = ct model. We also showed that the HDE model

in a spatial flat universe has similar behaviour to the

Rh = ct model if C0 approaches to infinity. However,

the best fitting value of C0 is around 0.8, which implies

that the Rh = ct model should be modified to be compat-

ible with the present cosmological observations. Applying

the H(z) data and BAO data, we have given the con-

straint on Hubble constant where h0 = 0.694 ± 0.020 for

the ΛCDM model and h0 = 0.689 ± 0.019 for the HDE

model. Our results imply that the tension of Hubble con-

stant between Planck collaborations and Riess et al. has

been partially relaxed. The constraint on the spatial cur-

vature is Ωk0 = −0.066± 0.165 for the ΛCDM model and

Ωk0 = −0.029 ± 0.067 for the HDE model, implying that

the astrophysical data are consistent with a spatially flat

universe. In summary, the H(z), BAO and Pantheon SN

Ia data show that the Rh = ct model is unfavored while

the HDE can not be excluded.

In a recent work,[23] the HDE model can be excluded

by the Planck 2015 observation combined with the BAO

data, the JLA SN Ia data and the H(z) data, which is

caused by the H0 tension. The CMB data carries the cos-

mological information since the end of the inflation. At

the early stage of universe, the dark energy does not dom-

inate the evolution of the universe. One property of the

HDE model shows that the smaller C0 makes the universe

accelerate faster.[13] It is expected that the combined ob-

servations of CMB data and other astronomical data will

prefer a smaller C0 than the one fitted by SN Ia data.

There is tension of H0 between the observation of Planck

collaborations[4] and Riess et al.[20] Thus, to avoid possi-

ble conflict between Planck data and SN Ia data, we do

not use the Planck data to constrain the HDE model.
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