Commun. Theor. Phys. 71 (2019) 568-572

Vol. 71, No. 5, May 1, 2019

Effects of Lorentz Breaking on the Accretion onto a Schwarzschild-like Black Hole*
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Abstract We formulate and solve the problem of spherically symmetric, steady state, adiabatic accretion onto a
Schwarzschild-like black hole obtained recently. We derive the general analytic expressions for the critical points, the
critical velocity, the critical speed of sound, and subsequently the mass accretion rate. The case for polytropic gas is
discussed in detail. We find the parameter characterizing the breaking of Lorentz symmetry will slow down the mass
accretion rate, while has no effect on the gas compression and the temperature profile below the critical radius and at

the event horizon.
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1 Introduction

Accretion of matter onto black hole is the most likely
scenario to explain the high energy output from ac-
tive galactic nuclei and quasars, which is an important
phenomenon of long-standing interest to astrophysicists.
Pressure-free gas dragged onto a massive central object
was first considered in Refs. [1-2], which was generalized
to the case of the spherical accretion of adiabatic fluids
onto astrophysical objects.l®] In the framework of gen-
eral relativity the steady-state spherical symmetric flow
of matter into or out of a condensed object was examined
by Michel.l¥! Since then accretion has been an extensively
studied topic in the literature, including accretion onto a
Schwarzschild black hole,>=6! onto a Reissner-Nordstrom
black hole,*7~9 onto a Kerr-Newman black hole,[10—12]
onto a Kiselev black hole,*3 and onto a black hole in a
string cloud background,™ onto cosmological black holes
or onto Schwarzschild-(anti-)de Sitter spacetimes.[!>~18l
Quantum gravity effects of accretion onto a Schwarzschild
black hole were considered in the context of asymptot-
ically safe scenario.'” An exact solution was obtained
for dust shells collapsing towards a black hole,?% which
was generalized to the case when the tangential pressure
is taken into account.!?!l Analytic solutions for accretion
of a gaseous medium with an adiabatic equation of state
(P = p) were obtained for a moving Schwarzschild black
hole, for a moving Kerr back hole,[??l and for a moving

Reissner-Nordstrom black hole.[23]

An interesting study of higher dimensional accre-
tion onto TeV black holes was discussed in the Newto-
nian limit.?*) The accretion of phantom matter onto 5-
dimensional charged black holes was studied in Ref. [25].
The accretion of phantom energy onto 5-dimensional ex-
treme Einstein-Maxwell-Gauss-Bonnet black hole was in-
vestigated in Ref. [26].

higher-dimensional Schwarzschild black hole®” and in
(28—29)

Accretions were analyzed in

higher-dimensional Reissner-Nordstrém black hole.
Accretions of Dark Matter and Dark Energy onto (n + 2)-
dimensional Schwarzschild Black Hole and Morris-Thorne
[30]. We will deter-
mine analytically the critical points, the critical fluid ve-

wormhole was considered in Ref.

locity and the critical sound speed, and subsequently the
mass accretion rate. More interesting, we will investi-
gate whether the parameter characterizing the breaking
of Lorentz symmetry has effects on the accretion.

The organization of this paper is as follows. In Sec. 2,
we will present the fundamental equations for the accre-
tion of matter onto a Schwarzschild-like black hole. In
Sec. 3, we will consider the critical points and the condi-
tions the critical points must satisfy. In Sec. 4, we will
discuss the case of polytropic gas in detail as an applica-
tion. Finally, we will briefly summarize and discuss our
results in Sec. 5.
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2 Basic Equations for Accretion

A static and spherically symmetric exact solution of
the FEinstein equations, called Schwarzschild-like black
hole, in the presence of a spontaneous breaking of Lorentz
symmetry because of the nonzero vacuum expectation
value of the bumblebee field was obtained in Ref. [31].
The geometry of Schwarzschild-like black hole is given by
the following line element

ds? = —(1- ¥>dt2 ++n(1- g) L4
+72d6% + r? sin? 0d¢? (1)
where [ is a constant characterizing the breaking of
Lorentz symmetry and M is the mass of the black hole.
We chose the unit system as G = ¢ = 1 throughout the
paper. It is easy to see that the horizon of black hole is
at ryg = 2M.

We consider a static radial matter flow onto the black
hole without back-reaction. The flow is an ideal fluid,
which is approximated by the following energy momen-
tum tensor

T = (p+ p)uu’ + pg*”, (2)

where p is the proper energy density and p is the proper
pressure of the fluid. «® = dz®/ds is the 4-velocity
of the fluid, which obeys the normalization condition

u*u, = —1.
We define the radial component of the four-
dimensional velocity as v(r) = u’ = dr/ds. Since the

velocity component is zero for a > 1, we get from the
normalization condition

o (I+Dv*P+1—-2M/r
() = 1-2M/r)* ¥

If ignoring the self-gravity of the flow, one can define

baryon numbers density n and numbers flow J¢ = nu®
in the flow’s local inertial frame. Assuming that no par-
ticles are generated or disappeared, then the number of
particles is conserved, we have

Vaod® =Va(nu®) =0, (4)
where V,, represents covariant derivative with respect to

the coordinate z®*. For the metric (1), the equation (4)
can be rewritten as

1d

2 _
L9 (o) =0, o)
which for a perfect fluid gives the integration as
r?nv = C} (6)

where C} is an integration constant. Integrating Eq. (5)
over four-dimensional volume and multiplying with the
mass of each particle, m, we have

M = 47r’mnw, (7)

where M is an integration constant, which has the di-
mension of mass per unit time. This is the Bondi mass

accretion rate actually. Ignoring the back-reaction, the
B = 0 component of the energy-momentum conservation,
Vo135 = 0, gives for spherical symmetry and steady-state
flow

éi[rmw S —0, @

which can be integrated as

2M
r2<p+p>v\/1 v =0, O
where Cy is an integration constant. Dividing Eqs. (9)
and (6) and then squaring, we derive
2 oM o Do\ 2
(L—’_p> [1 - = 4 (1 +l)v2} = (w) .

n r Noo

(10)
The 8 = 1 component of the energy-momentum conserva-
tion, V,Tg =0, yields

1—-2M 1 2 M
(1+Z)Udlz_@ /r+ (1+ v M
p+Dp r

11
dr dr (11)

Equations (7) and (10) are the basic conservation equa-
tions for the material flow onto a four-dimensional
schwarzschild-like black hole (1) when the back-reaction
of matter is ignored.

3 Conditions for Critical Accretion

In this section, we consider the conditions for critical
accretion. In the local inertial rest frame of the fluid, the
conservation of mass-energy for adiabatic flow without en-
tropy generation is governed by

1
0=Tds =d(2) +pa(), (12)
n n
from which we can get the following relationship
dp _p+p
— = . 13
dn n (13)

Using this equation, we define the speed of adiabatic sound
as

2_dp_ n dp (14)
dp p+pdn

Differentiating Eqs. (6) and (11) with respect to r, which
gives, respectively

a

1 1 2
—v'4+-n'=-=, (15)
v n T
2M ! M
A+ +[1- == +(1 +Z)U2}a2% =-=. (16)

where the prime represents a derivative with respect to r.
From these equations we get the following system

v = % , (17)
N.
n' = _Wz , (18)
where
N1=%{[1—¥+(1+l)v2}2ri2—%}, (19)
T ) "
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(14 Dv? —[1 —2M/r + (1 + )v?]a®

nv '
For large values of r, we require the flow to be subsonic,
that is v < a. Because the speed of sound is always less
than the speed of light, @ < 1, then we have v? < 1. The
equation (21) can be approximated as

N~ (1 +1)v? — a?

N = (21)

nv ’ (22)

and since 0 < ! < 1 and v < 0, we have N > 0 as r — oc.
In the event horizon, rg = 2M, we can get
(1+1)v2(1 — a?)

nv '

N = (23)

Under the constraint of causality, a? < 1, we have N < 0.
Therefore, there must exist critical points r. where rg <
re < 00, at which NV = 0. The flow must pass the critical
points outside the horizon, to avoid the appearance of dis-
continuity in the flow, we must require N = N; = No =0
at r = r., namely

1 2M 22 My
Nl_a{[1— : +(1+1)u0} - _E}_O’ (24)
e My
NQ_QTC{T_E} =0, (25)
(1+ 2 — [1 — (@M /r) + (1+ l)vg} a2
N = ~0, (26)
NcUc

where a. = a(r.), v. = v(r.), etc. From Eqgs. (24), (25),
and (26), we obtain the radial velocity, the speed of sound
at the critical points, and the critical radius, respectively

o (2r.—3M)a? M
= = 2
KO T T )
M
2 _
G = or —3M° (28)
(3a2 +1)M

For v? > 0 and a2 > 0, Egs. (17) and (18) exist acceptable
solutions, therefore we have

v = L >0 a? = L >

¢ 20 +Dre =7 ¢ 27, —3M —

from which we can obtain the conditions satisfied by the
critical points

0, (30)

3
re> S M. (31)

This equation can make Eqgs. (27) and (28) exist physical
solutions. However, taking into account the restrictions of
causality, a2 < 1, we have r. > ry from Eq. (29), meaning
that the critical points are located at outside of the event
horizon.

4 The Polytropic Solution

In this section, we will analysis the accretion rate for
polytrope gas and compute the gas compression and the
adiabatic temperature distribution at the outer horizon.

4.1 Accretion for Polytrope Gas

For an example to calculate explicitly M, we consider
the polytrope introduced in Refs. [2-3] with the equation
of state

p=Kn, (32)

where K is a constant and + is adiabatic index satisfing
1 <~ < 5/3. Substitute this expression into the equation
for conservation of mass-energy and integrating, we can
obtain

p= n’ +mn, (33)

where mn is the rest energy density with m an integration
constant. With the definition of the speed of sound (14),
we can rewritten the Bernoulli equation (10) as

2

(1+a7a2)2[1—¥+(1+1)v2

- (1+ L)Q .
v—1—d3,
According to the critical radial velocity (27) and the crit-
ical speed of sound (28), the equation (34) must satisfy
the condition at the critical point 7,
2 (2 2 2
a a

14303) (1- ) = (1- =)

(14303 (1- 5 =
Since the baryons are still non-relativistic for r. < r < oo,

one can expect that a? < a? < 1. Expanding Eq. (35) to
the first order in a2 and a2, yields

(34)

(35)

2
2 2
ac =~ 5 _ 37 (S
with this equation, we can get the expression of the criti-
cal points r. in terms of the boundary condition a, and

the black-hole mass M as

(36)

(5-3v)M
. N —— 37
4a2, (37)
From Eqs. (14), (32), and (33), we have
2
ma
Kn = —————. 38
L D %)
Since a? < 1, we have n ~ a2/(=1 and
2/(v~1)
e _ (“—) . (39)
Noo Goo

Since M is independent of r implying from Eq. (7), it
must also hold at » = r., with which we can determine
the accretion rate

M = dnr’mnv = dnrimneo, . (40)

Substituting Eqgs. (27), (37), and (39) into Eq. (40), we
derive
. M2 1
M = 47r<—) mnooaoo(—
aZ, 1+1
5 — 3y (37-5)/2(1-1)
() '

)1/2 ( 1 ) (v+1)/2(y—1)
2

(41)
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For | = 0, Eq. (41) reduces to the results in Schwarzschild
black hole case. The parameter [ can slow down the
mass accretion rate. For example, comparing with the
total mass accretion rate, the decrease of the mass accre-
tion rate resulting from the Lorentz breaking parameter
1 is about 10~7 orders, for the parameter ! bounded as
1 < 10~ 13.31 This may be a valuable feature to incorpo-
rate in astrophysical applications.

4.2 Asymptotic Behavior at the Event Horizon

In the previous sections we obtained the results are
valid at large distances from the black hole near the crit-
ical radius . > ry. Now, we analyse the flow character-
istics for rg < r < r. and at the even horizon r = ry.

For rg < r <« r., we obtain the fluid velocity from Eq.
(34), it can be approximated as

W 2M
1+Dr
Usin Egs. (7), (41), and (42), we can estimate the gas
compression on these scales
n(r) M \3/2 11N\ 27v/2(v=1)
e () )
5 — 3v\ Bv=5)/2(v-1)
8 ( 1 ) '
Assuming a Maxwell-Boltzmann gas with p = nkgT, we

(42)

(43)

get the adiabatic temperature profile by using Eqgs. (32)
and (43)

T(r) _ (%)3@*1)/2(1)7(5 — 37)(3“/*5)/2 )
Too az.r 2 4

Near the outer horizon, the flow is supersonic, and the
fluid velocity is still well approximated by Eq. (42). At
the horizon r = ry = 2M, the flow velocity is approx-
imately equal to v? ~ 1/(1+1).

We can derive the gas

compression at the horizon by using Egs. (7), (41), and
(42)

ng 1 (%)(57*3)/2@*1)(5 —43fy>(3vf5)/2(7*1)' (45)

Using Egs. (32) and (45), we obtain the adiabatic temper-
ature profile at the event horizon for a Maxwell-Boltzmann

Noo a3,

gas with p = nkgT

T 1 \7=1/1\(v=3)/2 /5 — 3y (3v=5)/2
w-(z) G ) - w
Tw ad, 2 4

Equations (43), (44), (45), and (46) show that the pa-
rameter [ have no effects on the gas compression and the
adiabatic temperature profile, so these equations are the

same in Schwarzschild black hole case.

5 Conclusions and Discussions

In this paper we formulated and solved the problem of
spherically symmetric, steady state, adiabatic accretion
onto a Schwarzschild-like black hole in four-dimensional
spacetime by using four-dimensional general relativity.
We obtained the general analytic expressions for the criti-
cal points, the critical velocity of fluid, the critical speed of
sound, and subsequently the mass accretion rate. We de-
termined the physical conditions the critical points should
satisfy. We obtained the explicit expressions for the gas
compression and the temperature profile below the critical
radius and at the event horizon. We found the parame-
ter characterizing the breaking of Lorentz symmetry will
slow down the mass accretion rate, while has no effect on
the gas compression and the temperature profile below the
critical radius and at the event horizon. These results are
useful for feature researches.
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