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Abstract In this work, we examine two algorithm schemes, namely, Kudryashov expansion and Auxiliary equation
method for obtaining new optical soliton solutions of the discrete electrical lattice models in nonlinear scheme (Salerno
equation). Our solutions obtained here are include the hyperbolic, rational, and trigonometric functions. Our two used
methods are proved to be effective and powerful methods in obtaining the exact solutions of nonlinear evolution equations
(NLEEs).

DOI: 10.1088/0253-6102/71/9/1063
Key words: discrete electrical lattice, generalized Kudryashov expansion method, auxiliary equation method,
exact solutions

1 Introduction to construct exact traveling wave solutions of NLPDEs in
Very recently, the Non-Linear Evolution Equations a unified way. 3031
(NLEESs) are used to model and mathematically describe Since long times ago the NLEEs have great importance
various problems in many of the research areas such as, in the description of the physical systems. Many examples
solid state and plasma physics, optical fibers, chemical of these equations are derived like sine-Gordon equation,
kinematics. Nonlinear electrical transmission lines which  sinh-Gordon, the Benney-Newell equation, the Korteweg-
represents one of the important examples in field of physics  de Vries equation, the modified Korteweg-de Vries equa-
and communications! =12 is the one which draws our at- tion, Burgers and Bossingues equations.32l NLEEs are fre-

tention. quently used to describe many problems of protein chem-
The methods used in this paper to find the solution of

the NLEE’s equation are generalized Kudryashov expan-
sion method (GKEM) and extended auxiliary equation
method (EAEM). Kudryashov method is introduced in
1988 by Kudryashov to find the exact solutions of nonlin-
ear differential equations.['3=15 Also, Kudryashov intro-

duced a modified version of his method in 2012 with more . . .
. [16] Several methods were introduced for obtaining exact
effective performance. Several authors presented new

versions of Kudryashov method, where the generalized solutions of NLEEs.* %] Especially, the solutions of the
Kudryashov method introduce d’ in many papers./17—19 electrical lattice equations is studied by several groups,

Moreover, extensions and modified versions of this method where Eilbeck introduced some numerical so;g]t ions, %%
are presented in other papers.[20=25] The second method

used in this paper in finding the solution of our dif-
ferential equation is Auxiliary equation method. The

method was invented previously as an extension of an
old method as method for solving the partial differen- in Ref. [59], combination of rotating wave approximation

tial equations.[%_zg] Recently, several improvements and and the Gardner-Morikawa transformation.l9 From the
modifications are added to AEM, for example, a new ver-  previous studies we can see that there small numbers of
sion of an auxiliary equation method is prposed by in-  solutions were presented in the case of the electrical lat-
troducing a new first-order nonlinear ordinary differential ~ tice with nonlinear dispersion, which motivated us to find
equation with six-degree nonlinear term and its solutions efficient optical soliton solutions of this equation.

istry, chemically reactive materials, in ecology most popu-
lation models, in physics the heat flow and the wave prop-
agation phenomena, quantum mechanics, fluid mechanics,
plasma physics, propagation of shallow water waves, opti-
cal fibers, biology, solid state physics, chemical kinematics,
geochemistry, meteorology, electricity, and so forth.

generalized discrete Lange-Newell criterion,| rogue-
wave solutions,®” Kudryashov method and the G’/G-
expansion methods.[58 Moreover, some solutions of elec-
trical lattice with nonlinear dispersion are presented as
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The remaining sections of this article are arranged as
follows: Section 2 present the equation of the suggested
model and it is mathematical analysis. The algorithms of
the analytical methods, namley, Extended Auxiliary equa-
tion method and extended Kudryashov expansion method
are used for solving the lower and upper forbidden and gab
of the nonlinear Salerno equation, and we discuss the used
method for obtaining the new optical solitons solutions in
Sec. 3. Finally, we conclude our findings in Sec. 4.

2 Governing Model and Mathematical

Analysis

This section introduces the model, which contains
nonlinear logarithmic capacitance, as in the following
equation, 2!

C(V,) =ACyIn(1 +V,,/A)/V,,, (1)

where A and Cjy are constants. By using the Kirchhoff
law, we have

0? Vi
Ay n (1 n Vn,) = w2 (Vi1 + Vi1 — 2V3) — w2V, (2)
where u2 = 1/LCy and wg = 1/LyCy.
In order to solve Eq. (2), we assume
Viu(t) = by, eWi=Fn) | (3)
With the help of the previous equations, the Salerno
equation in nonlinear case can be written as
0%u
— 4
Ox? )

To obtain the optical solitons solutions of Eq. (4), the
traveling wave solution is used as:

u(z,t) =U(E), &€= Vk(z—ct), UE)==xV/w(). (5)
Then Eq. (4) yields
Kk <8w<£))2 k 0%w(g)
dw(€) \ ¢ 2 0¢?

(v ) () +wPE) =0,

—(v—=2u-— (V—l—%)(—ug—FuS):O.

— (v =2)w(§)

3 Solution Techniques of NLEE

For a given the general nonlinear PDE of the type
)=0, t>0, (7)
the function u(x,t) is an undefined function, P is a poly-

nomial in u, t is the time variable, and x is the spatial
variable.

P(ua Uty Ugy Uy Utty - -

Making use the traveling wave variable £ = kx + ct,
then Eq. (7) reads

N(u,u,u',u",...)=0,

(8)

the prime represents the differentiation with respect to &.
In the next two subsections:

3.1 GKEM for Solving NLEE

The solution of Eq. (8) based on the above discussed
method can be written as

o Zi\;o aﬂ/ﬁ(f)
Zj:() ﬁj"/ﬂ (5)
where «;, f;, (0 < ¢ < N,0 < j < M) are constants
determined later and ¥(§) verifies

¥'(€) = In(A) (e + BY(€) + o9*(€)) ,

where A, «, 8, and o are constants. The integers N and

9)

(10)

M in Eq. (9) are obtained via the following relation

D(%):N—M—&-q,

D{UP(% )} =(N-M)yp+s(N-M+q), (11)
where p, ¢, and s are integers.

By substituting Eq. (9) and Eq. (10) into Eq. (8), then
by equating all terms of same power to zero in ¥*(¢),
(i = 0,1,2,...). The next step is to find the solution
of the group of algebraic equations for obtaining the val-
ues aj, 34, ¢, and §. The obtained values are substituted
in Eq. (9) considering the general solutions of Eq. (10)
to find the exact solutions of Eq. (7), where the general
solutions of Eq. (10) can be found in Ref. [34].

The exact solution of Eq. (6) can be found by general-
ized Kudryashov method as in the next steps. The highest
order derivative w” (£) and nonlinear term w?(§), are bal-
ancing, we obtain the equation N = M + 1. By substitute
M =1, resulting N = 2, and Eq. (9) can be written as
follows:

w(€) = ap + a1 (€) + aap*(§) .
Bo + L1 (&)

Inserting Eq. (12) with the aid of Eq. (10) into Eq. (6)
and collecting all power of 1*(£), resulting is a system of
algebraic equations. The solution of the algebraic group

| of equations can be written as:

(12)

Qo =

1 Bag(y/—64ac + 1682 + 45)
= -

N 1 ag(y/—64a0 + 1652 + 853)
1= 3 )
@

8

16
By = 1 Bas(y/—64ao +163?)
0 — 6 aQ ’ 1= 3

5, = 1 az(y/—64ac +16/32)

, a2=az, k=k, p=p. (13)

(67

In view of Eq. (13) with Eq. (12 ), we gain the bright, dark and sinulgar solitons, a combination of such solitons,

and complexition solutions are revealed as follows:

w(§)

_ (1/16)[Bas(v/—64a0 + 1682 + 48) /o] + (1/8)[az(y/—64a0 + 16532 + 8f) /ajthi(£) + a1h? (§)

(14)

(1/6)[Baz(y/—64ac + 1662)/a?]

+ (1/3)[a2(y/ —64ac + 165%)/a]ii(§) ’
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where 1;(£) is given as follows: dir(€) = -1 (30)
Family 1 In case of A = 32 —4dao < 0, 0 # 0, () ofLn(A)’

reads ig(§) = A" —m, (31)

0© = -2+ Y B [VRL )
B V-A V-A
(€)=~ + o tama [T
SR
V=4V = 2)/lin(a)? (=42 + ao)](z — ct), u(§) =
\/7
Family 2 In case of A = 82 —dao > 0, o # 0, 1;(£) are
() =2 - Lo, [,y
¥s(§) = —% - % cothy [@4 : (19)
¥e(&) —£ - % cotha[VAE]
+ ggAcschA[\/ZE] , (20)
pr() =0~ @ tanh[VA]
+ iiqusAUsechA[\/Kf] : (21)
¢ = V[-4v —2)/lin(a)*(=F% + a0)](z — ct), u(f) =
e,

Family 3 In the limiting cas if ac > 0, 8 = 0, then

0s(©) = [ analvazel, (22)
(€)= —/2 cotalvazel, (23)
in0(©) = [ tanal2vane] & fraSseealovanel, (20
P11(€) = —\/fcotA[Q\/@ﬂ + /pq% cscal2y/acf]. (25)
Family 4 When 5 =0, 0 = —a, then

¥12(§) = — tanha[af], (26)

¥13(€) = — cothalag], (27)

114(§) = —tanh4[2a€] £ iy/pgsech 4[2a€]. (28)

Family 5 When 8 =k, 0 =mk, 8 =a =0, 8 =k,
a =mk, o =0, then

pAKS

Y16(§) = W (29)

= ++/w(&) and the generalized hyperbolic and
triangular function are defined as Ref. [33].

Once we obtained the solution of the differential equa-
tions, one we can plot the results as in Fig. 1, where
the solutions of Egs. (18), (26), and (29) are present in
1(b) and 1(c). respectively.

where u(€)

Figs. 1(a),
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Fig. 1 The solitary wave solutions of Eq. (18) at
Fig. 1(a), Eq. (26) at Fig. 1(b) and Eq. (29) at Fig. 1(c)

with a fixed values of k = 1, ¢ = 0.1, a2 = 1; a = 1,
B=1,0=1,A=0.1,andp=q=1.

3.2 EAEM for Solving NLEE

According to this method, the solution of Eq. (6) is
expressed as

N
§) =ao0+ Z ai(Y(9)",

(32)
i=—N
where () satisfies the Auxiliary equation below.
P (€)* = 2(Co + Crp(€) + Carp(€)?
+Ctp(&)® + Catp(§)Y) (33)
where C; (i = 1,2,3,4) are determined later. To solve

Eq. (6) via the used method. By balancing the highest
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order derivative w”(¢) and nonlinear term w3(§), we get Cy = ag(vp +11)

N =1. Then Eq. (32) reads 24kpa?

w(€) = ap + a1 (€) + a1 (B34 o ad(—3v1 + 8vpag + 8viag — 3vp)
w(f) 1 12k#a1 ’
The same as in the previous section, making use of 2 9
’ —3viap+ dSprag+ dSviag — 3vpag —4p+2v

Eq. (34) with Eq. (33) into Eq. (6), collecting the same 02:< LY0F SHV%o ;#0 peo—7H 2 . (35)

power of 1(£)*, equating to zero, we have a set of algebraic
equations. By solving it, it leads to

2 2
o? 203 (vt + 1)
= = = O, = 1w
a_q 40[1 , Qg ap, 1 g, 4 SleL )
c a1(—=3v1 + 8vuagy + 8viap — 3vp)
'y =

3k ’

w(§) = ap + ay [\/CTfsech (\/2726)} +

Using Eq. (37) into Eq. (34), we gain the bright and
dark solitons solutions and other solutions to Eq. (6) as

Case 2 For Cy < 0 and Cy > 0, ¥(§) = \/—Cs/Cy tan(y/—Cs8),

w(€) = ap + a1 [1 / _C—Cf tan(\/—i@f)} +

follows
Case 1 For C; > 0 and Cy < 0, 9(&) =
\/msech(\/QCgf),
a%/4a1 ' (36)
\/msech(\/Q(]gf)
a? /4oy (37)

V/—Ca/Cytan(y/—Ca)

Case 3 For Cy > 0 and Cy > 0, 1h(€) = Cy sech *(v/=C5¢) /21/CoCy tanh(v/2C5(£/2)),

w(§) =0lo+011[

w(§) = 040+0ﬂ[

Cy sech ?(v/—Ch¢) } N ad /4oy ' (38)
2V/C>Cytanh(v2C(£/2))]  [Cosech ?(v/=C5¢) /2¢/C5Cy tanh(v2C5(£/2)))]
Case 4 For Cy > 0, 1(£) = 2C52C3 sech ?(v/2C5(£/2))/C2Ca(1 — tanh(v/2C5(£/2))?,
2C5C5 sech 2 (v/2C5(£/2)) } a3 /4a, 30)
C5Cy(1 — tanh(v/2C5(£/2))2)  [2CoC3sech ?(v/2C5(£/2))/C2C4(1 — tanh(v/205(€/2))?]

¢ = V/[-4(v - 2)/lin(a)* (=B + ao)](z — ct), u(§) = £/w(§).

Figure 2 is the same as in Fig. 1, where the solutions of Egs. (36), (37), (38), and (39) are presented in Figs. 2(a),

2(b), 2(c), and 2(d) respectively.
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We can see from the obtained results that are in good
agreement with the existing ones in previous work, and
in some cases go back to the obtained solutions and it is
shown that the techniques used here are robust, accurate
and easy to apply.

4 Conclusion

In this article, two novel methods for constructing
the optical solitons solutions for the nonlinear evolution
equation have been considered. The GKEM and EAEM
have been successfully implemented to devise new types

of closed form traveling wave solutions in terms of hyper-
bolic function, rational function and trigonometric func-
tion. These obtaining solutions give a full description of
the nonlinear dispersion information transfer through the
electrical transmission lattice. The proposed methods es-
tablish that they are effective and powerful methods in
obtaining the exact solutions of nonlinear evolution equa-
tions (NLEEs). This work can be extended using other in-
teresting method as in Refs. [22-32], which can give more
and new solutions in case of space-time fractional order,
leading to our new task in future.
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