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Abstract
Using a Monte Carlo simulation and the single histogram reweighting technique, we study the
critical behaviors and phase transitions of the Baxter–Wu (BW) model on a two-layer triangular
lattice with Ising-type interlayer couplings. Via the finite-size analysis, we obtain the transition
temperatures and critical exponents at repulsive and attractive interlayer couplings. The data for
the repulsive interlayer coupling suggest continuous transitions, and the critical behaviors are the
same as those of the 2D BW model, belonging to the four-state Potts universality class. The
reduced energy cumulants and the histograms reveal that attractive coupling leads to weak first-
order phase transitions. The pseudocritical exponents with the existence of the interlayer
couplings indicate that the first-order transition is very close to the critical point of the 2D
standard BW model.

Keywords: Baxter–Wu model, Monte Carlo simulation, critical behavior, weak first order phase
transition
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1. Introduction

The study of spin models in statistical physics has great
importance in many fields of science [1, 2]. Traditionally, the
spin models can describe not only the magnetic properties of
materials but also the surface adsorptions. Many researchers
carried out mean-field approximations [3], renormalization-
group method [4], exact solution [5], and Monte Carlo
simulations [6, 7] in the frame of Ising models to study the
surface phenomena of the bulk materials.

The adsorption and magnetic properties of multi-layered
materials have been attracting lots of researchers in recent
years due to their novel behaviors different from the bulk
materials [8–10] and the potential technological applications
such as high-density magnetic recording and magnetic sen-
sors. Theoretically, the research for multilayer models could
help us understand the crossover phenomena between two-
dimension (2D) and three-dimension (3D) systems. Lots of
studies concentrated on the magnetic properties of spin
models built on bilayer lattices [11–13]. Recently, Žukovič
et al [14, 15] have studied a bilayer Ising system consisting of
two triangular planes with the antiferromagnetic (AF) cou-
pling and the ferromagnetic (FM) one for the respective

layers, which are coupled with the interlayer interaction by
using Monte Carlo simulations. The heterostructure of fru-
strated and unfrustrated triangular-lattice layers results in
critical behaviors close to the 2D 3-state Potts universality
class instead of the 2D Ising class.

As for phase transitions in adsorbed monolayers, exper-
imental studies have revealed that the critical behaviors
belong to four-state Potts universality classes [16–18]. Con-
sequently, D. W. Woods and H. P. Griffiths [19] proposed a
magnetic model (Baxter–Wu (BW) model), which is defined
in a two-dimensional triangular lattice. The spins are located
in the vertices of the triangles and interact via a three spin
interaction. R. J. Baxter and F. Y. Wu [20–22] solved the
model at spin-1/2 exactly and find that it yields the same
critical temperature of the Ising model on a square lattice and
belongs to the four-state Potts universality class. Moreover,
BW model as well as many other spin models on 2D trian-
gular lattices [23–30], present relatively complicated trans-
ition behaviors. For example, the transitions of the finite size
systems of the BW model display the discontinuities due to
the low frequency large energy fluctuations [24]. The weak
and pseudo-first-order phase transitions are also found in the
Ashkin–Teller model [29, 30].
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Recently, Jorge et al studied the 3D BW model [31], and
found the distinct first order phase transition scaling beha-
viors. The additional degree of freedom causes the first-order
phase transition. It would be interesting to study two layer
BW models, which might present features not observed in the
single-layer one. We studied a two-layer triangular lattice
coupled with repulsive Ising couplings and found the cor-
rections to the critical exponents caused by the interlayer
interactions [32]. However, the first-order phase transition
signals were not found in the systems. In this article, we
concentrate on the two-layer BW model coupled with
attractive interactions, and study behaviors of the phase
transitions in the model. In section 2, we give the model and
propose the simulation and data analyzing methods. The
results are shown in section 3 with some discussion. Section 4
gives the conclusions of our work.

2. The model and the simulation methods

2.1. The model

The Hamiltonian for the BW model in the bilayer triangular
lattice is
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where, the spin variables are located at the vertices of the
lattice within layer A or B and take the values = s 1i

A B, .
〈ijk〉 denotes the product of the three spins on the elementary
triangle, and the sum is over all triads 〈ijk〉. The constants JA
and JB are the three-body interaction within the layer A and B,
and JAB stands for the coupling constant between the layers A
and B. We restrict to the case of JA=JB=1, and |JAB|�1
in this work. The ground state of a single layer of the model is
fourfold degenerate. We divide the bilayer triangular lattice
into 3 interpenetrating sublattices as many researchers did in
the single-layer lattice. The degenerate states are the single
ferromagnetic state with all spins up and the three ferrimag-
netic state with the spins on one sublattice up and the spins on
the other two sublattices down.

2.2. Simulation methods

We apply the standard Metropolis Monte Carlo method to this
model using N×N triangular lattice of individual planes
with periodic boundary conditions. Typically 1×106 MC
steps per spin (MCS) were discarded and 2×106 MCS were
retained for the averages. We computed 4 times using dif-
ferent initial configurations to obtain the error bars. If error
bars are not shown, they are always smaller than the size of
the symbols. Measured thermodynamic quantities in our
simulations are the magnetization per spin, specific heat,
susceptibility, Binder cumulant and the reduced energy
cumulant:
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The subscript x is the symbol of the sublattices. Ntol equals N
2

if we just compute the quantites within a plane, while equals
2N2 if we compute the quantities of the whole system. 〈L〉
denotes the thermal average taken over 2×106 MCS. Lattice
sizes from N=18 to N=120 are simulated, and the data are
analyzed via the finite-size scaling.

2.3. Finite-size analysis

To obtain the critical exponents, we perform the finite-size
scaling theory [33]. According to this theory, the thermo-
dynamic properties obey the scaling forms, e.g.

( )µ a nc N , 6V

( )á ñ µ b n-m N , 7

( )c µ g nN , 8

where α, β, γ and ν are critical exponents which should obey
the scaling relation at second order phase transitions. In
addition, the Binder cumulants should approach to 2/3 below
the critical temperature and to zero above the critical temp-
erature. For a sufficiently large lattice size, the curves for the
cumulants U4 cross as a function of the temperature at a fixed
point value K0, and the location of the fixed point is the
critical point.

However, the transition temperature obtained by the
Binder cumulants is not very accurate. It is easier to deal with
inverse temperature, so we define the quantity K=1/kBT. To
determine the transition temperature accurately, the location
of peaks in thermodynamic derivatives defines an effective
transition temperature Kc(N) to vary with system size, as

( ) ( )l= + n-K N K N , 9c c
1

where Kc is the inverse critical temperature at the thermo-
dynamic limit and λ is a constant. Obviously, the value of ν is
necessary to obtain the other critical exponents and the critical
temperature at N∼∞. We use the relation of the maximum
of the derivatives of mln to obtain the exponent ν:
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The reduced energy cumulant is used to analyze the order
of the phase transitions [34]. The minimum of the reduced
energy cumulant approaches the infinite lattice value
according to the flowing equation.

( )= - a n-V V B N , 114 min inf 0

where V4 min, Vinf are the minimum values of the cumulants
with finite size systems and with infinite systems respectively,
and α/ν refers to the critical exponent. If Vinf equals to 2/3,
the transition is of second order. If the value of Vinf is less
than 2/3, the transition should be of the first order.

2.4. Reweighting technique

Performing a high-precision finite-size scaling analysis using
standard MC techniques is very difficult, because locating the
positions of the peaks of the thermodynamic quantities, which
define the effective transition temperature Tc(L), requires
multiple simulations in the vicinity of the peaks. This may
take massive computer resources. The single histogram
reweighting technique [35] extracts the information from
Monte Carlo data at a single temperature, and enhances the
potential resolution of Monte Carlo methods substantially. It
is proved to be extremely precise for discussing both the first
order and second-order phase transitions [35, 36].

First, we generate system configurations with a frequency
proportional to ( )-K Eexp 0 at K=K0. The equilibrium
probability distribution P(E, M) for some value of K can be
written as
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where ΔK=K−K0 and M is the total magnetization. H(E,
M) is the histogram of E and M kept during the simulation
which gives an estimate for the equilibrium probability dis-
tribution. It becomes exact in the limit of an infinite-length
run. Then the average of any function of E and M, 〈g(E,M)〉K
can be calculated form P(E, M) as a function of K

( ) ( ) ( ) ( )åá ñ =g E M g E M P E M, , , . 13K
E M,

Because our simulations do the finite length of the MC run,
the single histogram equations (12) and (13) provide reliable
results only for a narrow range of K values around K0. The
simulations are carried out at the lattice dependent effective
inverse using 1×107 MCS per site for sampling and
2×106 for thermalization.

3. Results

3.1. The case of JAB=1

We studied the model with repulsive interlayer couplings in
the article [32], and found that the phase transitions are
continuous at our calculated strength of the interlayer cou-
plings. In addition, if the coupling is weak enough, the
behaviors of the transitions are very similar with the standard

BW model which shows the pseudo-first-order phase trans-
ition [24], however, if the coupling is strong enough, the
discontinuity of the transitions vanishes.

In order to compare to the attractive interlayer interac-
tions, we present the case of repulsive interlayer interaction
(JAB=1) which shows the different transition behaviors from
the standard BW model. As there exist the interlayer frus-
trations, it would be a good choice to compute magnetization
and susceptibility within a specific layer. Typical data for the
specific heat, the susceptibility, the Binder cumulants and the
reduced cumulants are shown in figure 1. The specific heat
and the susceptibility have peaks, and the peaks increase as
the size of the system becomes larger. Besides, the cumulants
cross at the fixpoint value K0A=0.4115. All these suggest a
second phase transition. We analyze our data for the reduced
cumulants and obtain Vinf=0.6760±0.0005 which confirm
the continuous phase transition. Then we calculate the
quantities on different layers and under different initial con-
ditions. Similar behaviors are found.

Schreiber et alʼs article [24] pointed out that the internal
energy histograms of the single layer 2D BW model have
double peaks, which suggest the pseudo-first-order phase
transitions at the finite size systems. The reason for the
phenomenon is the system is in a metastable states of coex-
istence of ferro- and ferri-magnetic order [24] as shown in
figure 2(a). However, if the interlayer frustration is intro-
duced, the repulsive interactions would break the states
coexistence which make the histograms flat at the top.
Figure 2(b) shows our simulation results for N=30, 60, 90
and 120. We believed that the energy distributions should
reach the single peak form at N→∞.

Next, we applied the reweighting method to obtain the
critical exponents and the critical temperatures, which can be
estimated by considering the scaling behaviors according to
equations (6)–(8). We obtained the exponents
ν=0.662±0.009, α=0.657±0.011,
β=0.079±0.015 and γ=1.165±0.011. The exponents
imply that the bilayer BW model has the same universality
class as the standard BW model, which belongs to the four-
state Potts class. With ν in hand, we located
Kc=0.411 67±0.000 05, which is slightly smaller than the
value Kc=0.440 69 for the 2D BW model. Although the
interlayer coupling brings frustration, it still leads to a higher
transition temperature.

3.2. The case of attractive interlayer interactions

Then, we study the case of attractive interlayer interactions.
The bulk properties for JAB=−0.01, −0.1, −0.2, −0.5 and
−1.0 are calculated. As there is no frustration, the thermo-
dynamic quantities calculated in this section are based on the
whole system. Typical data for the bulk quantities at
JAB=−1 are shown in figure 3. The specific heat and the
susceptibility have peaks, and the peaks increase as the size of
the system becomes larger as well. Different from the pre-
vious case, the Binder cumulants have negative minima,
which usually appear on first-order phase transitions. How-
ever, when we check the finite size effect of specific heat:

3
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~ a nc NV max , we find α/ν<2 which should be 2 if the
transition is of the first order. Similar behaviors are found at
other interlayer couplings. Hence, alternative ways are needed
to determine the order of the phase transitions at JAB<0.

We compute the infinite lattice value of the reduced
energy cumulants via the equation (11) and give the results in
figure 4. All the values are less than 2/3 implying the first-
order phase transition. We also observe that the value of Vinf

at JAB=−0.01 and −1.0 is closer to 2/3 than at JAB equaling
to other values. If the interlayer coupling is very weak, the

behaviors would be very close to the standard BW model.
The discontinuity would be very weak at thermodynamic
limit. If the coupling becomes strong enough, the Ising-type
coupling would domain the system. The discontinuity
becomes weak as well. Only when the coupling constant is in
the proper region we can observe the more obvious signal of a
first-order phase transition. The further analyzing will be
presented in the following via the histogram reweighting
technique, which has been successfully applied to study the
first-order phase transitions [36].

Figure 1. The bulk properties as functions of the temperature at JAB=1. (a) Specific heat on the whole systems, (b) susceptibility on a
specific layer, (c) reduced energy cumulants on the whole systems and (d) Binder cumulants on the specific layer.

Figure 2. Non-normalized probability distributions of the internal energy obtained after 1×107 sweeps at (a) JAB=0 and (b) JAB=1. The
number on the vertical axis should be multiplied by 10 000.
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To identify the order of the phase transitions, we compute
the energy histograms for N=30, 60, 90, and 120 at their
effective transition temperature Kc(N) of the specific-heat
peaks, which estimated from the standard MC simulations.
The typical data at JAB=−0.5 and −1.0 are shown in
figures 5(a) and (c). The double peaks present in the
graph which imply the first-order phase transitions. According
to the theoretical predictions, the distribution peaks should

have the same size [37], which is observed in our simulations.
In addition, compared to figure 2(a), the depth of the valleys
of the curves get larger as the size of the systems increase,
which indicates that the histogram would reach a double-peak
distribution at the thermodynamic limit. This is an obvious
signal of the first-order phase transition. The histograms
imply that the attractive couplings strengthen the possibility
of ferro- and ferri-magnetic coexistence state, which results in
the first-order phase transition.

Applying the reweighting technique, we then obtain the
pseudocritical behaviors and pseudo scalings. Figures 5(b)
and (d) give the maximum of the corresponding quantities as
a function of the lattice size. We plot the data of the log values
and find excellent scaling behavior. The slopes for those
quantities refer to the ‘pseudocritical exponents.’We obtained
ν=0.545, and 0.591 at JAB=−0.5 and −1.0 respectively,
which nearly equal to the value of the five-state Potts model
[38]. We then compute four times with different initial con-
ditions. Using the average values, we obtain the values of the
exponents at different values of JAB. The results are shown in
table 1.

We can check that the psedocritical exponents satisfy the
scaling relation α+2β+γ≈2 while not the other relation
dν−2β<γ. The values of the exponents are close to the
values of the four-states Potts model. The good scaling
behaviors indicate that the discontinuous is very weak, and
the transition is very close to the critical point. Similar

Figure 3. The bulk properties as functions of the temperature at JAB=−1. (a) Specific heat, (b) susceptibility (c) reduced energy cumulants
and (d) Binder cumulant.

Figure 4. The infinite lattice values of the reduced cumulants Vinf at
different JAB.
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behavior has been observed for several models such as five-
state Potts [37] and some frustrate Ising models [29, 30]. In
these models, as well as our model, the correlation length is
substantial. Hence one can observe explicit first-order scaling
only if lattice size is much larger than the correlation length.

4. Conclusion

In summary, we use extensive Monte Carlo method to study
BW model on the bilayer triangular lattices. The bulk prop-
erties are calculated to locate the effective transition tem-
peratures and analyze the order of the transitions. Our data
suggest that the system with repulsive interlayer coupling
(JAB=1) undergoes a second phase transition, while the
attractive one (JAB<0) undergoes a weak first-order phase

transition. Via reweighting method and finite-size analyzing,
we obtain the critical exponents and critical temperature for
the repulsive inter-plane interaction. We find that the bilayer
system has the same universality class as the single-layer BW
model, which belongs to the four-state Potts universality
class. For the attractive interlayer interactions, the reduced
energy cumulants and the double peaks of the distributions of
the energy confirm the first-order phase transition. Besides,
we calculate the pseudocritical exponents and find that they
are close to the four-Potts model’s exponents. We can get the
conclusion that the phase transition for the system with the
attractive interlayer coupling is the very weak first-order
transition.
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Figure 5. (a) and (c) Non-normalized probability distributions of the internal energy at JAB=−0.5 and −1, respectively, obtained after
1×107 sweeps. The number on the vertical axis should be multiplied by 10 000. (b) and (d) Size dependence of the maxima of mln , m, χ
and cV at JAB=−0.5 and −1 respectively. The slopes yield corresponding critical exponents.

Table 1. The critical exponents.

ν α γ β

JAB=−0.1 0.551 0.753 1.022 0.092
JAB=−0.2 0.563 0.742 1.062 0.091
JAB=−0.5 0.556 0.758 1.021 0.092
JAB=−1.0 0.591 0.710 1.071 0.091
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