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Abstract
We analyse the interaction of a relativistic electron with a uniform magnetic field in the spiral
dislocation spacetime. We show that analytical solutions to the Dirac equation can be obtained,
where the spectrum of energy corresponds to the relativistic Landau levels. We also analyse the
influence of the spiral dislocation on the relativistic Landau levels by showing that there exists an
analogue of the Aharonov–Bohm effect for bound states.
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1. Introduction

In recent decades, some materials described by the Dirac
equation have drawn a great deal of attention in the literature.
Examples of these materials are graphene [1–6], fullerenes
[7–9] and topological insulators [10]. By using graphene as an
example, quantum effects like the quantum Hall effect
[11, 12], the Aharonov–Bohm effect [6, 13–15] and the Klein
paradox [16, 17] have been investigated. In particular, the
interaction of an electron in graphene with a uniform magn-
etic field can yield a spectrum of energy known as the rela-
tivistic Landau levels [13, 18–26]. From the perspective of
achieving relativistic bound states, the confinement of elec-
trons to a quantum dot or a quantum ring in a graphene layer,
in the presence of a uniform magnetic field, has also been
dealt with in [14, 15, 27]. There, some characteristics of this
material have been analysed, such as the magnetization
[14, 27]. Furthermore, quantum effects associated with the
presence of topological defects in graphene have also been
investigated [2, 6, 13–15, 27, 28]. It is worth noting that the
description of a topological defect in a graphene layer follows
the same mathematical description of topological defects in
gravitation [6, 14, 18, 27, 29–74]. This geometric description
of topological defects in materials described by the Dirac
equation is known in the literature as the Katanaev-Volovich
approach [75–78]. In this model, linear topological defects in
solids can be described by using the differential geometry.
The information about the strain and stress produced by the
defect in the elastic medium is described by geometric

quantities, such as the metric and the curvature tensor.
Besides, the presence of topological defects in an elastic
medium shows the possibility of finding analogue effects of
the Aharonov–Bohm effect in solids [79–83].

An interesting point raised in [28, 84] is the possibility
of describing an edge dislocation in graphene as a pair of
pentagon–heptagon disclinations. In particular, this pair of
pentagon–heptagon disclinations in graphene could be described
by considering a spiral dislocation in the graphene layer [74].
Therefore, inspired by these studies of graphene, in this work
we analyse a relativistic electron that interacts with a uniform
magnetic field in the presence of a spiral dislocation. In the
context of gravitation, this interaction can be viewed as the
relativistic Landau quantization in the spiral dislocation space-
time [69, 74]. We show that analytical solutions to the Dirac
equation can be obtained. Besides, we show that an analogue of
the Aharonov–Bohm effect [79–83] exists.

The structure of this paper is as follows: in section 2, we
introduce the line element of the spiral dislocation spacetime.
Then, we analyse the interaction of a relativistic electron with
a uniform magnetic field by searching for relativistic bound
state solutions to the Dirac equation. In section 3, we present
our conclusions.

2. Relativistic Landau quantization

Let us analyse the interaction of a relativistic electron with a
uniform magnetic field in the spacetime with a spiral dislocation
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[69, 74, 78]. By using the units = 1 and c=1, therefore, the
spiral dislocation spacetime is described as the line element
[69, 74, 78]:

( )
( )

b j b j= - + + + + +s t r r r zd d d 2 d d d d ,
1

2 2 2 2 2 2 2

where the constant β is the parameter related to the distortion of
the topological defect. Note that the spatial part of the line ele-
ment (1) describes the distortion of a circle into a spiral. In this
case, the dislocation is parallel to the plane z=0; hence, it
corresponds to an edge dislocation in the context to the
description of topological defects in solids [70, 74, 78, 85]. Even
though we are dealing with a topological defect in the spacetime,
we can consider the parameter β to be defined in the range

b< <0 1 in the same way as the description of topological
defects in solids [70, 74, 78, 85].

Recently, we have discussed the behaviour of a Dirac
particle confined to a hard-wall confining potential in the
spacetime with a spiral dislocation [69]. We have shown that the
Dirac equation is dealt with based on the spinor theory in curved
spacetime [86]. In short, the spinors are defined in the local
reference frame of the observers through a non-coordinate basis
ˆ ( )q = m

me x xd
a a , where the Latin indices =a b c, , 0, 1, 2, 3
indicate the local reference frame. Moreover, the components

( )me xa are called tetrads and satisfy the relation [86, 87]:
( ) ( ) ( )h=mn m ne eg x x xa b

ab, where ( )h = -+++diagab is the
Minkowski tensor. Note that the tetrads have an inverse, which
is defined as ( ) q̂=m mex xd a

a
, and they are related through

( ) ( ) d=m
me ex xa
b b

a and ( ) ( ) d=m
n n

me ex xa
a . Therefore, let us

write the tetrads and the inverse as [69, 74]:
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Thereby, by solving the Maurer-Cartan structure equations
[87] ˆ ˆq w q= + T da a

b
a b

(where the operator d corresponds
to the exterior derivative, the symbol ∧ means the wedge
product, = mn

m nT T x xd da a is the torsion 2-form and
( )w w= m

mx xdb
a

b
a is the connection 1-form), we obtain [74]

( ) ( ) ( ) ( )
( )

p b d d j j w w=  = - =j jT r dr d x x2 ; 1,

3

1
1

2
2

1

where ( ) ( ) ( )d d j d=r r2 is the two-dimensional delta func-
tion [81, 88].

Hence, we have a spacetime with the presence of torsion. As
shown in [89], the information about the torsion of the spacetime
can be introduced into the Dirac equation through the irreducible
components of the torsion tensor. In particular, with the torsion
2-form given in equation (3), the only non-null component of the
irreducible components of the torsion tensor is [74]:

( ) ( ) ( )p b d d j= = - = -j j jT T T r2 , 4r
r

r
r

which is a component of the trace four-vector mT . Observe that
the trace four-vector mT does not couple with fermions as shown

in [89]. Therefore, the trace four-vector mT can be introduced into
the Dirac equation through a non-minimal coupling given by:

( )g g m g   +m
m

m
m

m
mTi i , 5

where μ is an arbitrary non-minimal coupling parameter
(dimensionless) and

( ) ( )w = ¶ + Sm m m x
i

4
. 6ab

ab

Furthermore, we have that [ ]g gS = ,ab a bi

2
, where the ga

matrices are defined in the local reference frame, i.e. they are the
Dirac matrices in the Minkowski spacetime [90]:
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Observe that

S is the spin vector and the matrices s i are

the Pauli matrices, which in turn satisfies the relation
( )s s s s h+ = 2j j iji i .

From now on, let us consider the presence of a uniform
magnetic field ˆ


=B B z0 . Then, we can write the electro-

magnetic four-vector potential in the local reference frame of
the observers as =A B r 22 0 . Thereby, in the presence of the
uniform magnetic field, the covariant form of the Dirac
equation is

( )g y m g y g y y + - =m
m

m
m

m
mT q A mi . 8

Since we are interested in the region ¹r 0, the contrib-
ution associated with mT can be neglected. Hence, by using the
tetrads field (2), the Dirac equation (8) becomes
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We can write the solution to the Dirac equation (9) in the
form

⎛
⎝⎜

⎞
⎠⎟ ( )y

f
x

= - e , 10ti

where ( )f f j= r z, , and ( )x x j= r z, , are two-spinors.
Then, by substituting (10) into the Dirac equation (9), we
obtain two coupled equations of f and ξ. The first coupled
equation is

⎡
⎣⎢

⎤
⎦⎥
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The second coupled equation is
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Therefore, by eliminating ξ in equation (12) and by
substituting it into equation (11), we obtain the following
second-order differential equation:

⎡⎣ ⎤⎦
⎡⎣ ⎤⎦
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In search of a solution to equation (13), we need to
observe that f is an eigenfunction of s3, where
s f f f=  = s3 ( = s 1). Besides, this solution can be
written in terms of the eigenvalues of the z-component of
the total angular momentum and the linear momentum
operators as

( ) ( ) ( )( )f j = j+ +r z u r, , e , 14l kzi 1 2 i

where =     ¼l 0, 1, 2, 3, 4 and k is a constant. Hen-
ceforth, we simplify our discussion by taking k=0. In this
way, by substituting the solution (14) into equation (13), we
obtain the radial equation
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where we have defined the parameters
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Let us search for a solution to the radial equation (15);
therefore, let us take [70, 85]
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17
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where ( )f r is an unknown function. Then, by substituting the
radial wave function (17) into equation (15), we obtain the
second-order differential equation
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Further, let us define ( )b= +wx rm

2
2 2 , and thus, we can

rewrite equation (18) in the form
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Before going further, we must observe that when
 ¥r , then  ¥x . However, when r=0, we have

b= wx m

2
2. Since we have considered the parameter β to be

defined in the range b< <0 1, therefore, we can consider
b 12 . Thereby, when r 0 we can consider x to be very

small, and thus, we can assume that the wave function van-
ishes when r 0, without loss of generality [70]. Therefore,
with the purpose of having the radial wave function well
behaved at  ¥r and r 0, we can write a solution to
equation (19) in the form

⎜ ⎟⎛
⎝

⎞
⎠( ) ∣ ∣ ¯ ∣ ∣ ( )∣ ∣ z

t z= + - +z -f x x e F x
2

1

2
, 1; , 21x2 2

1 1

where ( )¯ ∣ ∣∣ ∣ t z+ - +zF x, 1;1 1 2

1

2
is the confluent

hypergeometric function [88, 91]. The asymptotic behaviour
of a confluent hypergeometric function for large values of its
argument is given by [91]

( ) ( )
( )

[ (∣ ∣ )] ( )»
G
G

+- -F a b x
b

a
x x, ; e 1 , 22x a b

1 1
1

Therefore, it diverges when  ¥x . In search of bound state
solutions to the Dirac equation, we must impose that = -a n
( = ¼n 0, 1, 2, 3, ). With this condition, the confluent
hypergeometric function becomes well behaved when
 ¥x . With ¯∣ ∣ t= + -za

2

1

2
, hence, we obtain

⎡
⎣⎢

⎤
⎦⎥

∣ ∣ ( ) ( )w
z z

=  + + + + - m m n s2
2 2

1

2
1 . 23n l,

2

The spectrum of energy (23) stems from the interaction
of a relativistic electron with a uniform magnetic field.
Therefore, it corresponds to the relativistic Landau levels
[13, 19, 20] in the spiral dislocation spacetime. The effects of
torsion of this spacetime yield the presence of the effective
angular momentum ζ in the relativistic energy levels (23)
even though no interaction between the electron and the
topological defect exists. This kind of contribution is analo-
gous to that raised by Peshkin and Tonomura [80]. By con-
sidering a point charge that moves in a circular ring of radius
R in the presence of a long solenoid of radius <r R0 ,
concentric to the ring, Peshkin and Tonomura [80] showed
that the angular momentum quantum number is modified by

p= - Fℓ l e 2eff (where Φ is the magnetic flux through the
solenoid and e is the electric charge). In addition, they
showed that the eigenvalues of energy are determined by

p= - Fℓ l e 2eff even though no interaction between the
point charge and the magnetic field inside the solenoid exists.

3
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This quantum effect characterized by the influence of the
magnetic flux on the eigenvalues of energy is known as the
Aharonov–Bohm effect for bound states [80]. In the present
case, the effective angular momentum ζ shows a shift in the
angular momentum quantum number analogous to that
obtained by Peshkin and Tonomura [80]. Hence, the influence
of the topology of the spacetime on the relativistic Landau
levels gives rise to an Aharonov–Bohm-type effect for bound
states [82]. Besides, the influence of the topology of the
spacetime on the interaction of the electron with the uniform
magnetic field modifies the degeneracy of the relativistic
Landau levels. Observe that the term m2 is the contribution to
the energy levels that stems from the rest mass of the relati-
vistic electron, while the±signs indicate the energy asso-
ciated with the positive and negative solutions to the Dirac
equation [90]. Note that by taking b = 0, the relativistic
Landau levels (23) become those given in the Minkowski
spacetime [13, 19, 20].

Next, let us apply the binomial expansion up to terms of
order -m 1 in the relativistic Landau levels (23). Then, we
obtain

⎡
⎣⎢

⎤
⎦⎥

∣ ∣ ( ) ( )w
z z

» + + + + - m n s
2 2

1

2
1 , 24n l,

where the first term of equation (24) is the contribution that
stems from the rest mass of the particle. The second term of
the energy levels (24) corresponds to the (nonrelativistic)
Landau levels in the presence of a spiral dislocation. Note that
the energy levels (24) are analogous to the Landau levels for a
spinless quantum particle obtained in [70]. Therefore, we can
see in the nonrelativistic limit that the degeneracy of the
Landau levels [92] is broken by the effects of the topology of
the spiral dislocation. Moreover, since there is no interaction
between the electron and the topological defect, we also have
an analogue of the Aharonov–Bohm effect for bound
states [80, 82].

3. Conclusions

We have analysed the interaction of a relativistic electron with
a uniform magnetic field in the spiral dislocation spacetime.
We have seen that the effects of torsion of this spacetime
modify degeneracy of the relativistic Landau levels. This
break of degeneracy is given by the appearance of an effective

angular momentum ( )z = + - - w bl s1 m1

2 2

2

that stems
from the topology of the spacetime, even though no interac-
tion between the electron and the topological defect exists.
Furthermore, we have seen that the presence of this effective
angular momentum in the relativistic Landau levels, without
the interaction between the electron and the topological
defect, yields an analogue effect of the Aharonov–Bohm-type
effect for bound states [80, 82]. We have also shown by
taking b = 0 in the relativistic energy levels (23) that we can
recover the relativistic Landau levels in the Minkowski
spacetime [13, 19, 20]. Finally, by applying the binomial
expansion up to terms of order -m 1 in the relativistic Landau
levels (23), we have shown that the nonrelativistic Landau

levels in the presence of a spiral dislocation [70] can be
obtained.
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