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Abstract
The ability of the radial basis function (RBF) approach to extrapolate the masses of nuclei in
neutron-rich and superheavy regions is investigated in combination with the Duflo-Zuker
(DZ31), Hartree–Fock-Bogoliubov (HFB27), finite-range droplet model (FRDM12) and
Weizsäcker-Skyrme (WS4) mass models. It is found that when the RBF approach is employed
with a simple linear basis function, different mass models have different performances in
extrapolating nuclear masses in the same region, and a single mass model may have different
performances when it is used to extrapolate nuclear masses in different regions. The WS4 and
FRDM12 models (two macroscopic–microscopic mass models), combined with the RBF
approach, may perform better when extrapolating the nuclear mass in the neutron-rich and
superheavy regions.

Keywords: extrapolation ability, nuclear mass, radial basis function, root-mean-square deviation,
mass model
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1. Introduction

Mass is one of the most basic and important bulk properties of
nuclei. Much related nuclear information can be derived from
it, such as the shell effect [1–9], the deformation effect [10],
the nucleon separation energy [11] and the alpha decay
energy [12, 13] of nuclei, based on its accurate measurement
and prediction. It is also crucial data used to measure the
nuclear charge radius in laser spectroscopy experiments
[14–18]. In addition, the nuclear mass is an important input to
the simulation of the rapid neutron-capture process (r-process)
in stellar nucleosynthesis [19–23].

More than 100 years ago, stable nuclear masses in nature
began to be measured, based on the development of mass
spectrometry [24]. To date, more than 2500 nuclear ground-
state masses have been measured, due to the development of
radioactive ion-beam facilities [25, 26]. However, the large
number of neutron-rich nuclear masses required for r-process
simulation are rarely included in experimental measurements,
and neither are the masses of superheavy nuclei, which have
been of great concern. Therefore, a reliable theoretical model
for predicting nuclear masses is extremely important. There

are two types of mass model that can theoretically predict the
masses of all nuclei. One is the macroscopic–microscopic
mass model, which includes the finite-range droplet model
(FRDM12) [27] and Weizsäcker-Skyrme (WS) [28–31]
models. The other is the microscopic mass model, which
includes the Duflo-Zuker (DZ) [32, 33] and Hartree–Fock-
Bogoliubov (HFB) [34–36] models. In addition, there are
several large-scale mass tables are calculated using micro-
scopic theories, such as the density functional theories
[37–39]. The root-mean-square (rms) deviation between the
calculations of these mass models [27, 30, 31, 33, 35] and the
experimentally measured 2408 nuclear masses are about
0.3–0.6 MeV [40]. However, A. Sobiczewski et al [41–43]
found that the accuracy of the theoretical model in predicting
masses of nuclei in an unknown region is independent of the
accuracy with which the model describes the measured
nuclear masses. In addition, the predictive accuracies of these
mass models are still far from those required by the studies of
exotic nuclear structures and r-process simulations. In order to
further improve the accuracy of the results predicted by the
nuclear mass models, some neural network approaches have
been introduced. For example, the radial basis function (RBF)
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[44–49], the Bayesian neural network (BNN) [50, 51] and the
kernel ridge regression (KRR) [52] approaches can success-
fully improve the accuracy of nuclear mass prediction. Using
these neural network approaches, the rms deviation between
the predictions of the theoretical models and the experimental
measurements can be reduced to 0.2 MeV.

Although neural network approaches have been suc-
cessful in predicting nuclear masses, all the successes have
been based on interpolations or extrapolations that were close
to the learning set. Therefore, when the extrapolation range is
extended away from the learning set, it is worth confirming
whether the neural network approach is still effective in
improving the prediction abilities of the nuclear mass models.
In this work, the ability of the RBF approach to extrapolate
the nuclear mass at a distance from the learning set is sys-
tematically investigated; the extrapolation regions are mainly
concentrated in neutron-rich and superheavy nuclei. The
numerical details of the RBF approach will be presented in
section 2. In section 3, the results and a discussion will be
given, and finally, the summary will be presented.

2. Numerical details

As in [44–48], the RBF approach has been widely applied in
improving the mass predictions of nuclear models. The
revised mass of a nucleus (Z, N) is given by

M Z N M Z N S Z N, , , , 1th
RBF

th= +( ) ( ) ( ) ( )

where Mth(Z, N) is the mass predicted by a theoretical model,
and S(Z, N) is the reconstructed function that describes the

mass differences D Z N M Z N M Z N, , ,exp th= -( ) ( ) ( )
between the experimental data and the prediction of the
theoretical model. The reconstructed function is usually
written as
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where Xi denotes the points obtained by measurement, ωi is
the weight of center Xi, f is the basis function, X Xi- is the
Euclidean norm, and m is the number of scattered data points
to be fitted. Given m samples (Xi, Di), one wishes to recon-
struct the smooth function S(X), where S(Xi)=Di. The RBF
weights ωi are obtained by the solution of the linear system
resulting from the interpolation condition with m samples (Xi,
Di), which can be determined by
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where  X X i j m, 1, ,ij i jf f= - = ¼( )( ). The basis function
f(r)=r is adopted in this work, and the Euclidean norm is
defined to be the distance between nuclei (Zi, Ni) and (Zj, Nj)
on the nuclear chart,

r Z Z N N . 4i j i j
2 2= - + -( ) ( ) ( )

Figure 1. (a) Nuclei in the learning set (green region) and two test sets (blue and gray regions) used to examine the extrapolation ability of the
RBF approach in the neutron-rich region. (b) Nuclei in the learning set (green region) and two test sets (blue and gray regions) used to
examine the extrapolation ability of the RBF approach for the superheavy nuclei.
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The prediction of an unknown nuclear mass can be
regarded as the extrapolation or interpolation of the surface of
the nuclear mass. In order to study the ability of the RBF
approach to extrapolate the nuclear mass in the neutron-rich
region, we select the evaluation masses of 3,281 nuclides
(N� 8, 8� Z� 110) in AME2016 [25], as shown in
figure 1(a). In figure 1(a), first, the green region is used as
learning set 1 to extrapolate the nuclear masses of 12 layers
(the blue and gray regions) in the neutron-rich region. In order
to further study whether the expansion of the learning set will
affect the extrapolation ability of the RBF approach, the green
and blue regions are used as learning set 2 to extrapolate the
nuclear masses of seven layers (the gray region) in the neu-
tron-rich region. Similarly, in order to study the ability of the
RBF approach to extrapolate the masses of nuclei in the
superheavy region, we select the evaluation masses of 3336
nuclides (N�8, Z�8) in AME2016, as shown in
figure 1(b). In figure 1(b), the green region is learning set 1′,
used to extrapolate the masses of nuclei (Z� 106) in the
superheavy regions (blue and gray regions), and then the
green and blue regions are used as learning set 2′ to extra-
polate the the masses of nuclei (Z�111) in the superheavy

region (gray region). For the theoretical mass models, we take
the two DZ31 [33] and HFB27 [35] microscopic mass models
and the two FRDM12 [27] and WS4 [31] macroscopic–
microscopic mass models as examples. For convenience, the
nuclear mass model improved by the RBF approach is
denoted by Model+RBF. To evaluate the predictive power of
the nuclear mass models combined with the RBF approach,
the rms deviation

n
M M

1
, 5

i

n
i i

1
exp th

2ås = -
=
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is employed, where Mi
exp and Mi

th are the experimental and
theoretical nuclear masses, respectively, and n is the number
of nuclei contained in a given set. If the rms deviation is
small, it means the model describes the existing experimental
data well.

3. Results and discussions

First, we studied the extrapolation ability of the RBF
approach combined with the DZ31, HFB27, FRDM12, and

Figure 2. Root-mean-square (rms) deviations with respect to the evaluation masses from AME2016 and the extrapolation masses of each
layer of nuclei in the neutron-rich region. The solid squares and circles represent the prediction results of the model and the Model+RBF for
1–12 extrapolated nuclear layers, respectively. The hollow circles represent the results of the Model+RBF for the extrapolation of 6–12
nuclear layers.
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WS4 models in the neutron-rich region. Figure 2 shows the
variation trend of the rms deviation with respect to the eva-
luation masses from AME2016 and the extrapolation masses
of each layer of nuclei in the neutron-rich region with
extrapolation distance. Clearly, the rms deviations of the
prediction results of the four mass models increase with the
extrapolation distance, while the rms deviations of the pre-
diction results of the HFB27 and WS4 models are less than
1MeV. When the mass model is combined with the RBF
approach to extrapolate the masses of 1-to-12-layer nuclei in
the neutron-rich region, the improvement ability of the RBF
approach depends on the theoretical model chosen. It can
been seen from figures 2(a) and (b) that the RBF approach can
always improve on the prediction results of the DZ31 and
FRDM12 models. As shown in figure 2(c), the extrapolation
ability of the RBF approach is effective within about ten steps
for the HFB27 model. As shown in figure 2(d), for the WS4
model, the RBF approach may make the extrapolation result
worse than the model itself, although the extrapolation result
is effective within three steps. As can be seen from figure 2, in
the neutron-rich region, the extrapolation results of the mass
models combined with the RBF approach are significantly
improved with the expansion of the learning set. Obviously,
when the WS4 model is combined with the RBF approach to

extrapolate the nuclei of the fifth layer, the rms deviation is
still within 0.5 MeV. This may be attributed to the lower rms
deviation between the predictions of the WS4 model and the
existing experimental data.

In order to investigate the reasons for the reversal of the
extrapolation results of the Model+RBF in the neutron-rich
region, the reconstruction function to reproduce the deviation
between the evaluation masses from AME2016 and the
results predicted by the mass models is analyzed. Figure 3
shows the reconstruction functions S1, S2 and the deviations
between the evaluation masses from AME2016 and the pre-
diction masses of the WS4 model. According to figure 3, it
can be found that with an increase in the extrapolation dis-
tance, the deviations of the masses for nuclei in the super-
heavy region gradually increase from the fifth layer. So we
guess that, in the neutron-rich region, the improved results of
the WS4 model according to the reconstruction function S1
get worse because of the mutation in the superheavy region.
The improved results of the WS4 model using the recon-
struction function S2 get better because learning set 2 already
contains a little information about the mutation in the super-
heavy region. In addition, it can be seen that with an increase
in the extrapolation distance, the deviations of the nuclear
masses in the region near the proton numbers 10�Z�40

Figure 3. Deviations between the evaluation masses from AME2016 and the masses predicted by the WS4 model in the extrapolation
neutron-rich region. The reconstruction functions S1 and S2 are obtained from learning set 1 and learning set 2, respectively. Figures 3(a)–(l)
show the results for 1–12 extrapolated nuclear layers, respectively.
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gradually increase from the eighth layer. In the last two lay-
ers, the deviations in this region are even more than 2MeV,
which may be the reason why the trends of the rms deviations
in figure 4(d) show inflection points in the tenth layer. In a
similar way to the analysis of figure 3, we also analyzed the
results of the DZ31, HFB27, and FRDM12 models. It was
found that with an increased distance from the learning set,
the deviations of the nuclides around the proton magic
numbers Z=20 and 50 gradually increased for the HFB27
model. This may be the reason why the extrapolation results
of the HFB27+RBF become worse in the last layer. For the
DZ31 and FRDM12 models, the mutation of the deviation of
the extrapolation result is small. Therefore, in the neutron-rich
region, the RBF approach can always improve the extra-
polation results of the DZ31 and FRDM12 models. This
analysis shows that in the neutron-rich region, the extra-
polation results of the models will be improved by the RBF
approach within at least three steps. If the deviations of the
extrapolation region are less abrupt than those of the learning
set, this improvement will persist over longer extrapolation
distances.

Similarly, the extrapolation ability of the RBF approach
in the superheavy region is investigated. Figure 4 shows the

deviations between the evaluated masses from AME2016 and
masses extrapolated by the DZ31 and HFB27 models and
their corresponding improved masses extrapolated by the
RBF approach. Figure 4(a) shows the results of the DZ31
model and the DZ31+RBF for nuclei with proton numbers
Z=106–118. It can be seen that the deviations between the
predicted results of the DZ31 model and the evaluation
masses from AME2016 are more than 6MeV, but the results
of the DZ31+RBF model are reduced to 3MeV. Figure 4(b)
shows the results of the DZ31 and DZ31+RBF models for
nuclei with proton numbers Z=111–118. It is found that the
results after 3 steps of extrapolation are worse than the results
in figure 4(a), even though the learning set is expanded.
Figure 4(c) shows the results of the HFB27 and HFB27+RBF
models for nuclei with proton numbers Z=106–118.
Although the extrapolation results of the HFB27 model
combined with the RBF approach achieve good results within
five steps, the extrapolation results beyond five steps are
worse than those of the HFB27 model alone. As can be seen
from figure 4(d), although the learning set is expanded, the
extrapolated results of the HFB27+RBF model are worse
than those of figure 4(c). It can be seen that, based on the
information obtained from figure 4, the RBF approach should

Figure 4. Deviations between the evaluation masses from AME2016 and the masses extrapolated by the DZ31 and HFB27 models and the
corresponding improved masses extrapolated by the RBF approach in the superheavy region. The solid and hollow blocks represent the
results of the DZ31 model and the DZ31+RBF, respectively. The solid and hollow circles represent the results of the HFB27 model and the
HFB27+RBF, respectively.
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be carefully combined with the DZ31 and HFB27 models
when extrapolating nuclear masses in the superheavy region.
Figure 5 shows the deviations between the evaluation masses
from AME2016 and the masses extrapolated using the WS4
and FRDM12 models and their corresponding improved
masses extrapolated by the RBF approach. Figure 5(a) shows
the results of the WS4 and WS4+RBF models for nuclei with
proton numbers Z=106–118. It is found that the extra-
polation results of the WS4 model are significantly improved
by the RBF approach. It is worth mentioning that in
figure 5(b), the extrapolation results of the WS4 model will be
further improved by the RBF approach due to the expansion
of the learning set. The deviations between the evaluation
masses from AME2016 and the masses extrapolated by the
WS4 model combined with the RBF approach are within
1MeV for nuclei with proton numbers Z=111–118.
Figures 5(c) and (d) show the results of the FRDM12 and
FRDM12+RBF models. The trends of their results are similar
to those of the WS4 model. It is found that, by studying the
distribution of the deviation between the evaluation masses
from AME2016 and prediction results of the models, the
deviations of the nuclides near Z=114, compared to those of
the nuclides near Z=110, showed a larger mutation for the
DZ31 and HFB27 models. This may be the reason for the
reversal of the prediction results of the DZ31 and HFB27

models combined with the RBF approach in the superheavy
region.

4. Conclusions

In summary, the ability of the RBF approach to extrapolate
the masses of nuclei in the neutron-rich and superheavy
regions was investigated in combination with the DZ31,
HFB27, FRDM12 and WS4 mass models. The prediction
abilities of the mass models are improved when they are
combined with the RBF approach in the neutron-rich region,
and the improvement becomes better with an enlargement of
the learning set. However, the prediction results of the WS4
model in the neutron-rich region may become worse when
combined with the modification of the RBF approach. In the
superheavy region, the RBF approach shows different per-
formances in improving the predictions of the mass models.
Although the learning set is expanded, the extrapolation
results of the DZ31 and HFB27 models combined with the
RBF approach may become worse in the superheavy region.
It is gratifying that the RBF approach shows good perfor-
mance in improving the prediction of nuclear masses in the
superheavy region when used with the WS4 and FRDM12
models.

Figure 5. Similar to figure 4, but for the WS4 and FRDM12 models.
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This analysis shows that when the RBF approach is
applied with a simple linear basis function, different mass
models have different performances when used to extrapolate
nuclear masses in a same region, and a single mass model
may have different performances when used to extrapolate
nuclear masses in different regions. The quality of these
performances mainly depends on whether the deviation of the
extrapolation region shows a larger mutation compared to the
learning set. The WS4 and FRDM12 models, combined with
the RBF approach, obtain better prediction results when
extrapolating nuclear masses in the neutron-rich and super-
heavy regions.
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