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Abstract
In Minkowski space, we derive the effective Schrödinger equation describing a spin-less
particle confined to a rotating curved surface  . Using the thin-layer quantization formalism to
constrain the particle on  , we obtain the relativity-corrected geometric potential ¢Vg, and a novel
effective potential Ṽg related to both the Gaussian curvature and the geodesic curvature of the
rotating surface. The Coriolis effect and the centrifugal potential also appear in the equation.
Subsequently, we apply the surface Schrödinger equation to a rotating cylinder, sphere and torus
surfaces, in which we find that the interplays between the rotation and surface geometry can
contribute to the energy spectrum based on the potentials they offer.
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1. Introduction

Quantum physics on a curved surface has attracted much
attention in recent years, accompanied with the development
of low-dimensional materials [1–4]. It is observed that the
curvature of a surface may produce systematic effects on the
energy spectrum and dynamics of quantum systems [5–9].
These observations demonstrate the importance of spatial
geometry, and stimulated the discovery of several low-
dimensional structures with novel quantum behaviors.

In physics, there is another source that produces spatial
curvature, that is, the relativistic effect. This was suggested
historically for a rotating disc by Ehrenfest [10]. For such a disc,
the circumference experiences the Lorentz contraction, while
the radial elements do not contract because their motion is
normal to their lengths [11]. With this kind of relativistic effect,
the ratio between the circumference and the radius of a rotating
disc would be smaller than 2π, which implies an effective
geodesic curvature. This kind of effective curvature can also
alter the quantum behaviors on the disc [12], representing

another contribution of spatial geometry. Note that the curva-
tures from the relativistic effect and from the intrinsic geometry
often occur simultaneously on a rotating surface. Since these
two kinds of geometric effects are different in their relations to
the quantum behaviors and cannot be described with a single
curvature parameter, how to determine the quantum behaviors
on a rotating surface is a non-trivial problem.

In recent decades, the quantum physics on a rotating sur-
face attracted more practical concerns to understand the ener-
getic spectra of low-dimensional nanostructures [13–16]. Not
only may some molecules (i.e. C60) rotate fast under thermal
equilibrium, but also some larger nanostructures can be driven
to rotate more quickly based on the evolving nano-electro-
mechanical [17] and synthesis technology [18–20]. For exam-
ple, the nanoscale rotational actuators based on carbon
nanotubes are successfully fabricated [21], the realization of
ultra-fast rotating carbon nanotubes obtained from circularly
polarized light is addressed in [22, 23], and the controllable
high-speed rotating nanowires can be achieved by ac voltage
applied to multiple electrodes [24]. These experimental pro-
gresses demand proper theory to quantitatively characterize
quantum physics related to the rotational surface. Recently, the
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non-trivial rotation effects on the electronic structure of carbon
nanomaterials, including rotating fullerene and rotating carbon
nanotube, have been widely discussed [25–28]. However, there
are no theories to consider both the Gaussian curvature of the
surface and the geodesic curvature related to the relativity
effect, which are intrinsic in the rotating nanostructures. How
do these two effects interplay with each other and modulate the
quantum behaviors on the rotating surface? Our work is an
approach towards such a problem theoretically.

In our work, we focus on the quantum dynamics of a spin-
less particle on several 2D rotating curved surfaces. The thin-
layer quantization formalism [29–31] is carried out to constrain
the particle on the rotating surfaces. The special relativity is
incorporated to characterize the relativistic effect on the geometry
[11]. To explicitly exemplify the contribution and interplay of
two kinds of geometric effects, an effective Schrödinger equation
for the rotating curved surfaces in Minkowski space is proposed
based on the assumed wave functions. In this equation, the
geometric potential still exists and is corrected by the relativistic
effect, but also a novel effective potential related to both kinds of
curvatures is observed. With these effective potentials, the con-
tributions of rotational motion on the energy spectrum are dis-
cussed. These establish a procedure to analyze the quantum
behaviors on the rotating surfaces.

The outline for our paper is given as follows. In section 2,
the proper length measured in a rotating frame is given in terms
of the special relativity. In section 3, we derive the effective
Schrödinger equation for a spin-less particle confined to
a rotating curved surface  in Minkowski space . In
sections 4–6, based on the surface Schrödinger equation, the
behavior of the particle on the rotating cylinder, sphere and
torus surfaces are specifically analyzed, focusing on the cur-
vature effects of the relativity and the intrinsic geometry.
Finally, we draw our conclusions in section 7.

2. Proper length measured in rotating frame

In this section, the proper length measured in a rotating frame
should be given in terms of the special relativity. The study
begins with the line element in Minkowski space:

( ) ( )= + +s g x g x x g x xd d 2 d d d d , 1i
i

ik
i k2

00
0 2

0
0

where x0= ct, x i(xk) are coordinate components, i(k)= 1, 2, 3
and g00=−1. For two adjacent points A and B, the proper
length dl can be determined as =l sd d 2 when the coordinate
clocks of the two points are synchronous. Note that, in the
rotating frame, the synchrony of two coordinate clocks does not
correspond to dx0= 0. The standard synchrony of two clocks
located at A and B can be defined based on a light signal which
follows a null-geodesics (i.e. ds= 0). That is, a light signal is
sent from A to B and is reflected back to A. Measured by the
observer at A, the coordinate times to send, to receive, and to
reflect the light signal are xA

0 , ¬xA
0 , and xA

0, respectively.
Clearly, we have the relation ( )= + ¬x x x 2A A A

0 0 0 . Corresp-
onding the reflecting event, the coordinate time of the clock at B
is xB

0, which is synchronized with the coordinate time xA
0 at A.

Therefore, when two remote events occur synchronously, the
coordinate clocks differ by:

( )D = - º
+ ¬x x x

x xd d

2
, 2A B

A B A B0 0 0
0 0

where º - x x xd A B A B
0 0 0 and º -¬ ¬x x xd A B A B

0 0 0.
According to the null-geodesics relation, the propagation

of the light signal obeys the relation

( )
( )=

-  -
x

g x g g g g x x

g
d

d d d
. 3i

i
i k ik

i k
0 0 0 0 00

00

Therefore, Δx0=−g0idx
i/g00. Substituting this relation into

equation (1), the proper length between two neighboring points is

( )

g

g

=

º -

l x x

g
g g

g

d d d ,

, 4

ik
i k

ik ik
i k

2

0 0

00

where γik is a pure spatial metric, and dl is a pure spatial distance
between A and B measured in rotating frame.

3. Effective Schrödinger equation for a spin-less
particle constrained on a rotating curved surface

In this section, in the spirit of the thin-layer quantization
formalism, the effective Schrödinger equation for a spin-less
particle confined to a rotating curved surface in the context of
special relativity is given. The effects both from the curved
surface and from the relativity are considered.

The study begins with a curved surface  rotating around
any axis


ee at a constant angular velocity


w embedded in the

Minkowski space . The line element over  can be
described as:

( )m n= =mn
m ns g x xd d d , , 0, 1, 2, 52

where xμ, xν are the time-spatial coordinates of. Through the
coordinate transformation from the stationary coordinate system
to the rotating coordinate system, using the equation (4), the two-
dimensional spatial distance is written as:

( )g=l q qd d d , 6ik
i k2

where i, k= 1, 2, q1 and q2 are the curvilinear coordinates over  .
Here, the covariant components of rotating surface metric tensors
γik can be obtained from equation (4). Correspondingly, based on
the curvilinear coordinates, the metric tensor Γab of the embeded
3D space can be defined as:

[ ( ) ] ( ) ( )
( )

g ag ag agaG = + + +
G = G = G =

q q ,
0, 1, 7

ab ab
T

ab
T

ab

b a

3 3 2

3 3 33

where a, b= 1, 2, q3 is the curvilinear coordinate along normal
unit basis vector


en, and α is the Weingarten curvature

matrix [30].
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Following [12], the Hamiltonian for a spin-less particle
with effective mass m on the rotating curved surface  reads:

⎡
⎣

⎤
⎦

· ( ) ( ) ·

( ) ( )

 

   

 

w

w w

w

=  - ´ +

= -  +  ´ + ´ 

+ ´ +

l

l



  

H
m i

m r V

m
r i r

m r V

1

2

2
i
2 2

1

2
, 8

2

2
2

2

where a squeezing potential Vλ(q
3) is introduced [29, 30] to

localize the particle on surface  , and λ is a parameter con-
trolling the strength of the confinement. In these terms, the
second term · ( ) 

w ´ r in equation (8) is always equal to 0,
because that


w is a constant vector. At the same time, the

other terms can be expressed with the metrics Γab and γik.
According to the equation (7), the laplace operator in
equation (8) can be expanded as:

( )

( ) ( ) ( )
g

gg

 =
G
¶ GG ¶

= ¶ ¶ +
G
¶ G¶

1

1 1
, 9

a
ab

b

i
ik

k

2

3 3

where Γ and γ are the determinants of Γab and γik, respec-
tively. The Coriolis term can be rewritten as

( ) · ˆ ( ) w g w´  = -


r Li
2

1

2
, 10ab

a b

with ˆ = - L rib
ac
b a c being the angular momentum

operator. The centrifugal potential can be expressed as:

( ) ( ) w g´ =
m

r
m

V V
2 2

, 11ab
a b2

in which w= V ra
bc
a b c. Based on these derivations, the

effective Schrödinger equation for the wave function ψ(q1, q2,
q3) can be obtained as:

( )

ˆ ( )

y y

g w y g y y

=-
G
¶ GG ¶

- + + l


E

m

L
m

V V V

2

1

1

2 2
, 12

a
ab

b

ab
a b

ab
a b

2

where E represents the eigenenergy of the particle.
To simplify the effective Schrödinger equation, accord-

ing to equation (9), and we are searching for a surface
function depending only on the variables q1 and q2 [29, 30],
we naturally introduce a new wave function χ(q1, q2, q3) as

( ) ( ) ( )c y c c= G = q q q, , 13s n
1 4 1 2 3

where χs, χn are wave functions defined on the surface and along
the normal direction. The introduction of the squeezing potential
Vλ makes this kind of separation is generally valid in the limit
that q3 goes to zero [29, 30]. Under such a circumstance, we
decouple the Schrödinger equation into a surface part and a

normal part by substituting equation (13) into equation (12), as:

⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

( ) ( ˜ )

ˆ

˜ ( )( ) ( )

( ) ( )

c g c c

g w c g c

c
c

c

g
g g g

g
g g

= - ¶ ¶ + + ¢

- +

= -
¶
¶

+

º - ¶ ¶ - ¶ ¶

¢ º -
G

¶ G -
G
¶ G

l









E
m

V V

L
m

V V

E
m q

V

V
m

V
m

2
1

2 2
,

2
,

2

3

16

1

4
,

2

3

16

1

4
, 14

s s
ik

i k s g g s

ab
a b

s ab
a b

s

n n
n

n

g
ik

i k
ik

i k

g

2

2 2

32

2

2

2

2 3
2

3
2

where the relation ∂iγ
ik= 0 is employed during derivation.

Because of the strong confinement of the squeezing potential Vλ,
the energy scale of En is much larger than that of Es. Thus, the
normal part χn in generally invariant in the eigen-states around
the ground state, and the surface part χs is noteworthy to char-
acterize the behaviors of the particle on the surface.

In the equation for χs, besides the Coriolis and centrifugal
terms, there are two emerging terms Ṽg and ¢Vg, which are
effective potentials from surface geometry and relativity.
Compared with the case on stationary surface, it can be con-
cluded that the potential ¢Vg is a relativity-corrected geometric

potential. When the surface is not rotated, ¢Vg would become the
classical geometric potential in literatures [32, 33]. Differently,
the potential Ṽg is a novel term, and has not been observed in
the stationary case. Based on the form of Ṽg, the potential Ṽg

represents the interplay of the intrinsic Gaussian curvature and
the geodesic curvature of the surface. This reflects that the
rotational motion introduces some new physics into the
quantum systems.

According to the typical thin-layer quantization formal-
ism [29, 30, 34], the surface wave function χs should be
further normalized as c g c¢ = -

s s
1 4 , which produces a more

complicated eigen-equation,

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

( ) ( )

( ˜ )

ˆ

( )

c g
g

g
g

g c

c

g w c g c

¢ = - ¶ + ¶ ¶ + ¶ ¢

+ + ¢ ¢

- ¢ + ¢


E

m

V V

L
m

V V

2

1

4

1

4

1

2 2
.

15

s s
ik

i i k k s

g g s

ab
a b

s ab
a b

s

2

Comparing the eigen equations for both χs and c¢s (namely,
equations (14) and (15)), both the surface Schrödinger
equations can describe the quantum dynamics of a spin-less
particle bounded to the rotating curved surface with the
effective potentials ¢Vg, Ṽg, Coriolis effect and centrifugal
potential. Therefore, it is possible to establish a mapping
between the energy spectrum related to χs and to c¢s. These
two equations are equivalent in this sense. For simplicity, in
the following we will take equation (14) to analyze the
behaviors of particles constrained on various rotating
surfaces.
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4. Rotating cylinder surface

The cylinder surface is a simple surface bending along one
direction. Here, we consider the rotation around its axis. In
the cylindrical coordinate system (f, z, ρ), the line element in
Minkowski space is given by:

( )r f r= - + + +s c t zd d d d d . 162 2 2 2 2 2 2

Assuming that the cylinder has its radius r and rotates around
the axis


ez with angular velocity


w, as sketched in figure 1.

We now introduce the rotating frame of reference:

( )

r r

f f w

= ¢
= ¢
= ¢
= ¢ + ¢

t t

z z
t

,
,
,

. 17

Substituting the rotating coordinates into equation (16) yields

⎜ ⎟
⎛
⎝

⎞
⎠

( )

r w
r f

r
wr

f

=- ¢ - ¢ + ¢ ¢ + ¢

+ ¢ + ¢ ¢ ¢

s c t
c

z

c
c t

d d 1 d d

d 2 d d . 18

2 2 2
2 2

2
2 2 2

2
2

Dropping the prime on the coordinates for simplicity, the
proper length on the rotating cylinder (namely in the form of
equation (4)) can be deduced based on equation (18) with the
condition dρ= 0 as

( ) ( )f= +l u r zd d d . 19c
2 2 2 2

with ( ) = - Wu r r 1c 1
2 , and Ω1= ωr/c. Therefore, the

covariant components of metric tensor γik are:

( ) ( )g g g g= = = =ff f fu r , 1, 0, 20c zz z z
2

and of the metric tensor Γab as:

( )

( )

G = +
G = G = G = G = G = G =

G = G =

ff

f f f f

u r q ,

0,

1, 21

c

z q z zq q q z

zz q q

2
3

3 3 3 3

3 3

and the determinant ( )G = +u r qc
2 3 . Note that in the

cylindrical coordinate, ( )
w w= 0, , 0 , ( )

=r z r0, , . Now the
Hamiltonian reads:

( )w
w= - D + ¶ + +f l

 
H

m

r

u
m r V

2
i
2

1

2
. 22

c

2
2 2

Following the above results, here we factorize the wave
function as ψ(f, z, q3)= Γ−1/4χ(f, z, q3) to derive an
equation without terms which contain ∂aψ, which is well in
line with the thin-layer quantization formalism [29–31].
According to the proper length of equation (19), we expand
equation (12) in the cylindrical coordinate as:

⎜ ⎟
⎛
⎝

⎞
⎠

( )c c c c= - ¶ + ¶ + ¶ + ¢ +f l


E
m u

V V
2

1
. 23

c
z q g

2

2
2 2 2

3

In this equation, the effective potential ˜ =V 0g , since the
derivative ∂f or ¶f

2 cannot bring anything from the metric
tensor, as shown in figure 2. Besides, the potential ¢Vg has the

Figure 1. A rotating cylinder with radius r and its coordinate system
(f, z, ρ).

Figure 2. Ṽg versus f for the cases of r= 1 and wr

c
= 0, 0.2, 0.4, 0.6,

0.8 on the rotating cylinder. Here, 
m2

2
is taken as a unit.
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following form:

( ) ( )¢ = - - W - W - W - W


V
mr8

1 4 9 14 24 . 24g

2

2 1
2

1
4

1
6

1
8

It is easy to find that ( )w= ¢ = = -V V mr0 8g g
2 2 is con-

sistent with the geometric potential on a stationary cylinder
surface (as described in figure 3). Meanwhile, the rest part

= ¢ -V V VR g g reflects the contribution of relativistic effect to
geometric potential (as sketched in figure 4). Obviously, ¢Vg,
Vg and VR are all independent of f and z, which indicates that
the potentials are constants on the cylinder surface, and would
only shift the energy spectra and do not affect the energy
gaps. On the other hand, the potential Vg and VR all depend on
the radius r, and increase for larger radius r. This kind of
dependence on r outlines the preference to thin cylinder. The
difference of the potentials Vg and VR is their signs. Thus,
these potentials would shift the spectrum in different direc-
tions, and may compensate with each other. More impor-
tantly, the relativistic correction VR is a function of rotation
frequency ω. It is possible to enlarge the potential VR by
speeding up the rotation. Especially, when Ω1= ωr/c turns to
0.4, Vg and VR may cancel out each other, and ¢Vg becomes 0.
It is worth noting that when considering a rotating disc with
thickness, in addition to the Ṽg mentioned in [12], there are
effects of ¢Vg on the side surface.

With the separation χ(f, z, q3)= χs(f, z)χn(q
3), we can

decouple the Schrödinger equation into a surface component
and a normal component as

⎜ ⎟
⎛
⎝

⎞
⎠

( )

c c c

w
c w c

c c c

= - ¶ + ¶ + ¢

+ ¶ +

= - ¶ +

f

f

l







E
m u

V

r

u
m r

E
m

V

2

1

i
2

1

2
,

2
. 25

s s
c

z s g s

c
s s

n n q n n

2

2
2 2

2 2

2
2

3

To solve the effective Schrödinger equation for the surface
part χs, we introduce the ansatz for the wave function:

( ) ( ) ( )c f = Ffz z, e , 26s
Ni

where N represents quantized angular momentum [12]. This
leads to the following Schrödinger equation:

( )- ¶ F + F = F


m
V E

2
, 27z T

c
2

2

in which Vc
T represents the total effective potential:

( )

w=- å W +

= - +

=- + -

=- -

=- -

=-

=


V
mr

Z m r

Z N Lr

Z N
Lr

Z
Lr

Z
Lr

Z

2

1

2
,

1

4
,

1
2

,

9

4 8
,

7

2 16
,

6, 28

T
c

n
n

n
c

c

c

c

c

c

2

2 0
4

1
2 2 2

0
2 2

1
2

2

2

2

3

2

4

with L=mNω/ÿ. Note that ( ) ( )= -V r V rT N
c

T N
c

, , for Ω1= 0,
namely, the rotation breaks the degeneracy in N. Additionally,
in this potential, the Coriolis effect and the centrifugal term
are included.

5. Rotating sphere surface

A sphere is another typical isotropic geometric surface. Here,
we consider the rotation around any a diameter of the sphere.
In the spherical coordinate system (θ, f, ρ), the line element
in Minkowski space is given by,

( )r q r q f r= - + + +s c td d d sin d d . 292 2 2 2 2 2 2 2 2

Assuming that a sphere has a radius r, and rotates around the
axis


ez through the spheric center with constant angular velocity

Figure 3. Vg versus f for the cases of r= 1, 2, 3, 4 on the rotating

cylinder. Here, 
m2

2
is taken as a unit. Figure 4. VR versus f for the cases of r= 1 and wr

c
= 0, 0.2, 0.4, 0.6,

0.8 on the rotating cylinder. Here, 
m2

2
is taken as a unit.
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
w (as shown in figure 5). Considering the transformation from
the stationary to the rotating coordinate system [11], we have

( )

r r
q q
f f w

= ¢
= ¢
= ¢
= ¢ + ¢

t t

t

,
,
,

, 30

where the primed terms are defined in the rotating coordinate
system. Substituting the equation (30) into equation (29), the line
element in the rotating frame is rewritten as:

⎜ ⎟
⎛
⎝

⎞
⎠

( )

r q w
r q f

r q r
wr q

f

= - ¢ - ¢ ¢
+ ¢ ¢ ¢

+ ¢ ¢ + ¢ + ¢ ¢
¢ ¢

s c t
c

c
c t

d d 1
sin

sin d

d d 2
sin

d d . 31

2 2 2
2 2 2

2
2 2 2

2 2 2
2 2

In what follows we drop the prime on the coordinates for
simplicity. The proper length on the rotating sphere surface
(namely in equation (4)) can be deduced based on equation (31)
with the condition dρ= 0 as

( ) ( )q q f= +l r u rd d , d , 32s
2 2 2 2 2

where ( )q q= - Wu r r, sin 1s 2
2 , and w qW = r csin2 .

Obviously, the covariant components of the metric tensor γik are:

( ) ( )g g q g g= = = =qq ff qf fqr u r, , , 0, 33s
2 2

and of the metric tensor Γab as

( ) ( )
( )

qG = + G = + G =
G = G = G = G = G = G =
qq ff

qf q fq f q f

r q u r q, , , 1,

0, 34
s q q

q q q q

3
2 2

3 3 3

3 3 3 3

and the determinant ( ) ( )qG = + +r q u r q ,s3
2 2

3 . Note that in
the spherical coordinate, ( )

w w q w q= - sin , 0, cos ,
( )

=r r0, 0, . Thus, the Hamiltonian for a spin-less particle on
the rotating sphere surface reads:

( )w q w q
= -  + ¶ + +f l

 
H

m

r

u

m r
V

2
i

sin

2

sin

2
. 35

s

2
2

2 2 2

Similarly, we introduce the wave function ψ=Γ−1/4χ.
According to the proper length equation (32), the equation (12)
can be expanded as:

⎜ ⎟
⎛
⎝

⎞
⎠

( ˜ )

( )

c c

c
w q

c

w qc c

=- ¶ + ¶ + ¶

+ + ¢ + ¶

+ +

q f

f

l





E
m r u

V V
r

u

m r V

2

1 1

i
sin

2
1

2
sin , 36

s
q

g g
s

2

2
2

2
2 2

2 2 2

3

where Ṽg and ¢Vg are the effective potentials.

The potential Ṽg stems from the intrinsic Gaussian cur-
vature of the surface, = -¶qK u r us s

2 2 , and the geodesic
curvature of the f− curve, Kg= ∂θus/rus as

⎛
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where the factors Sn are defined as
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The properties of Ṽg is shown in figure 6. It is observed
that from the equator to the poles, the potential is divergent
and always negative. Besides, Ṽg takes its extreme values at
θ= π/2, these values have the following form:

( ˜ ) ( )

( )

= - + W + W + W - W


V
mr2

1

2
1 4 .

39

g max min

2

2 2
2

2
4

2
6

2
8

It is worth noting that when the radius r= 1, the faster rota-
tion would split the extremum into two, appearing around
θ= π/4 and θ= 3π/4, respectively. However, as the radius r
increase, the rotation effect is negligible.

Figure 5. A rotating sphere with radius r and its coordinate system
(θ, f, ρ).
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The geometrical potential ¢Vg has the following form:

( )

( )

¢ = W + W + W + W - W


V
mr8

6 11 16 21 4 ,

40

g
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2 2
2

2
4

2
6

2
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Clearly, for the case without rotation, the geometric potential
( )w= ¢ =V V 0g g is 0, (as shown in figure 7), which is con-

sistent with the previous research [32]. The correction term
= ¢ -V V VR g g represents the relativity-induced geometric

potential, which is described in figure 8. It is obvious that the
potential VR is always positive, and acts as a barrier on the
sphere. The faster the frequency, the higher the barrier is.
Similar to the potential Ṽg, the maximal values of ¢Vg is located
at θ= π/2. The correponding maximum has the following

form:

( ) ( )

( )

¢ = W + W + W + W - W


V
mr8

6 11 16 21 4 .
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4

1
6
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8
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Compared to the potential Ṽg, with certain r= 1, for ωr/
c> 0.5, ¢Vg may compensate or even overwrite the local
minimum of Ṽg around π/2.

Together with various effects, these two geometric
potentials generally bias towards the poles of the sphere. It
suggests the particle is more likely to appear at the poles. This
mainly comes from the relativity-corrected potential ¢Vg.
Together with these kind of potentials, the distribution of
particle on the surface is not uniform. The quantum con-
finement would enhance the energy gaps between states.

Suppose that the wave function χ(θ, f, q3) can be
separated into χ(θ, f, q3)= χs(θ, f)χn(q3) with χs(θ, f) and
χn(q

3) standing for the surface component and the normal
component, respectively. The equation (36) can be separated
into a surface and a normal Schrödinger equation:

⎜ ⎟
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3

We focus on the surface component and make the following
ansatz for the wave function:

( ) ( ) ( )c q f q= Ffe, . 43s
Ni

This leads to the following Schrödinger equation:

( )- ¶ F + F = Fq


44
mr

V E
2

.
2

2
2

Figure 6. Ṽg versus θ for the cases of r= 1 and wr

c
= 0, 0.2, 0.4, 0.6,

0.8 on the rotating sphere. Here, 
m2

2
is taken as a unit.

Figure 7. Vg versus θ for the cases of r= 0.5, 1, 1.5, 2 on the rotating

sphere. Here, 
m2

2
is taken as a unit.

Figure 8. VR versus θ for the cases of r= 1 and wr

c
= 0, 0.2, 0.4, 0.6,

0.8 on the rotating sphere. Here, 
m2

2
is taken as a unit.
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Let = ¢r E E2 , r
2V= Vt, then we have

( )¢- ¶ F + F = Fq


45
m

V E
2

,T
s

2
2

where Vs
T represents the total effective potential:
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In the effective potential, the Coriolis term is included as
( )- - W - W - W L m2 1 2 8 162

2
2

2
4

2
6 , in which the

rotation is coupled to the angular momentum and shifts the
energy spectrum, as indicated in [28]. The role of the zero-
order term is opposite to that of the higher-order terms.

6. Rotating torus surface

Besides the cylinder and sphere, the torus is a surface with
different topology. We consider the rotation of a torus surface
along the symmetric axis perpendicular to the center plane. In
the reference system (θ, f, ρ), the line element in Minkowski
space is given by:

( ) ( )r q r q f r= - + + + +s c t Rd d d sin d d . 472 2 2 2 2 2 2 2 2

Assuming that the torus has the radius R, the radius of
the tube is r, and the torus rotates around


ez (as shown in

figure 9). After making the rotation transformation:

( )

r r
q q
f f w

= ¢
= ¢
= ¢
= ¢ + ¢

t t

t

,
,
,

, 48

the line element in equation (47) is turned to:
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2

In what follows we will drop the prime on the coordinate.
The proper length on the rotating torus (namely in the form of
equation (4)) can be deduced based on equation (49) as

( ) ( )q q f= +l r u rd d , d , 50t
2 2 2 2 2

where ( )q = - Wu r a, 1t 3
2 , q= +a R r sin , Ω3= ωa/c.

Accordingly, the covariant components of metric γik are:

( ) ( )g g q g g= = = =qq ff qf fqr u r, , , 0, 51t
2 2

and of metric tensor Γab are

( ) ( )
( )

qG = + G = G =
G = G = G = G = G = G =
qq ff

qf q fq f q f

r q u a, , , 1

0, 52
t q q q

q q q q

3 2 2
3 3

3 3 3 3

and the determinant ( ) ( )qG = +r q u a ,t q
3 2 2 , where =aq

q+a q sin3 . Note that in the toroidal coordinate,

w =

( )w q w q- sin , 0, cos , ( )
q q= +r R R rcos , 0, sin . Now the

Hamiltonian reads:

( )w
w= - D + ¶ + +f l
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m
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u
m a V

2
i

2

1

2
. 53

t

2
2 2

Similar to other surfaces, we introduce the wave function
as ψ(θ, f, q3)= Γ−1/4χ(θ, f, q3). According to the proper
length (equation (50)), we can calculate the equation (12) in
the toroidal coordinate as:
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where Ṽg and ¢Vg are effective potentials.

Figure 9. A rotating torus of radius r and its coordinate system (θ,f,
ρ). r is the radius of the tube, R is the radius of the central circle.
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The potential Ṽg has the form:

˜
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where q=Q r asin . Here, Ṽg is composed of the intrinsic
Gaussian curvature term (related to ∂2ut/∂θ

2) and the geo-
desic curvature term (related to ( )q¶ ¶ut

2) of the rotating
torus. The properties of this term is shown in figure 10. It is
observed that Ṽg increases monotonically with rotational fre-
quency. Besides, it is found that the relation of Ṽg versus θ is
not linear. The potential has opposite signs in the interval [0,
π] and [π, 2π], namely, Ṽg appears as attractive on the inside
surface and as repulsive on the outside, compared to the free
particle.

The potential ¢Vg has the following form:
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Here, the potential ¢Vg is composed of the contribution without
rotation (Vg=− ÿ2R2/8ma2r2) and the rotation-related

relativistic effect = ¢ -V V VR g g. The terms Vg and VR versus θ
are given in figures 11 and 12, respectively. Clearly, the
potential Vg is always negative. Besides, for a thicker tube
with a larger radius r, the effect of Vg would become weaker.
This is consistent with the picture that Vg is generated from
surface curvature. For a certain torus, the potential Vg for the
case θ ä [π, 2π] is generally smaller than that when θä [0, π],
showing the similar trend as those for Ṽg. At the same time, it
can be observed through the figure 12 that the relationship of
VR versus θ is also similar to the variation of Ṽg. The variation
of VR means that the rotation raises up (suppresses) the geo-
metric potential on the inner (outer) part of torus (corresp-
onding to θä [0, π]([π, 2π])). This kind of effect would be
enhanced for faster rotation. Quantitatively, the geometric

Figure 10. The geometric potential Ṽg versus θ for the cases of R= 1,

r= 0.2 and wR

c
= 0, 0.2, 0.4, 0.6, 0.8 on the rotating torus. Here, 

m2

2

is taken as a unit.

Figure 11. Vg versus θ for the cases of R= 1, r= 0.2, 0.3, 0.4, 0.5 on

the rotating torus. Here, 
m2

2
is taken as a unit.

Figure 12. VR versus θ for the cases of R= 1, r= 0.2 and wR

c
= 0,

0.2, 0.4, 0.6, 0.8 on the rotating torus. Here, 
m2

2
is taken as a unit.
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potential ¢Vg takes its maximum at θ= π/2 as
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where a†= R+ r, and † †wW = a c3 , the minimum at θ= 3π/2
as:
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where a‡= R− r, and ‡ ‡wW = a c3 . These results implie that
the extreme values depend not only on the intrinsic curvature
of the surface, but also on the connection between the surface
curvature and the special relativity. Particularly, the rotation
widens the gap between the peak and valley, makes the
particle prefer to stay near the inner side of the rotating torus
and generate new bound states [6, 8, 9].

Assuming that the wave function χ satisfies χ(θ, f, q3)=
χs(θ, f)χn(q

3). We decompose the Schrödinger equation into
surface and normal components:
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The ansatz for the surface wave function χs(θ, f)= eiNfΦ(θ)
turns the effective surface Schrödinger to

( )- ¶ F + F = Fq

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where Vt represents the total effective potential:
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In the present system, the Coriolis term (- - Lr 1
m2

2
2

)W - W - W1

2 3
2 1

8 3
4 1

16 3
6 and centrifugal potential term

w r a1

2
2 2 2 also appear in the effective Schrödinger equation.

Besides, the Vg acts as a potential well on the torus, and the
rotation changes the sign of the effective potential inside and
outside the torus. The results are helpful to change the band
structure and manipulate the electron transport.

7. Conclusion

In this paper, we have considered quantum physics related to
the rotational surface  in Minkowski space . We have
proposed an approach combining the thin-layer quantization
formalism with the special relativity, and derived the effective
Schrödinger equation describing a spin-less particle confined
to a rotating curved surface. With a proper choice of wave
function, we have accomplished the separation of the effec-
tive Schrödinger equation into surface and normal parts.

To explicitly exemplify the connection between rotation
and the surface geometry, we have applied the surface Schrö-
dinger equation to a rotating cylinder, sphere and torus surfaces.
The rotation offers a relativistic correction term VR to the clas-
sical geometric potential Vg. On the other hand, a novel effective
potential Ṽg related to the interplay of the intrinsic Gaussian
curvature and geodesic curvature of the surface resulting from
the relativity appears in three examples, respectively. These
potentials can effectively manipulate the transport properties of
electrons bases on its ability to change the role played by
potentials. Additionally, the appearance of the Coriolis effect
and centrifugal potential supports that the rotating curved sur-
faces act on a spin-less particle with more contributions. In these
special cases, the quantum behavior of particles modified by
these effects can be equivalently regarded as the motion of the
particle in the total effective potential.

As a potential application, the rotation can be employed
to shift the energy level and generate new bound states. These
results provide a prospect of possible application to design
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nano-based devices by adjusting geometric parameters and
rotational frequency. In the present cases, it is straightforward
to find that the potential on the rotating sphere is singular,
does this affect the orthogonality of the wave function?
Probability density distribution on the rotating sphere is still
an interesting project that needs further investigation.
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