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Abstract
We study the duality between color and kinematics for the Sudakov form factors of Ftr 2( ) in
non-supersymmetric pure Yang-Mills theory. We construct the integrands that manifest the
color-kinematics duality up to two loops. The resulting numerators are given in terms of Lorentz
products of momenta and polarization vectors, which have the same powers of loop momenta as
that from the Feynman rules. The integrands are checked by d-dimensional unitarity cuts and are
valid in any dimension. We find that massless-bubble and tadpole topologies are needed at two
loops to realize the color-kinematics duality. Interestingly, the two-loop solution contains a large
number of free parameters suggesting the duality may hold at higher loop orders.
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1. Introduction

Significant progress has been made in the study of scattering
amplitudes in the past thirty years, see e.g. [1–10] for review.
These studies have not only important phenomenological
applications but also have uncovered various new structures
that are not obvious at all from the traditional Feynman dia-
gram method. In this paper, we focus on one of such struc-
tures, the so-called color-kinematics (CK) duality discovered
by Bern, Carrasco, and Johansson [11, 12]. The duality
conjectures that there exists a trivalent Feynman-like dia-
grammatic representation of amplitudes in which the kine-
matic numerators satisfy the same algebraic relations as the
color factors associated with the same graphs. Importantly,
this duality indicates a deep connection between the gauge
and gravity theories: via double copy [12, 13], one can obtain
gravitational amplitudes directly from gauge amplitudes once
the latter are organized to respect the CK duality, which is
also closely related to the KLT relations [14] and the CHY

formula [15, 16]. See [17] for an extensive review of the
duality and its applications.

Although the CK duality has been understood at tree
level using e.g. string theory monodromy relations [18, 19] or
gauge theory recursion relations [20], it remains a conjecture
at loop level. In supersymmetric theories, the CK duality has
been found to exist at high loop orders. For example, in the
maximally supersymmetric = 4 super-Yang–Mills (SYM)
theory, the four-gluon amplitude has been found to preserve
the duality up to four loops [12, 21] and for five-point
amplitudes up to three loops [22]. For the form factors of the
stress-tensor multiplet in = 4 SYM, the CK-dual repre-
sentation has been obtained up to five loops for the two-point
Sudakov form factor [23, 24] and up to four loops for the
three-point form factor [25–27]. High-loop constructions for
half-maximally supersymmetric theories were also studied in
[28–33]. In the case of non-supersymmetric theories, some
examples at one- and two-loop orders were found [34–42].
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Despite this much progress, it is far from clear to which
extent the duality holds at general loop orders. For example,
for the four-point amplitude in = 4 SYM, although a
simple four-loop CK-dual solution has been obtained for a
while [21], it has proven difficult to construct the five-loop
integrand which could manifest full CK duality [43, 44]. In
the non-supersymmetric gauge theories, the CK-dual repre-
sentations of loop integrands are generally much harder to
obtain. For example, for the four-gluon amplitude in pure YM
theory, such a representation is so far only obtained for the
case with identical four-dimensional external helicities at two
loops [35]. For the two-loop five-gluon amplitudes in pure
YM theory with identical helicities, it was found that the
numerators with twelve powers of loop momenta have to be
used to realize the duality, which is far beyond the seven
powers expected from Feynman diagrams [37].

In this paper, we explore this duality in the non-super-
symmetric pure Yang–Mills theory by considering the Suda-
kov form factor of the operator Ftr 2( ) in the theory, which is
defined as

ò= - x g p g p F x1, 2 d e tr 0 , 1.1q x
2

d i
1 2

2ˆ ( ) ( ) ( )∣ ( )( )∣ ( )·

where pi are on-shell massless momenta of external gluons and
q= p1+ p2 is the off-shell momenta associated with the
operator. Sudakov form factor plays a central role in the study of
IR divergences of gauge theories [45–48]. In pure YM theory,
the two-loop Sudakov form factor of Ftr 2( ) was firstly obtained
to all orders in the dimensional regularization regulator ò= (4 −
d)/2 using Feynman diagrams in [49] (see also [50]). In this
work, we will reproduce this result using the CK duality and
unitarity method, and we would like to stress that our main
concern here is the structure of the form factor integrand.

We will start with constructing an ansatz of integrand by
using CK duality, and then we solve the ansatz by applying the
unitarity-cut method [51–53]. Once the result satisfies a spanning
set of cut constraints, it is a physically correct one. In this way,
we obtain the integrand solutions up to two loops which not only
manifest all dual Jacobi relations but also satisfy all possible cuts.
Compared to the results in = 4 SYM [23], there are several
important new features for the pure YM Sudakov form factor.
First, the d-dimensional unitarity cuts are necessary to obtain the
full results, and the resulting integrands also depend on the
dimensional regulator ò= (4− d)/2. Second, massless-bubble
and tadpole topologies are needed in order to satisfy CK duality
at two-loop order. In contrast, the two-loop = 4 Sudakov
form factor is much simpler, which contains only a planar-ladder
and a cross-ladder topology. Our pure YM results are given in
terms of Lorentz products of momenta and polarization vectors,

and they are valid in arbitrary dimensions. The CK-dual
numerators have the same powers of loop momentum as
expected from Feynman diagrams. Moreover, we find that the
two-loop solution space still contains a large number of free
parameters. These imply that the CK duality may promisingly
hold for higher loop form factors in pure YM theory.

The rest of the paper is organized as follows. In section 2,
we construct the ansatz of the form factor integrands by imposing
that they manifest the CK duality. In section 3, we apply unitarity
cuts to solve for the coefficients in the ansatz and also study the
constraints related to the tadpoles and massless bubbles. In
section 4, we perform integral reductions and show that all
parameters cancel after integral reductions. We also discuss the
difference between the integrated results of the d-dimensional and
4-dimensional integrands. A summary and outlook are given in
section 5. Several appendices provide some further details. In
appendix A, we give the full set of two-loop dual Jacobi rela-
tions. The explicit expressions of the two-loop master numerators
are given in appendix B. In appendix C, we provide explicit
expressions for the integration-by-part ( IBP)master integrals and
the master coefficients.

2. CK duality and ansatz construction

In this section, we apply CK duality to construct the integrand
ansatz for the Sudakov form factor of Ftr 2( ) in pure YM theory.
After giving a brief review of the duality, we will demonstrate
how to generate the ansatz in the one-loop case step by step.
Next, we perform a similar construction at two loops.

2.1. Review of CK duality

In SU(Nc) gauge theory, the structure constant is defined by

= =f f T T Ti 2 tr , , , 2.1abc abc a b c˜ ([ ] ) ( )

in which Ta are SU(Nc) generators and are normalized by
d=T Ttr a b ab( ) . By definition structure constants (2.1) satisfy

the Jacobi relation:

= +f f f f f f . 2.2abe ecd bce eda ace ebd˜ ˜ ˜ ˜ ˜ ˜ ( )

As depicted in section 3 of [11], one can represent the full-
color four-point tree amplitude as

= + + g
c n

s

c n

t

c n

u
, 2.3s s t t u u

4
tree 2 ⎛

⎝
⎞
⎠

( )

which correspond to s, t, u-channels shown in figure 1. The
color factors satisfy the Jacobi relation

Figure 1. Trivalent graphs of the four-point tree amplitude.
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= +c c c . 2.4s t u ( )

It turns out that the numerators also satisfy a similar linear
relation as:

= +n n n . 2.5s t u ( )

This correspondence is called CK duality. The relation (2.5)
for the numerators is named as dual Jacobi relation or CK
relation.

One can impose similar CK duality at loop level as fol-
lows. For a certain loop diagram with color-dressed vertices,
if we replace a four-point sub-diagram of it with the other two
kinds of four-point diagrams in figure 1, we will obtain two
new loop diagrams. This process is shown in figure 2. Note
that except for the four-point sub-digram, the rest of the three
diagrams is the same, so their color factors take the form:

d d

d

=  = 

= 

C f f f C f f f

C f f f

, ,

. 2.6

s
abe ecd

t
bce eda

u
ace ebd

˜ ˜ ( ˜ ) ˜ ˜ ( ˜ )
˜ ˜ ( ˜ ) ( )

Obviously they satisfy the Jacobi relation:

= +C C C . 2.7s t u ( )

For these diagrams, we can postulate a dual numerator rela-
tion as

= +N N N . 2.8s t u ( )

As mentioned in the introduction, it is still a conjecture
whether such a requirement can be fulfilled at general loop
level. Our strategy is to assume such duality can be achieved
and use this structure to construct an ansatz for the loop
integrand. Then we check the ansatz by physical unitarity-cut
constraints. Once the CK-dual ansatz has a solution consistent
in all possible unitarity cuts, this then shows that the CK
duality can be indeed realized at this order. Practically, this
conjecture (as long as it works) can also greatly simplify the
integrand construction.

We will focus on the Sudakov form factor of Ftr 2( ) in
pure YM theory, as given in (1.1). At tree level, the form
factor is given as

= C1, 2 1, 2 , 2.9a a
2
0 ,

2
01 2ˆ ( ) ( ) ( )( ) ( )

with color factor

d= =C T Ttr , 2.10a a a a a a,1 2 1 2 1 2( ) ( )

and the color-stripped tree form factor is

e e e e= - p p p p1, 2 . 2.112
0

1 2 1 2 1 2 2 1( ) ( · )( · ) ( · )( · ) ( )( )

An l-loop full-color Sudakov form factor takes the general

form as

òåå  p
=

Ps G =

 i g
l

S

C N

D

d

2

1
, 2.12l l l

j

l d
j

d
i

i i

a i a
2

2

1 ,i2

ˆ
( )

( )( )

with the meaning of each term explained as follows. The
summation over σ2 means taking the permutation of external
legs into account. The summation over Γi means to sum over
all possible trivalent graphs. Si, coming from overcounting of
contributions of the ith graph, is the symmetry factor of it. Ci

is the color factor of the ith graph, given as products of
structure constants dressed on every vertex. 1/Di,a denotes
the ath propagator of the ith graph. Finally, Ni are the kine-
matic numerators, which are the main goal of the construc-
tion. The reader can find more details of the general strategy
in e.g. [21, 54, 55].

2.2. One-loop numerator ansatz

In this subsection, we will construct the ansatz for the one-
loop Sudakov form factor. We start with generating all one-
loop cubic graphs. There are two topologies to consider, as
shown in figure 3.

We write the one-loop form factor as

òåå p
=

Ps =

 ig
l

S

C N

D

d

2

1
. 2.13

i

d

d
i

i i

a i a
2

1 2

1

2
1

,2

ˆ
( )

( )( )

As in figure 3, we use Pi to denote the propagator momenta,
which will also be used as color indices for each edge. We
choose the convention of color factors such that the three
color indices of each f̃ follow a clockwise direction for each
vertex shown in figure 3. This convention will be used
throughout the paper. Explicitly, the color factors of the
graphs in figure 3 are given as

d

d

=

=

C f f

C f f

,

. 2.14

P P P p P P p P

P P P P P P p p

1

2

1 2 1 1 3 3 2 2

1 2 2 1 4 4 1 2

˜ ˜
˜ ˜ ( )

Figure 2. Loop diagrams related by Jacobi relation.

Figure 3. One-loop cubic graphs.
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We would like to point out that C2 is zero since the product of
dP P1 2 and f P P P2 1 4˜ vanishes. However, as we will discuss below,
it is important to keep it in the form of (2.14) for getting the
correct sign factors for the dual Jacobi relations. The two
kinematic numerators are defined as

N l p p N l p p, , , , , , 2.151 1 1 2 2 1 1 2[ ] [ ] ( )

which are the main functions to be solved.

2.2.1. Generating CK relations. In this part, we use the one-
loop form factor to describe in detail how to generate dual
Jacobi relations that will provide linear relations for the
numerators.

We start with picking up a propagator in the trivalent
graph which will play the role of s-channel propagator in
figure 2. In order to apply the dual Jacobi relation, such a
propagator should not be connected to the operator leg
because the operator vertex is not dressed with a structure
constant f abc˜ . For the first topology in figure 3, the only
propagator which can be considered is denoted by the red
color in figure 4. The Jacobi relation leads to the t-channel
and u-channel graphs in figure 4. At one-loop this will be the
only dual Jacobi relation one needs to consider.

Color Jacobi relation—We first consider the color Jacobi
relation which will be important to determine the sign factors
in the dual Jacobi relation for the kinematic numerators. We
set Cs as C1 in (2.14) and define the other two color factors as

d d

d

= =

=

C f f C f f

C f f

, ,

,

2.16

s
P P P p P P p P

t
P P p p P P P P

u
P P P p P P p P

t t

u u

1 2 1 1 3 3 2 2 1 2 1 2 2 1

1 2 1 2 1 2

˜ ˜ ˜ ˜
˜ ˜

( )

which satisfy

= +C C C . 2.17s t u ( )

To extract the correct sign factors for the dual Jacobi relation,
we can map the color indices in Ct/u to our convention in the
form of (2.14). As shown in figure 4, the t- and u-channel
topologies are isomorphic to the bubble and triangle
topologies respectively. We define the map of color indices as

ft/u shown in figure 4 which are

f f=  = « P P P P P P, , . 2.18t t u u4 1 2 3{ } { } ( )

As a result, we will obtain

f d

f d

= = = +

= = = +

C C f f C

C C f f C

,

. 2.19

t t t
P P p p P P P P

u u u
P P P p P P p P

2

1

1 2 1 2 4 4 2 1

2 1 2 2 3 3 1 1

[ ] ˜ ˜ ( )

[ ] ˜ ˜ ( ) ( )

Note that the equality after Ct/u holds because ft/u only
rename color indices. Then we can directly compare mapped
Ct/u with Ci. The two plus signs are the results of the
comparison. We have

= = + = + + +C C C C C C . 2.20s t u1 2 1( ) ( ) ( )

The same signs will be used for the kinematic numerators. We
emphasize again that although Ct=C2= 0 is correct in value,
we need to use its form as in (2.19) to get the wanted sign.
See also [26] for further examples and discussion on this
point.

Dual Jacobi relation—Next we derive the dual Jacobi
relation for the numerator functions (2.15). Mapping to the
momenta in the t- and u-channel diagrams in figure 4, we
have the dual Jacobi relation:

= + + +

= + + -

N l p p N P p p N P p p

N l p p N p p l p p

, , , , , ,

, , , , ,

2.21

1 1 1 2 2 1 1 2 1 2 1 2

2 1 1 2 1 1 2 1 1 2

[ ] ( ) [ ] ( ) [ ]

[ ] [ ]
( )

where the two plus signs in the first equation are in accord
with the signs in the color relation (2.20).

Choose master numerator—We can represent N2 by a
linear combination of N1 as

=
- + -

N l p p N l p p

N p p l p p

, , , ,

, , . 2.22
2 1 1 2 1 1 1 2

1 1 2 1 1 2

[ ] [ ]
[ ] ( )

We will choose N1 as the master numerator. Any groups of
numerators which can express all numerators through CK
relations can be called a set of CK master numerators.
Corresponding cubic graphs of these numerators are called
CK master topology. In this one-loop case, there is a unique
choice of master numerator as N1. However, in general the

Figure 4. Map from CK operation results to convention.
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choice of master numerators is not unique, such as in the two-
loop case discussed below. Usually, we tend to choose simple
topologies (such as planar topologies and symmetric
topologies) and also minimize the number of master
topologies, so that the ansatz construction will be simplified.

2.2.2. Constructing ansatz for the master numerator. We
need to further construct an ansatz for the master numerator
N1. The numerator is given as a polynomial in terms of
following Lorentz product variables:

e e
e

= = + =
= =
= = =





D P s p p

k k p

k p k P l

, , ,

, with ,

, , 2.23

i i

ij i j

2
1 2

2
1 2

1 1

2 2 3 1 1

( ) ·
·

( )

where the momenta Pi for propagators are shown in figure 5.
The complete basis is

    D D D s, , , , , , , , . 2.241 2 3 12 13 21 23{ } ( )

We impose the power counting condition following
Feynman diagrams. The one-loop diagram contains two
trivalent-vertices and an operator vertex. Each trivalent-vertex
contributes mass dimension one to the numerator, and the
operator vertex contributes mass dimension two. For the
complete Feynman rule of the form factor, see e.g. [56]. So
numerator needs to be mass dimension four in total. In
addition, the numerator must depend on each polarization
vector linearly. After collecting all permitted monomials, the
ansatz of N1 can be written as

= + +
+ + +
+ +
+ + +
+ +
+ + +
+ +
+ + +
+ +
+ + +

  

  
   
    
   
    
   
    

   

    

N l p p a D a D a D

a D D a D D a D D
a D a D
a D a D a D s
a D a D
a D a D a D s
a D a D
a D a D a D s
a s a s

a s a s a s

, ,

. 2.25

1 1 1 2 1 1
2

2 2
2

3 3
2

4 1 2 5 1 3 6 2 3

7 1 13 23 8 1 12 23

9 1 13 21 10 1 12 21 11 1

12 2 13 23 13 2 12 23

14 2 13 21 15 2 12 21 16 2

17 3 13 23 18 3 12 23

19 3 13 21 20 3 12 21 21 3

22 13 23 23 12 23

24 13 21 25 12 21 26
2

[ ]

( )

There are 26 monomials in total. Notice that for complete-
ness, we include terms containing D1,2, such as  a D7 1 13 23

and a D D4 1 2 , which will reduce to massless bubbles or
tadpole, and they are zero after integration. As we will see,
the coefficients of these kinds of terms can not be determined
by the unitarity cut, and one can also exclude such terms in

the ansatz from the beginning. However, this is not possible
in the two-loop case, which will be discussed in section 3.3.1.

There is another important comment on the coefficients
ai. From the Feynman diagram calculation, two Feynman
graphs as shown in figure 6 can produce terms that are linear
in the space-time dimension parameter d in the numerator,
due to the contraction of metric h h d= =mn

mn m
m d . Therefore,

we expect that the coefficients will in general be degree-one
polynomials of d as

= +a a d a , 2.26j j j,0 ,1 ( )

where aj,0 and aj,1 are pure rational numbers.

2.2.3. Symmetrization of the ansatz. Here we would like to
impose a further constraint on the ansatz such that each numerator
should respect the symmetry property of the corresponding
diagram. More concretely, symmetry conditions come from
graph self-isomorphism and we require that CiNi goes back to
itself after the symmetry transformations.

Considering the first graph in figure 3, along the
horizontal axis, there is a symmetry transformation:

= « «s P P p p, . 2.271 1 2 1 2{ } ( )

For the second graph in figure 3, it has two symmetries, by
exchanging bubble propagators or exchanging external legs,
and they correspond to the following transformations
respectively:

= « = «s P P s p p, . 2.282 1 2 3 1 2{ } { } ( )

These symmetry transformations impose the following three
constraints:

d

d

d

=

=
=

=

=
=-

=

=
=-

C N P p p s C N P p p

f f N P p p

C N P p p

C N P p p s C N P p p

f f N P p p

C N P p p

C N P p p s C N P p p

f f N P p p

C N P p p

, , , ,

, ,

, , ,

, , , ,

, ,

, , ,

, , , ,

, ,

, , . 2.29

P P P p P P p P

P P P P P P p p

P P P P P P p p

1 1 1 1 2 1 1 1 1 1 2

1 2 2 1

1 1 2 2 1

2 2 1 1 2 2 2 2 1 1 2

2 2 1 2

2 2 2 1 2

2 2 1 1 2 3 2 2 1 1 2

2 1 2 1

2 2 1 2 1

2 1 2 2 3 3 1 1

2 1 1 2 4 4 1 2

1 2 2 1 4 4 2 1

[ ] [ [ ]]
˜ ˜ [ ]
[ ]

[ ] [ [ ]]
˜ ˜ [ ]

[ ]
[ ] [ [ ]]

˜ ˜ [ ]
[ ] ( )

As discussed below (2.19), we can not simply set C2 to 0 but
should use the form with color indices shown explicitly. In

Figure 5. One-loop master graph and the labeling of its propagators.

Figure 6. Feynman diagrams which have d dependence in the
numerators.
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terms of the numerator functions, they are

= + -
=- + -
=-

N l p p N p p l p p

N l p p N p p l p p

N l p p N l p p

, , , , ,

, , , , ,

, , , , . 2.30

1 1 1 2 1 1 2 1 2 1

2 1 1 2 2 1 2 1 1 2

2 1 1 2 2 1 2 1

[ ] [ ]
[ ] [ ]
[ ] [ ] ( )

These conditions will solve for 9 coefficients in N1, leaving
17 coefficients unsolved.

2.3. Two-loop numerator ansatz

In this subsection, we go on to construct CK-dual ansatz for
the two-loop Sudakov form factor. Since the procedure is
similar to the one-loop case, we will be brief in the discussion
and mainly focus on the new features at two loops.

To begin with, we generate all possible cubic graphs.
There are 17 different graphs which are shown in figure 7 and
figure 8. In particular, eight of them contain massless bubble
or tadpole sub-graphs, which are all collected in figure 8. The

two-loop form factor can be given the following ansatz form:

òåå  p
=

Ps = =

 i g
d l

S

C N

D2

1
. 2.31

i j

d
j

d
i

i i

a i a
2

2 2 4

1

17

1

2

,2

ˆ
( )

( )( )

As mentioned, the convention of color factors is chosen such
that the color indices of each f abc˜ follow a clockwise direc-
tion for the corresponding vertex in figure 7 and figure 8. The
kinematic numerators are defined as functions Ni[l1, l2, p1,
p2], where l1,2 are labeled in figures.

2.3.1. Generating CK relations. Following the strategy in
section 2.2.1, we have generated all dual Jacobi relations in
appendix A. As mentioned before, the choice of the master
topologies is not unique. We will choose the numerators of
the first two graphs in figure 7 as master numerators, which
are both planar.

Using a set of 15 dual Jacobi relations, one can obtain all
other 15 numerators from the two master numerators. An

Figure 7. Two-loop cubic graphs without massless bubble and tadpole.

Figure 8. Two-loop cubic graphs with massless bubble and tadpole.
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explicit set of such relations can be given as

= -N N N , 2.323 1 2 ( )
= + -N N N l l l p p, , , , 2.334 2 2 1 1 2 1 2[ ] ( )

= - + +N N l p l p p N l l l p p, , , , , , ,

2.34
5 2 1 1 2 1 2 2 1 1 2 1 2[ ] [ ]

( )
= - + -N N N p p l l p p, , , , 2.356 1 1 1 2 1 2 1 2[ ] ( )

= -N N N l l p p, , , , 2.367 1 1 1 2 2 1[ ] ( )
= + -N N N l l l p p, , , , 2.378 7 7 1 1 2 1 2[ ] ( )

= + + -N N N l p p l p p, , , , 2.389 7 7 1 1 2 2 1 2[ ] ( )
= - -N N N l l p p, , , , 2.3910 4 4 1 2 1 2[ ] ( )
= - + -N N N l l p p, , , , 2.4011 5 5 1 2 1 2[ ] ( )
= - + -N N N l l p p, , , , 2.4112 13 13 1 2 1 2[ ] ( )
= + -N N N l p l p p, , , , 2.4213 2 2 1 1 2 1 2[ ] ( )
= - -N N N l l p p, , , , 2.4314 17 17 1 2 1 2[ ] ( )
= - -N N N l l p p, , , , 2.4415 9 9 1 2 1 2[ ] ( )
= - -N N N l l p p, , , , 2.4516 8 8 1 2 1 2[ ] ( )

= + -N N N l p l p p, , , , 2.4617 6 6 1 1 2 1 2[ ] ( )

where Ni represents Ni[l1, l2, p1, p2] for brevity. The first
seven relations can generate other seven numerators in
figure 7, while the other eight relations can be used to
generate all numerators in figure 8. As an example, we
demonstrate the relation (2.34) as diagrams in figure 9.

2.3.2. Constructing ansatz for master numerators. Next, we
construct the ansatz for master numerators N1 and N2. The
momenta for propagator basis are labeled as Pi in figure 10.

Define the two-loop Lorentz products as

e e
e

= = + =
= = =
= = = =





D P s p p

k k p k p

k P l k P l

, , ,

, with , ,

, . 2.47

i i

ij i j

2
1 2

2
1 2

1 1 2 2

3 1 1 4 2 2

( ) ·
·

( )

The numerators are given as polynomials in terms of

following Lorentz product basis, which contains 15 elements:



     

D D D D D D D s, , , , , , , , ,
, , , , , . 2.48

1 2 3 4 5 6 7

12 13 14 21 23 24

{
} ( )

We use power counting of the Feynman diagram: there
are 4 three-vertices and an operator vertex, we require the
numerators to have mass dimension 6. The ansatz for each
master numerator turns out to have 444 different monomials
in the most general form:

å å= =
= =

N a M N b M, , 2.49
i

i i
i

i i1
1

444

2
1

444

( )

where Mi are the monomials similar in the one-loop
ansatz (2.25).

As in the one-loop case, the numerators from Feynman
diagrams can also depend on d. An inspection of Feynman
diagrams shows that only two Feynman diagrams, as shown
in figure 11, can produce terms proportional to d2, coming
from metric contractions h h h h =mn

mn
m n

m n
¢ ¢

¢ ¢ d2. Thus we
expect the coefficients to be in general degree-two poly-
nomials in d as

= + +

= + +

a a d a d a

b b d b d b

,

, 2.50
k k k k

k k k k

,0 ,1
2

,2

,0 ,1
2

,2 ( )

where ak,α and bk,α are pure rational numbers.
d2-dependence—One can note that the two Feynman

diagrams in figure 11 have special loop structures that are
related to trivalent topologies (1), (6), (7) and (9) in figure 7.
Thus one may expect that only the numerators of these four
topologies {N1, N6, N7, N9} have d2 dependence. Using dual
Jacobi relations, one can find that there is a chain of relations
(2.35), (2.36), and (2.38), such that the numerators N6, N7, N9

can be generated by only using N1 (which is one of the master
numerators). This raises the question that if it is possible only
to let N1 contain d2 terms and set d2 terms of the second
master numerator N2 equal zero. If possible, this may be used

Figure 9. CK operation corresponding to the third CK relation.

Figure 10. Two-loop propagator basis.
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to simplify the ansatz and reduce the number of free
parameters. However, as we will see in section 3.3.1, this is
in general not possible. The unitarity-cut constraints together
with CK duality require us to include d2 terms in N2.

Reduced tadpoles and massless bubbles—In the ansatz
consisting of full 444 terms in (2.49), we include monomials
that can reduce the maximal topologies to sub-topologies that
contain tadpoles and massless bubbles. Such terms corre-
spond to scaleless integrals and will not contribute to the final
form factor result. Moreover, they are not detectable by
unitarity cuts. Thus we may wonder if one can exclude these
terms from the ansatz for the master numerators. If possible,
this can also simplify the ansatz for master numerators from
the beginning. However, as we will see in section 3.3.1, this is
in general not possible. The unitarity-cut constraints together
with CK duality require us to include such terms in the master
numerators.

2.3.3. Symmetrization of the ansatz. Finally, like the one-
loop case discussed in section 2.2.3, we impose symmetry
constraints on the numerators. Since the tadpole topologies
appear in the two-loop case for the first time, we discuss their
feature in more detail. Each tadpole subgraph has the flip
symmetry as shown in figure 12. Under the flip symmetry, the
momentum flowing in the tadpole will change its direction
and the color factor will produce an additional minus sign.
Thus, using the topology (10) in figure 8 as an example, one
has the constraint on the numerator

- = -N l l p p N l l p p, , , , , , , 2.5110 1 2 1 2 10 1 2 1 2[ ] [ ] ( )

from which N10 must be made up only by terms with odd
powers of tadpole-loop momentum. We point out that this
symmetry property is actually automatically satisfied if the
tadpole numerators are generated through dual Jacobi
relations, see section 3.3.2 for further discussion.

It turns out to be that 508 parameters of N1 and N2 can be
solved after using symmetry constraints, and there are 380

parameters left. We point out that after this step, the
numerators also satisfy all dual Jacobi relations as listed in
appendix A.

3. Solving CK ansatz

Having obtained the CK ansatz, now we apply the unitarity
cuts to constrain the ansatz so that it provides the physical
result. We stress that one needs to apply d-dimensional cuts to
get the complete result since we are studying the pure YM
theory. The feature that the ansatz numerators depend on the
dimension parameter d also implies that d-dimensional cuts
are necessary.

3.1. Review of d-dimensional cut

The central idea of the unitarity method [51–53] is that by
setting internal propagators to be on-shell as

pd+
i

l
lcut 2 , 3.1

2
2⟶ ( ) ( )

the amplitude or form factor will be factorized as a product of
lower-order amplitudes or form factors, such as

å = - tree level blocks . 3.2l
cuts

helicities

∣ ( ) ( )( )

The physical result must be consistent in all possible cut
channels. Note that since there is no sub-leading color
contribution for Sudakov form factor at one and two loops, it
is enough to consider planar cuts. (See also [26] for discus-
sion on the non-planar cuts.)

To apply d-dimensional planar cuts, the building blocks
are color-stripped tree amplitudes or form factors that can be
calculated by Feynman diagrams. All the expressions appear as
Lorentz products which are valid in d dimensions. When we
multiply them together, we need to sum over all the helicities,
and in d-dimensional cut, this operation corresponds to the

Figure 11. Feynman diagrams which have a contribution of d2.

Figure 12. Symmetry of tadpole.
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contraction of the polarization vectors for the internal gluons
by using the following rule:

å e e h
x x

x
= -

+m n mn
m n n m

l l
l l

l
, 3.3

helicities

( ) ( )
·

( )

where the ξμ is a light-like reference momenta and the result
after summation should be independent of the choice of it. By
matching the resulting tree product expression and the cut of
the ansatz integrand, one can fix the coefficients in the ansatz.

We checked that after the helicity sum, the ξ-dependent
terms in the expression vanish. As another check, when we
set d= 4, the tree products match the result obtained by
spinor helicity formalism. Compared to the 4-dimensional cut
using spinor helicity formalism, d-dimensional cuts can cap-
ture all terms valid for general dimensions.

3.2. One-loop solution

For the one-loop case, there is only one cut we need to
consider, which is the double cut in figure 13. The one-loop
Sudakov form factor will be factorized as the products of the
two-point tree form factor and the four-point tree amplitude:

ò å= - --  l l l ldPS , 1, 2, , ,

3.4

s2
1

cut 2
helicities

2
0

1 2 4
0

2 112∣ ( ) ( )

( )

( ) ( ) ( )

where the integral measure is the two-particle phase-space
measure which is defined as

p
pd pd= + -+ +

l
l p p ldPS

d

2
2 2 . 3.5

d

d2
1

1
2

1 2 1
2

( )
( ) (( ) ) ( )

As discussed in the previous section, after the symmetry
constraints there are 17 monomial coefficients left in the
ansatz. When we match the CK ansatz under the cut and the
tree product as in (3.4), we can further fix 7 coefficients and
10 of them remain unsolved. These coefficients can not be
fixed by symmetry and unitarity. We find that in this solution
space, we can let the numerator of the second topology be
zero, whose color factor is zero and will not contribute to the
final result. When we apply this extra constraint, there will be
only 6 free coefficients.

We present the final numerator of the triangle topology
by separating it into two parts as

= +N l p p N l p p N l p p, , , , , , , 3.61 1 1 2 1,0 1 1 2 1,1 1 1 2[ ] [ ] [ ] ( )

where N1,0 contains no free parameters and all the monomials
with six unfixed coefficients are collected in N1,1. They are

explicitly given as

=- + + -
- - -
+ + -
+ + -

    

    
     
    

N s s D D D

D D D D
D D D
D s s s

2 2 2

2 4 4
4 4 4
2 4 4 , 3.7

1,0
2

12 21 3
2

1 3

2 3 1 13 21 2 12 21

2 12 23 3 13 21 3 12 23

3 13 21 13 23

(

) ( )

= + +
+ + + +
+ +
+ - -
+ +
+ - -

 

  
   

     
   
     

N a D D a D D

a D D a D D s
a D D
D D D
a D D

D D D2 . 3.8

1,1 1 1
2

2
2

4 1 2

10 1 2 12 21 11 1 2

7 1 13 23 2 12 21

2 13 23 2 13 21 2 12 23

8 1 13 21 1 12 23

2 12 21 2 13 21 2 12 23

( )
( ) ( )

(
)

(
) ( )

In (3.7), except for the first two terms, all other terms are
proportional to ò= (4 − d)/2 and they can not be fixed in the
4-dimensional cut. For the terms depending on free coeffi-
cients collected in (3.8), we can easily see that all of them are
proportional to D1 or D2, which will reduce topologies with
massless bubble or tadpole. They can not be detected by
unitarity cuts and thus they remain as free parameters. Since
they are scaleless integrals, they vanish after integration.

3.3. Two-loop solution

In this subsection, we will constrain the two-loop CK ansatz.
We will first apply unitarity cuts. As we will see, there is a
large solution space. Next we will discuss possible further
constraints to reduce the solution space from tadpoles and
massless bubbles. Finally, we discuss some features of the
solution space.

3.3.1. Unitarity constraints. At two loops, it is necessary to
consider several different cuts. A complete spanning set of
planar cuts are shown in figure 14. We mention that cut (b)
and cut (c) give the same constraint because of the cyclic and
reflection symmetry of the 4-point tree amplitude.

As discussed in section 2.3, after requiring all the
numerators to have the same symmetry as their topologies, we
are able to constrain a lot of parameters and there will be 380
coefficients left. After applying all the cuts, there are 235
coefficients that remain unsolved. All of the remaining
parameters should vanish after the integral reduction, which
we have checked to be so. Before considering further
constraints, let us address the two questions we raised during
the construction of ansatz in section 2.3.2.

On d2-dependence—First we consider the question if one
can set the d2 terms in N2 to be zero. In the unitarity
calculation we find that only in the cut of figure 14(b), the tree
product will provide non-zero d2 terms, which is consistent
with the Feynman diagram analysis. Topologies that
contribute to cut-(b) are (1), (6), (7) and (9) in figure 7.
However, in the solution space after unitarity cuts, we find
that one can not let all d2 terms be zero in N2. This is an
interesting feature that the CK-dual solution has a different d-
dependence structure from that of Feynman diagrams since all
Feynman diagrams which can give contributions to the
topology of N2 can not produce d2 terms The origin of this

Figure 13. Double cut for one-loop two-point form factor.
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different structure is that here we require the integrand to not
only pass unitarity cuts but also satisfy the requirement of CK
duality.

On reduced tadpoles and massless bubbles—In the one-
loop case, all terms with remaining free parameters can be
reduced to massless bubbles or tadpoles, as shown in (3.8) in
section 3.2. One can exclude these terms when we construct
the ansatz for the master numerator. We may wonder whether
there is a similar feature at two loops, and this is the question
that is also raised in section 2.3.2. To check this, we collect all
terms that will reduce to tadpoles or massless bubbles in the
solution space of master numerators, and then we ask if they
can be set to zero in the solution space. We find that for the
first planar-ladder master topology, one can indeed make its
numerator N1 contain no tadpoles and massless bubbles in the
solution space, but for the second master we are not able to do
so. This implies that one can not drop all the terms
corresponding to reduced tadpoles or massless bubbles from
the starting ansatz. One way to understand this is that a
tadpole or massless bubble term in one topology may become
a term having non-trivial contribution in other topologies by
CK operation. We show an example in figure 15. Although
such terms have no physical effect, they are needed in the
numerators because of the requirement of CK duality.

3.3.2. Constraints from tadpoles and massless bubbles. In
this subsection, we consider the possible further constraints
on the solution space by asking if one can set the numerators
of trivalent topologies containing massless bubbles or
tadpoles to be zero. It is important to first emphasize that
here the tadpoles or massless bubbles should not be confused

with the reduced tadpoles or massless bubbles discussed in
the previous subsection. In this subsection, we consider the
trivalent topologies with a maximal number of propagators,
and the tadpole or massless-bubble topologies all refer to the
diagrams in figure 8. A complete set of CK relations will
generate these topologies. As we will discuss below, we find
that some of them can be set to zero while others can not.
They are shown in figure 16 and figure 17 respectively.

Constraints from tadpoles—We consider tadpole topol-
ogies first. We find that all the tadpoles on the external legs,
i.e. (a) and (c) in figure 16, their numerators N14 and N12 can
be set to zero. These tadpoles are related to massless bubbles
via dual Jacobi relations. For tadpoles related to massive
bubbles, however, we can not let all of them be zero but only
N15 for figure 16(b). Requiring the above three tadpole
numerators to be zero, we can solve for 91 parameters,
leaving 144 parameters.

We provide an interpretation of why we may not set all
tadpoles to be zero as follows. Through CK relations, the
numerator of a tadpole topology is related to the numerator of
topology containing a sub-bubble, such as shown in figure 18.
This means that the vanishing of a tadpole numerator will
require the corresponding bubble diagram that generates it
should only have even powers of the loop momentum flowing
inside the bubble.

This requirement can be too strong for a massive bubble
since it also has to satisfy constraints directly from unitarity
cuts. On the other hand, a massless bubble on the external leg
is not constrained by unitarity cuts directly (although through
CK relations it can be related to other topologies and is
constrained by unitarity cuts indirectly). Thus the constraints
are weaker in the latter case.

Figure 14. A spanning set of cuts for two-loop Sudakov form factor.

Figure 15. Via CK operation term in diagram (a) reducing to a tadpole may generate a term in diagram (b) reducing neither to tadpole nor
massless bubble.
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Constraints from massless bubbles—Next we consider
topologies that contain a bubble on external legs. Although
the massless bubble integral is scaleless and becomes zero
after integration in dimensional regularization, there is still a
subtlety at the integrand level. For such trivalent topologies,
there is an intermediate on-shell propagator which is
divergent and makes the integrand apparently ill-defined.

As pointed out in [35], one can impose constraints such
that the numerator has the same power-counting property as
that of Feynman diagrams. The numerator of a massless
bubble obtained from Feynman rules satisfies the property
that it contains two powers of the l or pi, where l is the loop
momentum flowing inside the massless bubble and pi is the
corresponding external momentum. After integration, they
will always be proportional to pi

2 and cancel the on-shell
propagator in the denominator, such as

ò -
µ- - l

l l p

l l p p
pd

,
, 3.9i

i i
i

4 2
2

2 2 2
2{ · }

( )
( ) ( )

which vanishes for ò< 0. But the numerator constructed by
CK duality in general may contain numerators not satisfying
this property. For example, terms like e e p p1 2 1 2

3( · )( · )
would be ill-defined even after integration since the divergent
propagator p1 i

2 still exist.
In our case, there are two bubble-on-external-leg topologies,

figure 16(d) and figure 17(d). For the first case, the whole
numerator N17 can be set to zero, which will solve for 40
parameters, leaving 104 parameters. For the second topologies,

one can not set the full numerator N13 to be zero. We impose the
condition that the terms which are not proportional to l2

2,
-p l1 2

2( ) and ε1 · l2 should be zero. Terms that proportional to
ε1 · l2 are allowed because after integration, l2 will be replaced by
p1 and these terms will vanish because of the transverse condition
ε1 · p1= 0. We find these conditions can indeed be satisfied for
this topology. This can further solve for 22 parameters, leaving
82 free parameters in the solution space.

At this point, we further ask if we can let some other
numerators be zero. We find that N9 and N6 can be set to zero in
the above solution space. This will further solve for 8 and 9
parameters respectively, leaving 65 free parameters. To summar-
ize, in the solution space with 235 parameters, one can set N6, N9,
N12, N14, N15 and N17 to be zero, and no other numerators can be
set to zero.

3.4. Origins of the remaining parameters

After applying unitarity constraints and other conditions as
discussed in previous subsections, we find the CK-dual
solution space still contains a large number of free para-
meters. All these parameters cancel in the final physical
results. Below we discuss the origin of these parameters.

The first origin of the parameters is related to the fact that
the ansatz we construct includes terms that can be reduced to
tadpoles and massless bubbles. Since the unitarity cut can not
detect such terms, many of such parameters will remain unde-
termined. In the one-loop case, we have seen in section 3.2 that
all the remaining parameters in (3.8) are related to this type of

Figure 16. Tadpoles or massless bubbles which can be set to zero.

Figure 17. Tadpoles or massless bubbles which can not be set to zero.

Figure 18. The generation of tadpoles from sub-bubble graphs using dual Jacobi relations. The red lines represent the propagators on which
we apply CK operation.
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origin. However, in the two-loop case, as discussed in
section 3.3.1, one can not exclude all terms that are reduced to
tadpoles and massless bubbles, because of the requirement of
CK duality.

The second origin is more non-trivial and it comes from the
freedom of redistributing terms in different topologies. In the CK-
dual ansatz, all the integrals correspond to trivalent topologies
which have a maximal number of propagators. If a term in the
numerator is proportional to one of the propagators, this term can
be reduced to a sub-topology. It is possible that different trivalent
topologies may reduce to the same sub-topology and such an
example is shown in figure 19. In other words, the same
contribution of a certain sub-topology may be expressed in terms
of different maximal topologies, and this fact leads to some
degrees of freedom when expressing the integrand.

We have checked that most of the free parameters are
associated with the second origin. Actually, only two parameters
(out of 235) are purely due to the first trivial origin, which
reduces only to tadpole or massless bubble sub-topologies.
Below we briefly comment on the physical meaning of the free
parameters. Since all parameters cancel in the final result, they
should be understood as ‘gauge’ parameters in the sense that
different choices of the parameters give different but physically
equivalent representations of the same form factor. Such kind of
freedom generally exists for loop integrands of form factors or
amplitudes. The real non-trivial point here is that we also require
the integrand solution to satisfy the CK duality. In particular,
different solutions in the solution space preserve all dual Jacobi
relations. The free parameters in this sense can be understood as
CK-preserving deformation parameters. We mention that a
similar solution space with a large number of parameters was also
observed for the three-point half-BPS form factors in = 4
SYM up to four-loops [25–27]. As discussed in [25, 26], the CK-
preserving deformation is also related to the generalized gauge
transformation associated with the operator insertion. The exis-
tence of such a deformation is due to the color-singlet nature of
the operator and thus is a special feature for form factors. We
refer the interested reader to [25, 26] for more details on this
point.

The two master numerators in the solution space of 235
free parameters are explicitly given in appendix B where the
free parameters are set to zero for simplicity. The full
numerators with all free parameters are provided in the aux-
iliary files.

4. Integral reduction and integration

In this section we will show that all the parameters disappear
after integral reduction. We also discuss the integrated results

and focus on the differences between the results of the d-
dimensional integrand and 4-dimensional integrand. Since the
one-loop case is relatively simple, we will mainly focus on
the two-loop case.

To simplify the integrand, we first evaluate the color
factors. This can be done by first expanding the structure
constants in terms of color trace products using (2.1) and then
applying the contraction rule:

å d d d d= -
=

-
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. 4.1
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( ) ( ) ( )

For the two-loop case, after contracting internal color indices,
all the color factors will either be proportional to N T Ttrc

a a2 1 2( )
or equal to zero. We find that only the first 5 topologies in
figure 7 have non-zero color factors, so all other topologies
will not contribute to the full form factor in gauge theory and
hence we will omit them in the following discussion.3 We
define the five non-trivial color factors as = ´C N T Ttri c

a a2 1 2( )
ci and ci are given as

= = = = =c c c c c4, 2, 2, 4, 4. 4.21 2 3 4 5 ( )

For completeness, we also give their symmetry factors com-
ing from the isomorphism of graphs:

= = = = =S S S S S2, 1, 4, 2, 4. 4.31 2 3 4 5 ( )

The full integrand of the two-loop form factor can be written
as:
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4.1. Integral reduction

In this subsection, we do the integral reduction and check that
the remaining parameters all cancel in the final results. Notice
that our integrand contains terms like εi · lj. A common
strategy would be to first reduce such terms by the PV
reduction [57] and then perform IBP reduction [58, 59]. Here
we will use an alternative way based on gauge-invariant basis
projection.

Since the final result must be gauge-invariant, one can
expand the final result by a set of gauge-invariant basis. For a
general discussion about gauge-invariant basis, one may refer
to section 2 of [60]. For a two-point form factor, there is only

Figure 19. Different trivalent topologies may reduce to the same sub-topology.

3 The topologies with zero color factors can have a non-trivial contribution
in the study of double copy for gravitational quantities. We will not consider
this in the present work.
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one gauge-invariant basis, which is defined as:

e e e e= -B p p p p , 4.50 1 2 1 2 1 2 2 1( · )( · ) ( · )( · ) ( )

and this is obviously equivalent to the tree-level Sudakov
form factor in (2.9). The integrand can be expanded as:

e = p l B f p l, , , , 4.6l
i j k j k2 0( ) ( ) ( )( )

where f (pj, lk) contains only Lorentz product momentum
variables and we can perform IBP directly. To get the
expression of f (pj, lk) we multiply B0 to both sides of (4.6)
and sum over the polarization vectors by the rule in (3.3),
which gives

eå =

´å = -

B p l f p l

B f p l d p p

, , ,

, 2 . 4.7

l
i j k j k

j k

helicities 0 2
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2
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2
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( )( )( · ) ( )
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Here we point out a technical subtlety: since the integrand is
not manifestly gauge-invariant, the reference momentum ξ

introduced through the helicity sum (3.3) will not vanish in
f (pj, lk). We take ξ as another external momentum and per-
form the IBP with a set of propagator basis including ξ (here
we use the LiteRed package [61]). We find that the ξ

dependence indeed disappears after IBP, which also provides
a cross-check for the result.

After collecting the coefficients of master integrals, we
find the parameters cancel and the coefficients we obtain are
consistent with the known result [49]. For the convenience of
discussing the integrated results, we also use the following
form

=  g T Ttr , 4.8
l l a a l

2
2

2
01 2ˆ ˜ ( ) ( )( ) ( ) ( )

where

p
p

=
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g g
N4 e

16
, 4.9c2 2

2
˜ ( ) ( )

and the expansions of = l 1,2( ) in terms of master integrals are
given in appendix C.

4.2. Integrated results

The integrand numerators we obtain are polynomials of
spacetime dimension parameter d= 4−2ò. The term
depending on ò will not be fixable by four-dimensional cuts.
For one-loop amplitudes, such terms will contribute to
rational terms after integration. One may wonder what is the
contribution of the ò-dependent terms for the Sudakov form
factor. In this subsection we address this problem by con-
sidering the integrated results.

Considering first the one-loop result, we separate the
result into two terms

= +=   , 4.10d
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where = d 4
1( ) is obtained by setting d= 4 in the full integrand,

and 
1( ) is from the remaining integrand that are linear in ò.

After integration, they are
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We can see that 
1( ) starts from ò-order and will not affect the

divergent and finite terms.
Next for the two-loop result, we separate the integrand

into three terms
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2 2 2
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where = d 4
2( ) is obtained by setting d= 4 in the full integrand,

and 
2
n

( ) are from the integrand contribution that is linear in
ò n. After integration, they are
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Unlike the one-loop case, now we can see that terms pro-
portional to ò in the integrand will provide contribution
starting from 1/ò2 divergence. This shows clearly that d-
dimensional cuts are necessary to get the correct form factor
result.

5. Summary and discussion

In this paper, we study the CK duality for one and two-loop
Sudakov form factors of Ftr 2( ) in the non-supersymmetric
pure YM theory. We find that massless bubble and tadpole
type topologies are necessarily involved. Although they are
zero after integration, they are required to preserve the CK
duality. The CK-dual numerators have the same powers of
loop momenta as expected from Feynman diagrams. Inter-
estingly, despite the non-trivial constraints from both unitarity
cuts and dual Jacobi relations, the two-loop solution space
still contains a large number of free parameters. Our results
imply that the CK duality may also hold in the pure YM
theory at three loops or for higher-point form factors, which
are certainly interesting to be explored further.

Since the CK duality plays an important role in con-
structing gravitational amplitudes via double copy, it would
be interesting to explore the double-copy of the form factors.
For the Sudakov form factor studied in this paper, one may
naively apply double copy. However, to have a consistent
gravitational quantity, it is crucial to ensure that the
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double-copy quantity not only preserves the diffeomorphism
invariance but is also consistent with all unitarity cuts in the
gravitational theory. Some progress has been made recently
for the double copy of tree-level form factors in [62] where it
was found that certain spurious poles become physical poles
after the double copy. The new tree-level double-copy results
also provide important building blocks for the further study of
unitarity cuts at the loop level. It would be highly interesting
to study further the double copy for loop form factors which
we leave for future works.
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Appendix A. Complete two-loop dual Jacobi
relations

Here are all CK relations we have between 17 cubic graphs in
figure 7 and figure 8. (A.1)–(A.7) can generate other seven
numerators detectable by cuts. (A.8)–(A.15) are relations to
generate numerators of graphs with a massless bubble or
tadpole. (A.16)–(A.23) are other CK relations. They will not
provide further constraints for the 15 numerators obtained
from (A.1) to (A.15).

= -N N N , A.13 1 2 ( )
= + -N N N l l l p p, , , , A.24 2 2 1 1 2 1 2[ ] ( )

= - + +N N l p l p p N l l l p p, , , , , , , A.35 2 1 1 2 1 2 2 1 1 2 1 2[ ] [ ] ( )
= - + -N N N p p l l p p, , , , A.46 1 1 1 2 1 2 1 2[ ] ( )

= -N N N l l p p, , , , A.57 1 1 1 2 2 1[ ] ( )
= + -N N N l l l p p, , , , A.68 7 7 1 1 2 1 2[ ] ( )

= + + -N N N l p p l p p, , , , A.79 7 7 1 1 2 2 1 2[ ] ( )
= - -N N N l l p p, , , , A.810 4 4 1 2 1 2[ ] ( )
= - + -N N N l l p p, , , , A.911 5 5 1 2 1 2[ ] ( )

= - + -N N N l l p p, , , , A.1012 13 13 1 2 1 2[ ] ( )
= + -N N N l p l p p, , , , A.1113 2 2 1 1 2 1 2[ ] ( )
= - -N N N l l p p, , , , A.1214 17 17 1 2 1 2[ ] ( )
= - -N N N l l p p, , , , A.1315 9 9 1 2 1 2[ ] ( )
= - -N N N l l p p, , , , A.1416 8 8 1 2 1 2[ ] ( )

= + -N N N l p l p p, , , , A.1517 6 6 1 1 2 1 2[ ] ( )
= -N N N l l p p4 , , , , A.168 4 1 2 2 1[ ] ( )

= -N N N l l p p, , , , A.179 6 6 1 2 2 1[ ] ( )

= +N N N , A.1811 12 10 ( )

= + + -N N N p p l l p p, , , , A.1913 17 13 1 2 1 2 1 2[ ] ( )

= - + + -N N N p p l l p p, , , , A.2014 12 12 1 2 1 2 1 2[ ] ( )

= - + -N N N p p l l p p, , , , A.2115 16 16 1 2 1 2 1 2[ ] ( )

= -N N N l l p p, , , , A.2215 14 14 1 2 2 1[ ] ( )

= -N N N l l p p, , , . A.2316 10 10 1 2 2 1[ ] ( )

Appendix B. Two-loop master numerators

In this appendix, we provide the two-loop master numerators
after using the unitarity constraints in section 3.3.1, which
contain 235 unfixed parameters. Here we set all free para-
meters to zero for simplicity, and the full numerators with
parameters are provided in the auxiliary files.
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Appendix C. Master integral

The definition of  l( ) is:
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After IBP, we can expand  l( ) by master integrals:

å= - - s S C I , C.2l l
R
l l l

i
i i( ) ( ) ( )( ) ( ) ( )

where =
G -

g





SR
e

1( )
is an overall factor and I l

i
( ) means the ith

master integral of l-loop case. Topologies of masters are
shown in figure 20 and their explicit results are given below.
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C.2. Two-loop

Master integrals for two-loop are below. Notice that the
previous three integrals have exact expressions in terms of
Gamma functions. Integral I4 can only be expressed in
hypergeometric functions and we do not list it. For details,
you can refer to section 2 of [49].
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Figure 20. Graphs corresponding to master integrals.
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