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Abstract

®
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In this paper, we develop the deep learning-based Fourier neural operator (FNO) approach to
find parametric mappings, which are used to approximately display abundant wave structures in
the nonlinear Schrddinger (NLS) equation, Hirota equation, and NLS equation with the
generalized P7 -symmetric Scarf-II potentials. Specifically, we analyze the state transitions of
different types of solitons (e.g. bright solitons, breathers, peakons, rogons, and periodic waves)
appearing in these complex nonlinear wave equations. By checking the absolute errors between
the predicted solutions and exact solutions, we can find that the FNO with the GeLu activation
function can perform well in all cases even though these solution parameters have strong
influences on the wave structures. Moreover, we find that the approximation errors via the
physics-informed neural networks (PINNs) are similar in magnitude to those of the FNO.
However, the FNO can learn the entire family of solutions under a given distribution every time,
while the PINNs can only learn some specific solution each time. The results obtained in this
paper will be useful for exploring physical mechanisms of soliton excitations in nonlinear wave

equations and applying the FNO in other nonlinear wave equations.

Keywords: deep learning, Fourier neural operator, solitonrogon state transition, nonlinear

Schrodinger equation, hirota equation
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1. Introduction

As a universal physical model, the focusing nonlinear
Schrodinger (NLS) equation

i0) + %c’ﬁw + [Py =0, xteR? (1)

where the amplitude envelope ¢ =1(x, #) is a complex
function defined on the spatial location x and the evolution
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time ¢, can be used to describe nonlinear wave phenomena
of many conservative physical systems (e.g. fiber optics,
plasma physics, marine science, Bose—Einstein condensates,
finance, etc) [1-4]. It is also often referred to as the Gross—
Pitaevskii (GP) equation in Bose—Einstein condensates [3].
Despite the simple expression form of the NLS equation, it
contains a wealth of nonlinear wave structures [5, 6] (e.g.
solitons, breathers, rouge waves, periodic solutions, etc).
And the soliton-state transitions in the NLS equation can be
realized by varying the parameters of explicitly exact solu-
tions [7].
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In recent years, due to the rise of the parity-time (P7)
symmetry [8], the NLS equation can also be extended to
study the nonlinear waves in nonconservative systems [8—19].
And the nearly-integrable NLS equation with complex
‘PT -symmetric potentials can be written as [11-19]

0 + %6@ R VO £ W@l =0, (@)

where the real-valued functions V(x) and W(x) denote the
potential well and gain-loss distribution, respectively. The
PT -symmetry of the potential requires V(x) = V(—x) and W
(x) = —W(—x). Due to the constraints of the dispersion term,
the nonlinear term and the potential, clusters of solitons can
also be found in equation (2). Thus the P7 -symmetry gen-
eralizes the concept of solitons, which were previously
thought to exist only in conservative systems. Due to the
complexity of the P7 -symmetric potentials, equation (2) also
exists in the soliton-state transitions when the soliton para-
meters were varied in the P7 -symmetric NLS equation [16].

To study wave propagations of ultra-short optical pulses
in Kerr nonlinear media, the focusing third-order NLS
equation (alias Hirota equation) [20]

0 + %aiw R — iBO% + 6lYRO) = O,
BeR, 3)

was presented, which is also a fundamental physical model,
and the third-order dispersion and higher-order nonlinear term
are taken into account in the NLS equation (1). The Hirota
equation (3) and its extensions can also be used to describe
the strongly dispersive ion-acoustic wave in plasma physics
[21] and the broader-banded waves in the deep ocean [22].
Particularly, equation (3) reduces to equation (1) at 3= 0. The
Hirota equation (3) is also completely integrable since it can
be derived from the compatibility condition of the Lax pair
[23, 24]. And it has been verified to admit the bright solitons
[25-27], breathers [28, 29], and rouge waves [30-34] by
means of the inverse scattering transform, Darboux transform,
and numerical method. The state transitions from rouge waves
to W-shaped solitons, breathers to the periodic waves, and
breathers to anti-dark solitons have been investigated in
[32, 33], which means that the solution parameters can be
used to modulate the distinct wave structures of solitons.
Recently, deep learning (DL) [35] has attracted extensive
attention due to the powerful fitting capability of neural net-
works. Meanwhile, the improvement of computer hardware
(GPU) and the continuous updating of DL libraries (e.g.
Pytorch [36], Tensorflow [37], Julia [38]) have also greatly
promoted the development of DL. It is the continuous
development of hardware and software that enables neural
networks to process large amounts of data simultaneously and
extract features for prediction. Nowadays, DL has impacted
various areas, such as image recognition [39, 40], target
detection [41], image generation [42], machine translation
[43], speech recognition [44], natural language processing
[45], and etc [46, 47]. The universal approximation theorem
[48, 49] for neural networks has also created a boom in sci-
entific machine learning (SciML) [50]. Due to its powerful

approximation ability, it is natural to apply it to the numerical
approximation of ordinary differential equations and partial
differential equations (PDEs).

The use of DL-based methods to solve differential
equations (DEs) can be broadly divided into two genres. One
is the neural finite element method, which replaces the finite
element with a global neural network as the base of the
approximation solution function of DE, such as the physics-
informed neural networks (PINNs) method [51-53], the deep
Ritz method [54]; the other is the DL architecture that learns
the mapping (i.e. solution operator) between infinite-dimen-
sional function spaces, such as the DeepOnet [55], Fourier
neural operator (FNO) [56, 57], and other neural operator
methods [58, 59]. The approximation errors of the two infi-
nite-dimensional neural operators are proved theoretically in
the latter papers [60, 61]. The most important feature of
PINNSs is the incorporation of the PDEs into the loss func-
tions, which greatly increases the accuracies of the prediction
solutions, but it requires retraining of the network for any
given new instance of the function coefficients or initial
conditions (see e.g, [62—09] and references therein). How-
ever, the prediction solutions via the FNO can be quickly
given for any given new parameters once the networks were
trained, while we do not need to know the underlying PDE:s.
In other words, we can unitedly learn the PDE families via the
FNO. Thus, FNO has been extended to various fields, such as
weather forecasting [70], the multi-phase flow [71], and het-
erogeneous material modeling [72]. If the structure of the
temporal domain or spatial domain looks particularly com-
plicated (high frequency) features to the frequency domain
can be approximated with a small number of basis functions,
then FNO can do convolution in the frequency domain with a
small amount of data to learn out the operators between
infinite dimensional spaces. These operators maintain the
characteristics of Fourier approximation of high frequencies
and neural network approximation of low frequencies
[73, 74], so the FNO performs well in the approximation
problems.

As mentioned above, the parameters of exact solutions
can modulate the wave structures in some nonlinear integr-
able and nearly-integrable systems. In other words, we can
obtain abundant nonlinear wave structures by changing the
solution parameters. A natural and interesting question is how
to use a deep neural network to uniformly learn these soliton-
state transitions. To the aim, we combine the FNO with these
soliton structures, and by training the FNO network we can
obtain the different types of soliton solutions for a given
initial condition, although it has a strong influence on the
types of solitons. Moreover, we find that the soliton-state
transitions of nonlinear wave equations can be well learned
via the FNO network. To the best of our knowledge, the FNO
was used to study the real-valued PDEs, but it was not
extended to learn soliton-state transitions of the complex-
valued nonlinear wave equations.

The rest of this paper is arranged as follows. In section 2,
we specifically give the neural network framework of the
FNO method, and the choice of some hyper-parameters. In
section 3, we learn the different types of solitons in the NLS
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Figure 1. Framework of Fourier neural operator (FNO), where Linear operator + Nonlinear integral operator + Activation function —
Highly learned nonlinear operator, and v, (x) = o (Wy,(x) + (K(a; ©O)v,)(x)), 7=0, 1,....T— 1, x € D.

equation (1) via the data-driven FNO deep learning. In
section 4, we learn the different types of solitons in the Hirota
equation (3) via the data-driven FNO deep learning. The
soliton state transitions of the NLS equation with P7 -sym-
metric potential given by equation (2) are discussed in
section 5. Finally, we give some conclusions and discussions
in section 6.

2. Deep learning-based FNO methodology

The FNO method [56, 57] aims to learn a nonlinear mapping
‘H: A — U between two infinite-dimensional function space
A and U from the finite input-output data observations
located in the bounded and open spatial-temporal domain
D= {(x, t)}'_ , C R’ where A and U represent the
parameter/initial condition spaces and (time-varying) solu-
tions of a PDE, respectively. To approximate the operator, the
FNO parameterizes H to a parametric mapping He via the
neural network, which means

Ho: Ax © U “

with ©: R — R denoting the trainable finite-dimensional
parameter space in the network. The input function a(x) € A
is first transformed into a higher-dimensional representation
vo = P(a(x)) through a fully-connected shallow neural net-
work P(-), then the frequency domain is learned by the fol-
lowing Fourier layers

Vrr1(x) = o (Wi (x) + (K(a; ©)v)(x)),
r=0,1,..T— 1, 5)

where o denotes a nonlinear activation function, W is the
linear transform (i.e. weight) and K(a; ©) represents the
kernel integral operator (i.e. kernel function) parameterized
by the ©, and can be defined as follow

(K(a; ©)v)(x) = j; k(x, y, a(x), a(y); ©)v.(y)dy, (6)

where a kernel function x denotes a neural network para-
meterized by O, and can be learned via data. Thus by sup-
posing x(x, y; ©) = k(x — y; ©) and convolution theorem, K
can be realized as

KO x) = F'Re - (F)) (), (M

where Rg denotes the Fourier transform of a periodic function
K, and can be learned 1 x 1 convolution kernel (equivalent
to the fully-connected layer between channels), 7 and F !

denote the Fourier transform and its inverse, respectively:
AL 010 = [ fx ne 2k,
D
FIUASGI= [ ASIG

And in the realization, F, F ! can be obtained by the fast
Fourier transform (FFT) of finite modes. It is the presence of
the Fourier layer that enables the FNO to more quickly and
accurately learn the high-frequency information, which in
physical space corresponds to complex solutions. Finally,
with a two-layer fully-connected neural network, the output
can be obtained: u(x, tk),f:,1 = Q(v7(2)). That is, the output
of the FNO can be written as the form

He(a(:)) = QoFro...oF 0P (a). ®)

It is noted that we learn the mapping from the system para-
meters to the (time-varying) solution of the PDE in this paper.
However, the constraint of FNO is that the inputs and outputs
need to be defined on the same set of grids ({(x;, )} _ ),
except for the channels, thus we embody the changed para-
meters in the initial conditions of the PDE, i.e. a(x) = u(x, ty).

Training Data.—Since FNO is data-driven supervised
learning, different from PINNs [51], it is essential to obtain the
parameters of the whole network by high-quality label data. One
can access the data from the exact solution (if available) or the
numerical solutions via the high-accuracy numerical methods
(e.g. spectral method, finite element method, etc). Also, for other
problems in real life, the data can be derived from experiments
and observations. In the following experiments, the parameters
are generated from the uniform distribution on (a, b), thus we
can get the corresponding initial conditions. Though the para-
meters only vary from (a, b), the impact on the types of solitons
is huge which can be found in the discussions. If not specified,
the total number of samples is 1500, of which 1000 are used for
training and 200 for the test set.

The neural network framework.—Figure 1 displays
the framework of the FNO. The fully-connected layer P
increases the channels of the input function to width 32, then
applies four Fourier integral operator layers with R being the
1 x 1 kernel. Finally, a two-layer fully-connected neural
network O changes the channel into 128 and the desired
channel, which depends on the problem at hand. As for the
finite term truncation of the FFT, we choose it as 12 in all
problems. To overcome the internal covariate shift, the batch
normalization [75] is applied to each Fourier layer. And the
GeLu function o(x) = x®(x) is chosen as the nonlinear acti-
vation function with ®(x) denoting the distribution function of
the standard normal distribution (notice that one can also
choose other nonlinear activation functions). The Adam
optimizer with the initial learning rate = 0.001 halved every
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Figure 2. The training and testing progress for the problem (10). (al) The mean squared error, the relative L, error on training (loss) and test
sets versus epoch. (a2) The predicted L, error (1073) and sampled parameter a.

100 epochs in the total 500 epochs is used to minimize the
loss function defined as

1 Nzn: e (x, 1) — Pex, D

L, 1) =
@) 106, Dl

€)

Nt.rain /=1

with iy (x, 1), 12)[ (x, 1) representing the ground truth solution
and the prediction solution of the ¢th sample in train sets,
respectively. And the batch size is chosen as 20 for the mini-
batch stochastic gradient descent method. To observe the
training process better, the mean squared error (MSE) and
relative L, error on the test set are also recorded. It is worth
noting that we treat the time 7 as a part of the spatial dimensions
as well and apply FFT to it in the Fourier layer, so we have to
add padding if necessary to preserve the periodic boundary
conditions for the FFT. However, this does not mean that the
FNO can only handle periodic problems due to the presence of
Wy, in equation (5). It is worth noting that since the FNO is
used to study complex nonlinear wave equations in this paper,
we must add another channel in the implementation.

Remark. This is also the first application of the FNO
method in complex-valued nonlinear wave equations such as
the NLS equation (1), the P7 NLS equation (2) and the
Hirota equation (3). Of course, the method can also be
extended to other complex-valued nonlinear wave equations.

3. The deep learning soliton-state transitions of the
NLS equation

In this section, we mainly use the data-driven FNO method to
learn the soliton-state transitions of the NLS equation with the
initial-value condition:

0. + %eﬁw WP =0, xe(=6,6), 1€ (=6, 6),

Y(x, —6) = to(x), x€[-6,6]
(10)

The NLS equation (10) admits the soliton solution with
one parameter [5, 6]

_ 2(1 — 2a)cosh(bt) + ib sinh(bt)

, =el]l1
v =e cosh(br) — V2a cos(wx)

an

where b = [8a(l — 2a)]'/? and w=2(1—2a)'/* with
a € R. The only parameter a determines the different wave
structures of this solution. As 0 <a < 0.5, equation (11)
denotes the Akhmediev breather (AB), the spatial-periodic,
and temporal-local soliton, while it describes the Kuznetsov
Ma (KM) breather when a > 0.5. And the rouge wave can be
obtained from equation (11) by the limit of a — 0.5:

4(1 + 2ir) ]

— 12
4 + 1) + 1 (12

Y(x, t) = ei’[l —
One can also observe the rouge wave-like solution in
equation (11) with a being located nearby 0.5.

The spatial domain [—6, 6] is split into 256 modes, while the
temporal domain [—6, 6] is split into 25 modes. Based on the
problem, the 1500 samples are generated by selecting the uni-
form distribution of the parameter @ on (0, 1), then 1500 different
initial conditions can be deduced. Here, we aim to learn the
nonlinear operator mapping the initial condition U(x, f)
to the solution of some later time T >,
H: L*([—6, 6], 1 = t; C) — L*(x € [—6, 6], 1 € (to, T]; C)
defined by

H: Yx, Ol=66l=15) — Y&, D) =661 t0,T1-

In the implementation, the complex function (x, f) should be
written into the real and imaginary parts, which is the first
application of the FNO in complex nonlinear wave equations.
After the 500 training epochs, the parameters O in the
neural networks can be obtained. And the total parameters in the
neural networks is 2368 162. Finally, the MSE and the relative
L, error on the train (loss) and test sets arrive 3.16e-3, 1.93e-3,
1.97e-3, respectively. And the dynamic change versus epoch is
depicted in figure 2(al). As it can be seen that the loss function
decreases rapidly in the first 50 epochs and then decreases at a

13)
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Figure 3. The data-driven soliton-state transitions of the NLS equation (10) via the FNO method. (al), (bl), (c1), (d1) The Kuznetsov—Ma
(KM) breather; (a2), (b2), (c2), (d2) Rouge waves; (a3), (b3), (c3), (d3) the Akhmediev breather (AB) . The first column indicates the
parameters and the corresponding initial conditions, the second column indicates the exact solutions, the third column is the learned solitons

via the FNO, and the fourth column is the absolute errors.

very slow rate. It can be observed that the FNO performs well in
the test set, though the initial condition is a new instance for the
neural networks from figure 2(b). It is noted that the predicted L,
error is 10> units displayed in figure 2(a2).

The different types of data-driven solutions via FNO
belonging to the different parameters are exhibited in what
follows (see figure 3):

Case 1. As for the Kuznetsov—Ma breather, we choose
a=10.683 in the test set. The corresponding initial condition
is presented in figure 3(al). It can be concluded that the
learned soliton via FNO matches well with the exact solution
from figures 3(b1l), (c1), (d1). It is worth mentioning that we
find that the approximation error of PINNs is similar in
magnitude to that of FNOs, however, the FNO can learn the
entire family of solutions under a given distribution, while the
PINNSs can only learn some specific solution each time. This
illustrates the superiority of the neural operator method.

Case 2. For the rouge waves, figure 3(a2) displays the
parameter and initial condition, which differs from the KM
breather. Though the coefficients/initial conditions have a
strong influence on the type of solution, FNO still demon-
strates its strong approximation capability. It can be seen that

{ia,w + L% + WP — B30 + 6lPAY) =0, x € (~8,8), 1€ (~6,6),

Y(x, —6) = tho(x), xe€[-8,38].

the learned FNO rouge wave is very close to that of the exact
solution from figures 3(b2), (c2), (d2).

Case 3. We also choose a =0.268 < 0.5 and the initial
condition in figure 3(a3) to depict the predicted structure of
spatial-periodic, temporal-local soliton. In figures 3(b3), (c3),
(d3), the simulation results demonstrate the high accuracy of
the Akhmediev breather.

From the above results, we can conclude that the FNO
performs well in the soliton state transitions of the NLS
equation (10) by varying the parameters/initial conditions.
Also, the FNO achieves state-of-the-art (SOTA) in terms of
prediction accuracy of the solutions although the dynamical
behaviors of the solitons are more complicated.

4. The deep learning soliton-state transitions of the
Hirota equation

In this section, we mainly use the data-driven FNO method to

deep learn the soliton-state transitions of the Hirota
equation (3) with the initial-value condition:

(14)
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Figure 4. The training and testing progress on equation (14). (al) The mean squared error, the relative L, error on training (loss) and test sets
versus epoch. (a2) The predicted L, error (10™°) and sampled parameter a.

4.1. Leaning an operator from rouge waves to W-shaped
solitons

The solutions of the Hirota equation (14) can be deduced as
Y(x, 1) = Ko
4 + 8ia*(1 — q/q,)T

-1, (15
1 + 4a*( — vr)* + 4a*(1 — q/q,)*T? (1>
with ko being a non-zero background solution
ko =ae, 0 =gx+ [a®> — ¢*/2 + B(6ga® — gt
(16)

by means of Darboux transformation method, where v = ¢ +
Qa* — ¢%)/(2qy), E=x — x., T=1 — 1., and (x., 1.) determines
the center of the solution. And a and ¢ denote the amplitude
and wavenumber of the background solution, respectively.
The state transitions induced by the higher-order effects and
background frequency have been analyzed via the modulation
instability [32]. For the case g = ¢,, equation (15) admits two
types of rouge waves with different dynamic behaviours
(g=0, g,/2). However, in the case g=gq,, equation (15)
reads the W-shaped waves with one peak and two valleys
— aifs 4 _

Blo 0 =aet g + 4a2(€ — w1)> i
with 6 = 0],—, , y = v|;=,. The W-shaped soliton (17) can
also be obtained by choosing ¢ — 1 in equation (16).

We devote ourselves to researching the state-transition
from the rouge wave to a W-shaped soliton in the Hirota
equation (14) by modulating the parameter. Thus, the FNO
can be used to learn the state transitions in equation (15).
Without loss of generality, we choose ¢,=1, t.=3, x.=0,
a=1, and $=0.1 in the following discussions. The spatial
domain [—8, 8] is split into 256 modes, while the temporal
domain [—6, 6] is discrete into 49 modes for the input-output
observations. It is worth mentioning that we have added a fine
time split to capture the structure of the solution more precisely
here. Considering the effect of g/g, on the solution pattern, we
select 1500 samples uniformly distributed on (0, 1) and

a7

substitute them into equation (15) to obtain the corresponding
initial conditions. Similarly to the previous case, although the
fluctuation of g varies tinily, it has a huge influence on the initial
condition and the localized waves at later moments. Our goal
here is to use the FNO to learn the mapping from the initial
condition t(x, ) to the solution of some later time 7 >
to, H: L2([—8, 8]; t = tg; C) — L2([—8, 8]; ¢ € (tp, T]; ©)
defined by

H: P(x, )l—s81i=10) — VX, 1) [=8.81x (10, T1- (18)

The real and imaginary parts need to be separated in order to
carry out the output of the input of the network.

The FNO can be trained by minimizing the relative L,
error for 500 epochs via the mini-batch gradient descent using
the Adam optimizer with a decay learning rate. It is worth
mentioning that the time of each epoch increases to about 4.1s
due to the increase of the time discretization. Once the net-
work is trained, the network can give the corresponding
solution ) (x, t) € U in a very short time for a new input
instance a € A. During the training process, we record the
mean squared error, the relative L, error on train, and test sets.
The dynamic changes versus epoch is depicted in figure 4(al).
The values arrive 2.49e-3, 3.33e-3, 3.44e-3, respectively. The
values of the loss functions decrease faster in the first 300
epochs, and then slower in the last 200 epochs. We can find
that the FNO also performs very well on the test set from
figure 4(a2). The relative L, errors of the learned solutions are
mostly below 102,

To better visualize the type of travelling waves, we also
choose three parameters/initial conditions (new instances do
not appear in the training set) to demonstrate the processes of
soliton state-transitions (see figure 5):

Case 1. Firstly, we choose ¢=0.065 to display the
rouge waves, and the corresponding initial condition is
exhibited in figure 5(al). The dynamic behaviors of the
learned solution, the exact solution, and the absolute error
between them are demonstrated in figures 5(b1)—(d1). The
learned solution captures the characteristics of the rouge wave
well, and the maximum absolute error is only around 0.05.
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Figure 5. The data-driven soliton-state transitions of solutions (15) in the Hirota equation (14) via FNO. (al)—(d1): the rouge wave; (a2)—(d2):
the elongated rouge wave; (a3)—(d3): the W-shaped soliton with one peakon and two valleys. The first column indicates the parameter and the
corresponding initial condition, the second column indicates the exact solution, the third column is the learned soliton via FNO, and the

fourth column is the absolute error.

Case 2. We then set ¢ = 0.530 to explore the features of
the elongated rouge waves (see figure 5(a2)). The repre-
sentative visualizations of the predicted solutions for the input
samples are shown in figures 5(b2)—(d2). As it can be seen
that the prediction achieves a good agreement with exact
soliton over the entire spatial-temporal domain. It is worth
noting that the initial condition, in this case, is similar to that
in figure 5(al), but the solution at a later time is different.
However, FNO still captures the two different types of
solutions well, which is a good indication of the superiority of
the FNO algorithm for the approximations of complex
problems.

Case 3. For the case of W-shaped travelling waves,
g =10.973 and the initial condition are chosen as the input of
the deep neural network. We can observe that the input for the
network differs from the case of the above two cases from
figure 5(a3). It can be seen that an excellent agreement can be
realized between the FNO’s learned solutions and the exact
solitons in figures 5(b3)—(d3). Despite the strong influence of
the parameters on the solution, the predicted solutions via
FNO can be learned very well.

Based on the above results, the Fourier layer in the FNO
plays a critical role in the network to capture the high fre-
quency part. That is, the FNO is able to distinguish well
between different frequencies although the inputs (initial
values) are very similar. And this is what is missing in
traditional neural networks [73, 74].

4.2. Leaning an operator from Akhmediev breathers to periodic
waves

Here we study the state transition from the Akhmediev
breather to the periodic wave and the related wave phenom-
ena. Equation (3) also possesses the Akhmediev breather in
the form [33]

272 cosh(kt) + 2ina; sinh(xt)

_ 1
Y@ 1) = Ko cosh(kx) — ai/acos[2n(x + vi1)] ’

19)

where kg is given by equation (16), v =
BQa* + 4af — ¢*) — 2q(qB + 1/2), k = 2wy, o=@,
vy = ai(1 — q/q,), q;=—1/(60). Similarly, the shape of
equation (19) is changed with ¢/q, as g=g¢q, (g=0,
q=4qs/2). As for g =g, the Akhmediev breather (19) is
converted to the periodic wave

2

M&ﬂzm[ 2/

- 1], (20)
1 — aj/acos[2n(x + vi)]

which can also be obtained by the limit g — g, in
equation (19).

To this end, the FNO is extended to learn the conversion
from the Akhmediev breather to the periodic wave by varying
q (initial condition) in equation (19). The parameters are
chosen as a=1, a; =0.7, =0.1 in the numerical experi-
ments. Since the structure of the wave is more complicated at
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this point, we increase the number of divisions in the spatial-
temporal domain. We discrete (x, f) € [—10, 10] x [—6, 6]
into 512 x 121 grids for the finite collections of input-output
pairs. the FNO aims to learn the mapping from the initial
condition ¥(x, ty) to the solution of some later time T > f,,
H: L2([—10, 10]; t = t5; C) — L2 ([—10, 10]; 1 € (ty, T1; ©)
defined by

H: p(x, Dli-10,101=10) = Y& Dl—10101x00.r1- (21)

Since the neural network only supports the real-valued input
and output, it is necessary to separate the initial conditions
into real and imaginary parts for the input, and finally com-
bine the real and imaginary parts of the output to get the
prediction solutions.

By training the network for 500 epochs with the Adam
optimizer, the parameters © can be obtained by the gradient
descent method and back propagation mechanisms. Due to
the increase in the number of configured points in the spatial-
temporal domain, the time to run each epoch also increases to
about 17s. However, once the network is trained, it can make
predictions in less than Is for each instance on the test set,
which is much faster than the traditional algorithms. To better
visualize the training process, we record the MSE, relative
L,-error on train, and test sets. These values eventually arrive
2.23e-3, 5.79e-3, 5.64e-3, respectively. It can be observed
that the value of the loss function decreases faster in the first
200 epochs and slower in the last 300 epochs from
figure 6(al). The performance of FNO on the test set is also
recorded in figure 6(a2). From the relative L, error, we can
see that the FNO still behaves well on 200 unseen samples.

In order to display the change of the soliton state, we
choose a few specific parameters (initial conditions) located in
the test set (see figure 7):

Case 1. In the case of the Akhmediev breather,
g=—10"" is chosen to exhibit the initial condition in
figure 7(al). Figures 7(b1)—(d1) also demonstrate the FNO’s
learned soliton, ground truth, and the absolute error between
the two. Despite the complicated structure of the Akhmediev
breather, the FNO can still capture these features very well.

Meanwhile, the absolute error of 0.1 is achieved only in a few
positions.

Case 2. Then g=—0.830 is utilized to explore the
decreased r-direction localization Akhmediev breather, the
corresponding initial condition is depicted in figure 7(a2). As
it can be seen that although the value of g does not fluctuate
much, the effect on the initial value is more significant. The
excellent agreement between the predicted soliton and the
exact solution is displayed in figures 7(b2-d2) while the
maximum error is only around 0.05. Surprisingly, the FNO is
able to learn complicated structures for different initial values
while ensuring the accuracy of the predicted solutions.

Case 3. Finally, we set ¢g=—1.659 to learn the
corresponding periodic wave (see figure 7(a3)). As shown in
figures 7(b3)—(d3), the predicted solutions are in qualitative
agreement with the corresponding ground truths.

On the basis of the above results, we can draw the con-
clusion that for the initial conditional input a € A with a
given distribution, the FNO is able to extract the key features
with only 1000 samples, although there is a large gap in the
ground truth corresponding to these 1000 samples. Mean-
while, the network is able to give the output ¥ (x, ) € U for
new samples quickly which greatly improves the general-
ization ability of FNO. Surprisingly, compared with the tra-
ditional neural network prediction model, the solutions
learned by FNO also achieve SOTA in terms of accuracy.

5. The NLS equation with the complex P7-symmetric
potential

In this section, we mainly consider the data-driven FNO deep
learning of the soliton-state transitions of the NLS equation
with P7 -symmetric potential given by equation (2) with the
initial-value condition:

101 + 3030 + WY + [V(x) +iW @] = 0,
x € (=10, 10), t € (0, 5),

P(x, 0) = Yo(x), x € [-10,10], (22)
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where the complex potential is chosen as the generalized
PT -symmetric Scarf-II (6(x)-Scarf-II) potential [16]

V (x) = 2a(6(x) — tanh]x|) — 2 sech®x,

W(x) = —WpO(sechx e, o <1, (23)

which becomes the P7 -symmetric Scarf-Il potential at
a=0]9, 11].

In particular, equation (22) with the P7 potential (23)
can be shown to possess the solitons

Px, 1) = p)e, @) = %sech(x)e“')‘|

exp (f% Ik Xsech(s)e“'”ds), (24)
and pu=1+ o® It follows from solution (24) that
equation (22) possesses:

* The peakon solution when « < 0.

* The smooth bright soliton for o= 0.

* The double-hump peakon solution with one sharp valley
if0<a<l.

Similarly, the soliton-state transitions can be modulated
by the system parameter «, thus FNO can be applied to
find the abundant structures in the P7 -symmetric NLS
equation. We utilize 256 modes and 6 modes to discrete the
spatial-temporal domain (x, #) € [—10, 10] x [0, 5] for the
finite observations of a;(x) € A and u;(x) € U, where j
indicates the input-output pairs. Due to the effect of the

parameter v on the type of solitons, we choose 1500 « uni-
formly distributed on (—1, 1) and generate 1500 different
types of initial conditions through it as the FNO’s input. We
are interested in learning the operator mapping the initial
condition ¥(x, 0) to the soliton up to some later time 7 > 0,
H: L* ([—-10, 10]; t = 0; C) — L2 ([—10, 10]; t € (0, T]; ©)
defined
by

H: P(x, Dl—10,101,1=0) — Y, Dl=10,101x0,7]- (25)
Similar to the previous implementation, we add an extra
channel to separate the real and imaginary parts of the com-
plex function ¥(x, f).

The parameters © can be obtained after training the FNO
by minimizing the loss function defined by equation (9) for
500 epochs with the mini-batch gradient descent method. The
results for the mean squared error, relative L, error on train,
and test sets in the process are presented in figure 8(al).
Throughout the training process, the Loss function decreases
in a fast and then slow trend. And the values finally arrive
9.2e-4, 4.78e-3, 4.81e-3, respectively. The prediction L, error
is measured in new unseen instances that are not used during
the training process which is exhibited in figure 8(a2). As can
be sgen, the errors on the 200 test samples are most less than
107~

Furthermore, we investigate the predicted solution, the
ground truth as well as the absolute error under the different
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initial conditions for visualization (see figure 9, where
WO = 2)

Case 1. We first consider the peakon soliton given by
equation (24) with a < 0, which is not differentiable at x = 0.
a=—0.988 and the corresponding initial condition for the
input sample is depicted in figure 9(al). And figures 9(b1-d1)
display the comparison between the exact soliton and the
learned solution for the input. We can observe that the FNO’s

10

predicted solution achieves an excellent agreement with the
ground truth.

Case 2. We also choose oo = —0.012 for the presentation
of smooth bright soliton in figure 9(a2). It is evident that the
learned solution matches well with the ground truth from the
visualizations exhibited in figures 9(b2)—(d2).

Case 3. The double-hump soliton with one sharp valley
is also investigated by setting o =0.369 which is unseen in

M Zhong et al
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the training sets (see figure 9(a3)). Thanks to the transfor-
mation of high frequency information by the Fourier layer, it
can be seen that the predicted solution of FNO captures the
small structure of the complex solution very well (one sharp
valley) depicted in figures 9(b3)-(d3) while the high
accuracies are also maintained.

On the basis of these results, we can conclude that the
FNO can be regarded as a powerful data-driven deep learning
method that the generalization ability of the network is greatly
enhanced compared to the PINNs [52], which the input
parameters /initial conditions are given and fixed during the
training and testing process. Besides, the FNO can predict
solitons with more complicated wave structures.

6. Conclusions and discussions

In summary, we have effectively studied the soliton state-
transitions in some soliton equations by means of the FNO
method. We consider various types of nonlinear wave exci-
tations in the NLS equation, Hirota equation, and NLS
equation with P7 -symmetric potential. Despite the compli-
cated structures of the solutions, the FNO is still able to
capture the key features and information. And for the given
new samples, it can give more accurate prediction solutions.
The results obtained in this paper are useful to further analyze
the soliton-state transfers and neural operator networks sol-
ving complex-valued nonlinear PDEs.

In the case that the studied equation has no analytical
solution, one can find its numerical solutions. Since FNO is a
supervised deep learning model, the quality of supervised
data will affect the approximation effect of FNO to a certain
extent. Therefore, we need to obtain supervised data through
some high-precision numerical algorithm as the input label.
However, due to the limitations of numerical algorithms, it is
sometimes difficult to obtain supervised data, so it is parti-
cularly important how to design an unsupervised learning
operator method. This will be considered and discussed in our
future work.
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