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Abstract
Electron-positron pair production in spatial inhomogeneous electric fields with sinusoidal phase
modulation is studied within the Dirac-Heisenberg-Wigner formalism. The focus is on
discussing the effects of the modulation parameters on the momentum spectrum and the reduced
particle number at various spatial scales. For the momentum spectrum, the interference effect
becomes more and more remarkable with the increase of modulated amplitude or frequency,
while the symmetry is severely destroyed with modulated amplitude. For the reduced particle
number, it is greatly enhanced by about a few times and evenly one order of magnitude when
modulation parameters are applied. Moreover, the effect of spatial scales on the reduced particle
number is carefully examined, and it is found that it increases rapidly at small spatial scales,
while it tends to be a constant at large spatial scales. We also obtain the optimal pair production
that can be achieved through different modulations. These results can provide a possibility for
realizing the optimal pair production by combining the advantages of field spatial inhomogeneity
with different choices of phase modulation.

Keywords: electron-positron pair production, Dirac-Heisenberg-Wigner formalism, spatial
inhomogeneous fields, phase modulation
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1. Introduction

Electron-positron (e−e+) pair production from a vacuum in
strong background fields, namely the Sauter-Schwinger
effect, is one of the well-known nonperturbative predictions
of quantum electrodynamics (QED) [1–4]. It has not been
verified experimentally because the current laser intensity
∼1022W cm−2 is far less than the critical laser intensity
∼1029W cm−2 (the corresponding critical electric field
strength is Ecr=m2c3/eÿ≈ 1.3× 1016 V/cm, where m
denotes the electron mass and e is the magnitude of electron
charge) [5, 6]. Multiphoton pair production is also served as
an important mechanism for e−e+ pair creation, which has
been detected in the laboratory [7, 8]. Moreover, the pair
production can be observed even in the laser field with

intensities one or two orders of magnitude lower than the
critical value [9, 10]. This attributes to the proposed dyna-
mically assisted Schwinger mechanism that combines two
laser fields with a low-frequency strong field and a high-
frequency weak field [11–16]. Fortunately, with the advance
in high-intensity laser technology, the Extreme Light Infra-
structure (ELI) [17] and the x-ray free electron laser (XFEL)
may achieve subcritical laser intensity, which greatly
improves the hope to observe the pair production in the
laboratory.

Theoretically, several field configurations have been
applied to the study of vacuum pair production, such as the
alternating electric field with N-pulse [18], time delay electric
field [19], polarized electric field [20, 21], the combination of
cosine with Gaussian or super-Gaussian pulse external field
[22–27], and so on. Recent studies suggest that the fields with
frequency chirp are crucial to the e−e+ pair production. It can
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not only significantly enhance the total particle number but
also achieve experimental verification by applying the chirped
pulse amplification (CPA) technique [28]. At present, the
asymmetrical [29–32] and symmetrical [33, 34] frequency
chirp have been studied on pair production in both spatially
homogeneous and inhomogeneous fields. Moreover, sinu-
soidal frequency modulation has been used in the invest-
igation of pair production in a homogeneous electric field and
indicated that the momentum distribution and the number
density of created particles are sensitive to modulation para-
meters [35].

Moreover, the previous investigations show that the spatial
inhomogeneity of external fields plays an important role in the
e−e+ pair production, which has displayed some novel effects
[36–40]. For example, the self-bunching effect of particles is
identified in Schwinger pair production under an electric field
with finite spatial scales [37]. The ponderomotive force effect
is reported in the multiphoton process for the small spatial
scales of an oscillating field [38]. The spin-field interaction is
found in Schwinger pair production for spatially inhomoge-
neous external fields [39]. However, sinusoidal frequency
modulation has not been considered in e−e+ pair production in
spatially inhomogeneous fields. Therefore, it is necessary to
explore the vacuum pair creation in inhomogeneous fields with
sinusoidal frequency modulation.

In this work, we use real-time Dirac-Heisenberg-Wigner
(DHW) formalism to investigate e−e+ pair production in
spatially inhomogeneous electric fields with sinusoidal phase
modulation. The momentum spectrum and the reduced par-
ticle number of the created pairs are studied and are found to
depend strongly on the amplitude and frequency of the
modulated phase. Furthermore, we note that the interference
effect and symmetry of the momentum spectrum are
obviously changed by applying different modulation para-
meters. The reduced particle number can also be significantly
enhanced by the modulated amplitude, while it has different
variations of modulated frequency for different spatial scales.
It is evident that the enhanced particle number is achieved by
large modulated frequency at small spatial scales, however, at
large spatial scales, it is achieved by a small frequency.
Moreover, the effect of spatial scale on the reduced particle
number is examined. Two interesting features are revealed in
the reduced particle number, i.e., the optimal modulation
parameters are found and the same particle number can be
achieved through different sets of modulation parameters.
Meanwhile, some typical interference patterns on the
momentum spectrum can be quantitatively understood by
bridging momentum peaks and the frequency spectrum of a
time-dependent electric field with phase modulation. It is
found that the momentum peaks are determined by the pair
generation process of absorbing different frequency comp-
onent photons. Finally, some typical numerical results
obtained by the DHW formalism are compared with those
obtained by the trajectory-based semiclassical analysis
[36, 38, 41] and the local density approximation (LDA)
[31, 37, 42], and it is found that the results are in good
agreement. Note that the natural units ÿ= c= 1 are applied
and all quantities are presented in terms of the electron mass

m. For example, the spatial and temporal scales of the electric
field are in units of 1/m, and the field frequency is in units
of m.

The paper is structured as follows. In section 2, we
review the DHW formalism and introduce the background
field to be considered in our work. In section 3, the numerical
results for different modulation parameters are presented with
a physics discussion. Subsection 3.1 and subsection 3.2 show
the momentum spectrum and the reduced particle number,
respectively. The conclusion and outlook are given in
section 4.

2. Theoretical formalism and field model

The DHW formalism is a relativistic phase-space method that
has been widely used to investigate vacuum pair creation
within arbitrary electromagnetic fields. Since the complete
derivation of DHW formalism has been obtained in
[31, 37, 43, 44], we only present key points of this method.

We start with the quantum electrodynamics (QED)
Lagrangian

g gY Y = Y Y - Y Y

- YY -

m
m m

m

mn
mn

A

m F F

, ,
1

2
i i

1

4
, 1

( ¯ ) ( ¯ ¯ )

¯ ( )

†  

where = ¶ +m m meAi( ) and = ¶ -m m meAi( )† 
denote the

covariant derivatives with a vector potential Aμ that vanishes
at asymptotic times, and γμ represents the gamma matrices.
To describe the dynamics of created pairs, we proceed by
calculating the Dirac equation

g g¶ - - Y =m
m

m
me A mi 0, 2( ) ( )

and the adjoint Dirac equation

g gY ¶ + + =m
m m

me A mi 0. 3¯ ( ) ( )

The backbone of DHW formalism is the gauge-covariant
density operator which is composed of two commutative
Dirac field operators, i.e.,

y y= - +ab b ar s A r s r s r s, , , 2 , 2 , 4ˆ ( ) ( ) [ ¯ ( ) ( )] ( ) 

where r= (r1+ r2)/2 denotes the center-of-mass coordinate
and s= r1− r2 represents the relative coordinate. The Wilson
line factor

ò x x= +
-

⎛
⎝

⎞
⎠

A r s e A r s s, , exp i d , 5
1 2

1 2
( ) ( ) ( )

can be used to guarantee the invariant of the density operator.
To obtain a proper phase-space formalism, we perform a
Fourier transform of equation (4) from s-space to p-space,
which leads to the covariant Wigner operator

ò=ab abr p s r s,
1

2
d e , , 6ps4 iˆ ( ) ˆ ( ) ( ) 

which is properly defined in terms of four-position r and four-
momentum p coordinates. We can combine the Wigner
operator (6) with equations (2) and (3) to generate the
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operator equations
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with the pseudodifferential operators

ò x x= ¶ - - ¶ ¶m m mn
n

-
D e F rd i , 9r p

p
1 2

1 2
ˆ ˆ ( ) ( )

ò x x x= - - ¶ ¶m m mn
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In order to obtain computational feasible equations of motion,
we take the vacuum expectation value of equations (7) and
(8). At this point, we introduce a mean-field (Hartree)
approximation

áF Fñ »mn mnF r F r . 11∣ ˆ ( )∣ ( ) ( )

The electromagnetic field strength tensor mnF̂ is treated as a
C-number valued function Fμ ν. This approximation becomes
apparent when we consider terms of the form
á ñmnF r r s,ˆ ( ) ˆ ( ) , which can be expressed as

áF Fñ » áF Fñmn mnF r r s F r r s, , . 12∣ ˆ ( ) ˆ ( )∣ ( ) ∣ ˆ ( )∣ ( ) 

Consequently, equations (7) and (8) are transformed into
equations of motion for the covariant Wigner function

= áF Fñ r p r p, , . 13( ) ∣ ˆ ( )∣ ( )

For the convenience of numerical calculations, we decompose
the Wigner function using a complete basis set
 g g g g s g gm m mn m n, , , , ,5 5

i

2
{ ≕ [ ]} into 16 covariant Wigner
components

 g g g g s= + + + +m
m

m
m

mn
mn     1

4
i , 145 5( ) ( )

where , , m , m and mn denote scalar, pseudoscalar,
vector, axial vector, and tensor, respectively. Since we are
dealing with e−e+ pair production, and we want to describe it
as an initial value problem, the equal-time Wigner function
can be obtained by taking the energy average of the covariant
Wigner function

 ò p
= x p t

p
r p, ,

d

2
, . 150( ) ( ) ( )

Combining the above, we eventually obtain a partial
differential equations system for the 16 equal-time Wigner
function as

 P- =D 2 0, 16t · ( )

  P+ = -D m2 2 , 17t 0· ( )

 + =DD 0, 18t 0 · ( )

  + =DD m2 , 19t 0 · ( )

   P+ + ´ = -DD m2 2 , 20t 0 ( )

  P+ + ´ =DD 2 0, 21t 0 ( )

     P+ ´ + =DD m2 2 , 22t ( )

    P- ´ - =DD 2 0, 23t ( )

where   = e2 i
i

0 and   = eijk
jk

i . The pseudodifferential
operators are given by

ò x x = ¶ + +E xD e td i , , 24t t p p( ) · ( )

ò x x  = + + ´D B xe td i , , 25x p p( ) ( )

ò xx xP  = - + ´p B xe ti d i , . 26p p( ) ( )

For a (1+1)-dimensional electromagnetic field with vanishing
magnetic field Aμ(r, t)= (0, 0, 0, −Ax(x, t)/c) where Ex(x, t)=
−∂Ax(x, t)/(c∂t), the equation (14) can be reduced to the fol-
lowing form

 g g= + + m
m   1

4
i . 275( ) ( )

Therefore, the DHW equations of motion in QED1+1 are
described as

 - =D p2 0, 28t x ( )

 + ¶ =D 0, 29t x x0 ( )

  + ¶ = -D m2 , 30t x x 0 ( )

  + =D p m2 2 , 31t x x ( )
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-
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1 2

1 2

x x
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The corresponding vacuum initial conditions are

 = -
W

= -
W

m p2
,

2
, 33x

vac vac ( )

where Ω represents the one-particle energy, which can be

expressed as W = +p mx
2 2 . By subtracting these vacuum

terms, the modified Wigner component can be written as

  = -x p t x p t p, , , , , 34k
v

x k x k xvac( ) ( ) ( ) ( )

here k is the Wigner component in equations (28)–(31) (with
the correspondence:  =0 ,  =1 0,  = x2 and  =3 ).
The k vac denotes the corresponding vacuum initial condition in
equation (33). The particle number density in the phase space
can be expressed as

 
=

+
W

n x p t
m x p t p x p t

p
, ,

, , , ,
. 35x

v
x x x

v
x

x

( )
( ) ( )

( )
( )

We can obtain the momentum distribution function via inte-
grating equation (35) with respect to x,

ò=n p t x n x p t, d , , . 36x x( ) ( ) ( )

Consequently, the total particle yield of the whole phase space
can be written as

ò=N t x p n x p td d , , . 37x x( ) ( ) ( )
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Moreover, in order to extract the nontrivial effect of spatial
scale λ, we calculate the reduced quantities

lºn p t n p t, ,x x¯ ( ) ( ) and l ¥ º  ¥N t N t¯ ( ) ( ) .

2.1. Model for the external field

We investigate pair production in (1+1)-dimensional spatially
inhomogeneous electric field with sinusoidal phase modula-
tion, where the field model can be described as [35]

l t
w w

=

= - - +⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

E x t E f x g t

E
x t

t b t

,

exp
2

exp
2

cos sin ,

38
m

0

0

2

2

2

2

( ) ( ) ( )

( ( ))
( )

where E0 denotes the field strength, λ is the spatial scale, τ
is the pulse duration, ω represents the central frequency, b
and ωm are the amplitude and frequency of the phase
modulation, respectively. The nonzero modulated fre-
quency ωm and modulated amplitude b lead to the time-
dependent effective frequency w w w w= +t b tcosm meff ( ) ( ).
In order to keep the modulation within a reasonable range,
we set w w awb tcosm m∣ ( )∣ with 0< α< 1. Because of
w w w=b t bcosm m mmax∣ ( )∣ , the inequality bωm� αω can be

derived. We can further obtain the relationship b� αω/ωm,
which also indicates that the upper and lower limits of the
modulated amplitude can be obtained. Without losing the
generality, we select the regime of 0� α� 0.9 and the
modulated frequency ωm≈ (1/5∼ 1/10)ω, meanwhile, it is
noted that when we choose the maximum modulated
amplitude, the minimum modulated frequency is con-
sidered, i.e., ωm= ω/10. In our numerical study, the field

parameters are set as E0= 0.3Ecr, ω= 0.5, τ= 100, there-
fore the corresponding maximum values of modulated
amplitude and frequency can be selected as b= 0.9ω/
ωm= 9 and ωm= ω/5= 0.1, respectively.

The external field in equation (38) is considered as the
simplified model for the colliding laser pulses in the standing
wave profile with finite extension. Moreover, since particles
are mainly created along the electric field direction, by
ignoring the particle motion orthogonal to the dominant
electric field direction, the system is reduced to the (1+1)
dimension [37, 38, 40].

3. Numerical results

In this section, we investigate the effects of sinusoidal phase
modulation on the momentum spectrum and the reduced
particle number of the created particles in an inhomogeneous
field. The field parameters are set as E0= 0.3Ecr, ω= 0.5,
τ= 100, which corresponds to the multiphoton-dominant pair
production process.

3.1. Momentum spectrum

We first study the influence of the modulated amplitude and
frequency on the momentum spectrum for various spatial
scales, respectively.

3.1.1. Modulated amplitude. When the modulated frequency
is fixed ωm= 0.1ω= 0.05, the momentum spectrum for
different spatial scales with various modulated amplitude

Figure 1. Reduced momentum spectrum for various modulated amplitude values in an electric field (38) with different spatial scales when the
modulated frequency is ωm = 0.05. The modulated amplitude values are b= 0, 3, 6 and 9, respectively. Other field parameters are
E0 = 0.3Ecr, ω= 0.5, τ= 100.
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b is shown in figure 1. At the large spatial scale λ= 1000,
when b= 0, we find that the momentum peak presents good
monotonicity and the momentum spectrum is symmetrical, as
shown in figure 1(a). Since in the quasihomogeneous limit,
i.e., λ= 1000, the electric field model proposed in
equation (38) can be written as an even function with only
time dependence, i.e., E(x, t)≈ E(t)= E(−t), which leads to
the symmetry of the momentum spectrum. Actually, this
symmetry is due to the fact that the DHW equations for
getting the momentum distribution function are invariant
under time reversal. Under time reversal, the time t, and the
momentum px change sign, the x does not change sign.
Because W - = - + = Wp p m px x x

2 2( ) ( ) ( ), we can know
from equation (33) that  = - -x p t x p t, , , ,v

x
v

x( ) ( ) and
 = - - -x p t x p t, , , ,v

x
v

x1 1( ) ( ). At the same time, the odd/
even property of other physical quantities that affect the
momentum distribution function can be obtained by
equations (32) and (28)–(31) as shown in table 1. Finally, it
is found that the form of the DHW equations stays invariant
under time reversal, which ensures the symmetry of the
momentum spectrum.

For small modulated amplitude, the momentum spectrum
is approximately symmetrical and presents an obvious
oscillation, as shown in figure 1(b). Since the effective
frequency of the external field w w w w= +t b tcosm meff ( ) ( )
increases significantly with the modulation amplitude, result-
ing in the enhancement of oscillation. It implies that there is a
remarkable interference effect on the momentum spectrum.
Meanwhile, the interference effect can be qualitatively
understood by the semiclassical Wentzel-Kramers-Brillouin
(WKB) approach [45–48], i.e., the greater the pair number of
turning points closest to the real t axis, the stronger the
interference effect [26, 35, 49]. For large modulated
amplitude, one can see the strong oscillations on the
momentum spectrum and the merger of the two dominant
peaks in figures 1(c) and (d), which indicates that the
monotonicity of the momentum peak becomes weaker.
Moreover, the symmetry of the momentum spectra is severely
destroyed. Since when the modulated amplitude is large, the
electric field exhibits high amplitude so that the degree of
spatial quasihomogeneous is reduced, i.e., the validity of
E(x, t)≈ E(t) is being lost more and more, which results in the
symmetry of the momentum spectrum being destroyed.

When the spatial scale decreases to λ= 10, for b= 0, the
momentum spectrum has no obvious oscillation but is
approximately symmetrical, while for small modulation
amplitude, this symmetry is destroyed, as shown in
figures 1(a) and (b). Because the finite spatial scale of the
electric field prevents particle production from being
dominated by the temporal pulse structure, there is asymmetry
in the momentum spectrum. For large modulated amplitude,

we can observe that the momentum spectra exhibit strong
oscillations and obvious asymmetry in figures 1(c) and (d),
meanwhile, the momentum distribution range is broadened.
Since the finite laser pulse seems to prevent the coherent
superposition of the particle trajectory, and the corresponding
interference pattern is disturbed, there is a broadening of the
momentum distribution.

At the extremely small spatial scale λ= 2.5, when b= 0,
the weak oscillation occurs on the momentum spectrum,
meanwhile, an approximate symmetry can be observed, as
shown in figure 1(a). The influence of the electric field
focusing on the small spatial scale is so small that
equation (32) can be written as Dt≈∂t. At the same time, it
is found that the odd/even property of physical quantities that
affect the momentum spectrum under time reversal is the
same as those in table 1. Therefore, the form of the DHW
equations still stays invariant, which leads to an approximate
symmetry of the momentum spectrum. With increasing
modulated amplitude, one can see that the symmetry is
gradually destroyed because the validity of Dt≈∂t is being
lost more and more. On the other hand, however, obvious
oscillations appear in the momentum spectra, as shown in
figures 1(b), (c), and (d).

In order to compare with the results that we obtained by
DHW formalism, the trajectory-based semiclassical analysis
approach [36, 38, 41] and the LDA method are introduced
[31, 37, 42]. Since we are primarily interested in the
momentum spectrum when the field is turned off, the
interaction between the field and particles needs to be
considered. The simplest way to achieve this description is
to employ a single-trajectory formalism, where electrons/
positrons are considered as semiclassical pointlike particles,
which follow the classical path [36]. To exclude any kind of
interaction between the created particles, these trajectories can
be tracked and evaluated. Based on the works in
[36, 39, 50, 51], the semiclassical formalism can be written as

g
¶
¶

=
x

t

p t

t
, 39x ( )

( )
( )

l

t
w w

¶
¶

= = -

´ - +

⎜ ⎟

⎜ ⎟

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

p

t
eE t x t eE

x

t
t b t

, exp
2

exp
2

cos sin , 40

x

m

0

2

2

2

2

( ( ))

( ( )) ( )

with the Lorentz factor g = +t p1 x
2( ) . It is well known

that the momentum has obvious temporal dependence
px(t)= A(t0)− A(t), so we bring initial momentum px,0 into
the Lorentz force equation, and the momentum at final times
px,f can be obtained by time evolution. Table 2 shows the
typical trajectory analyses of particles with different initial
momentums. Note that for the convenience of the study, these

Table 1. The odd/even property, i.e., −/+ sign presentation, of the physical quantity under time reversal.

physical quantity (t, px, x, Ω, E) ¶ ¶ ¶ D, , ,t p x tx
( )    , , ,1 0( )

−/+ (−, − , + , + , + ) (−, − , + , − ) (+, − , + , + )
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initial momentums are selected to the momentum values
corresponding to the dominant peaks in figures 1(a) and (b). It
is found that the results obtained by the trajectory-based
semiclassical analysis are almost consistent with those
obtained by the DHW calculation.

On the other hand, we investigate the momentum spectra
in figures 1(a) and (b) by employing the LDA method and
compare them with the results obtained from the DHW
formalism, as shown in figure 2. The red dashed line
represents the result of the LDA. The main idea of this
method is that when the spatial variation scale of the electric
field is much larger than the Compton wavelength λ? λC,
one can locally describe the pair production at any point x
independently, which can be considered as occurring in a
spatially homogeneous field E(t) with field strength E0f (x)
[37, 42]. Therefore, the reduced momentum spectrum of
created particles can be calculated by summing results for
homogeneous field with different field strengths [31]:

å l
 ¥ =

 ¥
n p t

n x p t
,

,
, 41

x

˜( ) ( ( )∣ ) ( )

where n(ò(x)|p, t→∞ ) represents the momentum distribu-
tion for the spatially homogeneous field E(t) with field

strength = -
l

x E exp x
0 2

2

2( )( ) . It is noticed that the LDA

method is suitable for the study of pair production at large
spatial scales λ. Therefore, in figure 2, we select the results of
λ= 1000 to compare and find that the results of the LDA are
in good agreement with those of DHW calculation for b= 0
and b= 3.

3.1.2. Modulated frequency. When the modulated amplitude
is fixed as b= 0.1ω/ωm= 1, the momentum spectrum for
different spatial scales with various modulated frequency ωm

is displayed in figure 3. It is noted that the results for ωm= 0
are the same as those for b= 0 in figure 1(a), which both
indicate that the electric field is not modulated. At the large
spatial scale λ= 1000, weak oscillations can be observed
even for small modulated frequency, as shown in figures 3(a)
and (b), which may be viewed as the interference effect

between the created particles. Compared with the case of
ωm= 0, the maximum peak values of the momentum spectra
are increased by about 5 times. For large modulated
frequency, one can see that strong oscillations appear, while
the maximum peak values of the momentum spectra gradually
decrease compared to the case of small modulation frequency,
as shown in figures 3(c) and (d). This is confirmed by the
corresponding frequency spectrum as illustrated in figure 4.
On the other hand, compared with figure 1, it is found that the
momentum spectrum in figure 3 has a good symmetry as the
modulation frequency increases, while in figure 1, the
symmetry of the spectrum is severely destroyed when the
modulation amplitude becomes large. This indicates that the
momentum spectrum is more sensitive to the modulated
amplitude.

In order to see more clearly the variation of the maximum
peak value of the momentum spectrum for different
modulation frequencies in figure 3, we select the typical
frequency spectra for ωm= 0 (b= 0), 0.07 and 0.1 to investigate,
as shown in figure 4. Since in the quasihomogeneous limit, we
can take the Fourier transform of the time dependence field

w w= - +
t

E t E t b texp cos sint
m0 2

2

2( )( ) ( ( )), and obtain the

corresponding frequency spectral structure. It is found that for
ωm= 0, only one dominant frequency occurs on the Fourier
spectrum, see figure 4(a), while for ωm= 0.07 and 0.1, there
are not only one primary frequency but also two pairs of
symmetrical subfrequencies on the spectra, see figures 4(b) and
(c), which provide a great contribution to the external field
frequency and lead to more energy to produce more particles.
Particularly, the frequency spectrum structure consisting of
combinations of ω1, ω2 and ω3 and the spectrum structure
consisting of combinations of ω4, ω5 and ω6 can play a
dynamically assisted role, which can significantly enhance the
number of created particles. Therefore, we observed the
maximum peak values of the momentum spectra in
figures 3(b) and (d) are rapidly increased compared to the case of
ωm= 0 in figure 1(a). It is noticed that for ωm= 0.1, the
frequency spectrum structure is similar to the case of ωm= 0.07,
and the difference is that the distance between each frequency
component becomes further, see figure 4(c), which results in the
decrease of the created particle number. Therefore, the maximum
peak values of the momentum spectrum in figure 3(d) are
smaller than the maximum peak values in figure 3(b). This is
similar to the effect of time delay on the number of created
particles. Previous studies have shown that a certain time delay
reduces the number of created particles in the time delay external
field [19].

In addition, we can use photon absorption to quantita-
tively understand the interference pattern of the typical
momentum spectrum in figure 3. In the quasihomogeneous
limit, the effective mass of a particle can be written as [38, 52]

w
» +m m

E m
1

2
. 420

2 2

2* ( )

According to the definition of the total energy of the created

Table 2. Trajectory analysis of particles within a spatially
inhomogeneous electric field. The results are obtained by solving the
relativistic Lorentz force equation for particles seeded at t0 = 0,
x0 = 0 in a field of E0 = 0.3Ecr, ω= 0.5, τ= 100 and spatial scale λ.
The initial momentum px,0 as well as spatial scale λ have been
varied. Note that the upper part of table shows the results for b= 0,
the lower part of table shows the results for b= 3. The final
momenta px,f are obtained at asymptotic times. For comparison we
provide the results by the DHW calculation pDHW.

λ[m−1] px,0[m] px,f[m] pDHW[m]

1000 0.664 0.664 0.664
10 0.664 0.756 0.757
2.5 0.664 0.968 1.035

1000 0.249 0.249 0.249
10 0.249 0.469 0.464
2.5 0.249 0.399 0.391

6

Commun. Theor. Phys. 75 (2023) 025102 L-N Hu et al



particle, the total energy can be expressed as [38, 52]

w= + =E m p n2 . 43p
2 2
* ( )

The total energy E1, E2, ..., E6 corresponding to the
momentum peaks at p1, p2, ..., p6 can be calculated by
equation (43). For instance, in figure 3(b), when p1= 0.288,
p2= 0.405 and p3= 0.581, we can obtain the corresponding
total energy as E1= 2.25≈ 4ω2, E2= 2.32≈ 3ω2+ ω3 and
E3= 2.46≈ 5ω1, respectively. Therefore, we know that the
momentum peaks at p1, p2, and p3 correspond to 4-, 4- and
5-photon pair production. And the number of created particles
by 4-photon absorption is much greater than that by 5-photon
absorption. Meanwhile, it is found that E2− E1= 0.07= ωm

and E3− E1= 0.14= 2ωm, correspond to the frequency
spectral structure in figure 4(b). For figure 3(d), when
p4= 0.244, p5= 0.405 and p6= 0.547, the corresponding

total energy E4= 2.2≈ 3ω4+ ω6, E5= 2.3≈ 3ω5+ ω6 and
E6= 2.4≈ 5ω4 are obtained according to equation (43). The
momentum peaks at p4, p5, and p6 are related to 4-, 4-, and
5-photon absorption. We also find that E5− E4= 0.1= ωm

and E6− E4= 0.2= 2ωm, which correspond to the frequency
spectral structure in figure 4(c).

When the spatial scale reduces to λ= 10 and λ= 2.5, for
small modulated frequency, there are no oscillations, but we
can see that the momentum spectra present approximate
symmetry, see figures 3(a) and (b). For large modulated
frequency, we observe weak oscillations but the symmetry of
the momentum spectrum is destroyed, as shown in
figures 3(c) and (d). Moreover, there are some different
phenomena on the momentum spectrum at λ= 10 and
λ= 2.5. For λ= 10, compared to the case of λ= 1000, the
dominant peaks of all the momentum spectra in figure 3 are

Figure 2. The momentum spectra of created particles with different modulated amplitude values calculated by DHW formalism and LDA for
λ= 1000. Panel(a): The plot is for modulated amplitude b= 0. Panel(b): The plot is for modulated amplitude b= 3. Other field parameters
are E0 = 0.3Ecr, ω= 0.5, τ= 100.

Figure 3. Reduced momentum spectrum for various modulated frequency values in electric field (38) with different spatial scales when
modulated amplitude is b= 1. The modulated frequency values are ωm = 0.05, 0.07, 0.08 and 0.1, respectively. Other field parameters are the
same as in figure 1.
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shifted to the direction of large momentum, which can be
explained by ponderomotive force [38]. Since the ponder-
omotive force is inversely proportional to the size of the
spatial scale, i.e., the smaller the spatial scale, the stronger the
ponderomotive force. Therefore, the dominant peaks of the
momentum spectra at spatial scale λ= 10 are further pushed
away from the center compared with the case of λ= 1000.
For λ= 2.5, compared to the case of λ= 10, the momentum
peaks are not pushed away from the center in figure 3. The
highly inhomogeneous oscillation caused by the increase in

modulation frequency decreases the corresponding effect of
the ponderomotive force, which results in particles not being
pushed into the regions of low field strength.

3.2. Reduced particle number

In this subsection, we study the effect of modulation para-
meters on the reduced particle number for various spatial
scales, in different cases, such as modulating only in ampl-
itude, modulating only in frequency, and modulating in both
amplitude and frequency.

Figure 4. The frequency spectrum structure of time-dependentfield with different modulated frequency values (a) ωm = 0, (b) ωm = 0.07 and
(c) ωm = 0.1. Some typical values of frequency peaks are labeled on the panels. Other field parameters are E0 = 0.3Ecr, ω= 0.5,
τ= 100, b= 1.

Figure 5. Reduced particle number dependence on spatial scales for different modulated frequency and amplitude parameters in electric field
(38). Panel (a): The plot is for the change of modulated amplitude with ωm = 0.05. Panel (b): The plot is for the change of modulated
frequency with b= 1. Other field parameters are the same as in figure 1.
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Figures 5(a) and (b) show the reduced particle number
dependence on spatial scales for various modulated amplitude
and frequency, respectively. It can be seen that when the
spatial scale is fixed, the reduced particle number is sig-
nificantly enhanced for various modulated amplitudes and
frequencies. At large spatial scales, compared to the case of
an electric field without modulation, the particle number is
rapidly increased at about one order of magnitude by either
the large modulated amplitude or small modulated frequency,
as shown in figure 5. At small spatial scales, the enhancement
of the particle number for various modulated amplitude and
frequency is different. With increasing modulated amplitude,
the particle number can be increased at about one order of
magnitude, as shown in figure 5(a), while for modulated
frequency, it is enhanced about 5 times, as shown in
figure 5(b). Therefore, it indicates that the change of modu-
lated amplitude is beneficial for pair production. Meanwhile,
when the spatial scale is small, the particle number enhances
rapidly with the spatial scale for small modulation amplitude,
while it does not increase significantly for large modulation
amplitude, as shown in figure 5(a). When the modulated
amplitude is large, the particle production process is domi-
nated by multiphoton absorption that is less influenced by the
spatial scale.

When the modulation parameters (either the modulated
amplitude or frequency) are fixed, with increasing spatial
scale, the reduced particle number is rapidly increased at
small spatial scales, while it tends to be a constant at large
spatial scales. At small spatial scales, the electric field
strength increases with the increase of the spatial scale, which
results in more particles being created in the whole electric
field region. It is noted that for certain modulated frequencies
ωm= 0.07 and ωm= 0.1, the reduced particle number appears
as an obvious nonlinear variation as spatial scale increases,
i.e., there is a transition point at λ= 7, and the left and right
sides of the transition point at λ= 7 correspond to λ= 5 and
9, respectively. It suggests that the reduced particle number is
more sensitive to the modulation frequency than the mod-
ulation amplitude. Meanwhile, we can give some discussions

on the transition point at λ= 7 employing the position dis-
tribution corresponding to λ= 5, 7, and 9, as shown in
figure 6. It can be seen from figure 6(a), for ωm= 0.07, the
largest peak and the broadest distribution are at λ= 7 in the
position distribution, compared with the case of λ= 5 and 9.
It indicates that more particles can be created in the position
space when λ= 7. For ωm= 0.1, the phenomenon and dis-
cussion of figure 6(b) are similar to the case of figure 6(a).

Previous studies also have shown that, based on the
relationship between the effective action and e−e+ pair pro-
duction, for a purely time-dependent electric field, the faster
the field changes (corresponding to a large frequency ω), the
higher the pair production rate [53, 54]. In contrast, for a
purely space-dependent electric field, the faster the field
changes (corresponding to a small spatial scale λ), the lower
the pair production rate[53]. Now it is noted that our electric
field model equation(38) is composed of the space and time
dependence, and we find that when ωm= 0.07 or ωm= 0.1,
the variation of particle number with spatial scales is non-
monotonic, as shown in figure 5(b). Since there is a delicate
interaction between photon energy and field focusing
[36, 38, 43] there is nonlinear variation in the pair production
process. This is particularly interesting if our goal is to opt-
imize the particle number within a given range of laser
parameters. It can achieve a small total energy input by the
laser but the number of created particles is large.

In order to study the effect of modulated frequency and
amplitude on the reduced particle number more comprehen-
sively, we present the contour plot, as shown in figure 7. Due
to limited computational resources, we select an intermediate
spatial scale λ= 100 for research, meanwhile, two significant
features are revealed for the reduced particle number. One is
that the same particle number can be achieved through dif-
ferent sets of modulation parameters. The other is that the
reduced particle number is very sensitive to the modulation
parameters, and the particle number from region I to region
IV shows an obvious nonlinear variation, i.e., it goes from
small to large and then from small to large. The reasons are as
follows.

Figure 6. The position distribution for various spatial scales in electric field (38) with different modulated frequency values. The values are
ωm = 0.07 for (a) and ωm = 0.1 for (b), respectively. Other field parameters are the same as in figure 5(b).
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From figure 7, one can see that the four regions (I, II, III,
IV) are divided by three typical curves, where these curves
represent b= 0.06ω/ωm, b= 0.18ω/ωm and b= 0.36ω/ωm,
respectively. It is noticed that there is an obvious hyperbolic
relationship between modulated amplitude b and modulated
frequency ωm. The maximum effective frequency w =effmax

w w+ =b 0.53m corresponds to the curve b= 0.06ω/ωm,
which is related to the 4-photon absorption process. The
w = 0.59effmax

corresponds to the curve b= 0.18ω/ωm, which
also corresponds to 4-photon absorption. However, the
w = 0.68effmax

corresponds to the curve b= 0.36ω/ωm, which
is related to the 3-photon absorption process. Therefore, the
pair production processes in regions I, II, and III correspond
to 4-photon absorption, while it is related to 3-photon
absorption in regions IV. It is well known that the number of
created particles by 3-photon absorption is much greater than
that by 4-photon absorption, thus the reduced particle number
is significantly enhanced in regions IV. However, for regions
I, II, and III, there should not be much difference in the
corresponding number of created particles, since the pair
production processes all belong to 4-photon absorption, but
the particle number in regions II is larger with respect to the
regions I and III. This result is very interesting, though it is
counterintuitive, but can be understood by the frequency
spectrum structure in figure 8.

To facilitate understanding of this counterintuitive result,
we select the four typical points A, B, C, and D of regions I,
II, III, and IV in figure 7, respectively, and give the frequency
spectrum structures corresponding to these points, as shown
in figure 8. It can be seen from figure 8(a), there is only one
primary frequency ω= 0.5 on the frequency spectrum, while
in figure 8(b), in addition to the primary frequency, two
secondary frequencies appear in the spectral structure and the
amplitude of the spectrum is almost the same as the case of
figure 8(a), but the primary frequency is increased to
ω= 0.545. Therefore, the particle number corresponding to
point B is larger than that of point A, as shown in table 3.
Meanwhile, from figure 8(c), it is found that there are more
frequency components on the spectral structure, and the

dominant frequency is increased to ω= 0.635, but the ampl-
itude is reduced by almost half compared to the case of
figure 8(b). Since in figures 8(b) and (c), the corresponding
dominant frequencies are ω= 0.545 and ω= 0.635, respec-
tively, the pair production process is related to 4-photon
absorption. But the amplitude is significantly reduced in
figure 8(c), which leads to a rapid decrease in the electric field
strength. Therefore, the particle number corresponding to
point B is significantly larger than that of point C, as shown in
table 3. While in figure 8(d), we observe that there are many
frequency components on the frequency spectrum, and the
dominant frequency is increased to near the ω= 0.7, which
means the pair production process is related to 3-photon
absorption. Therefore, the particle number corresponding to
point D is larger than that of A, B, and C, as shown in table 3.

To study whether there are optimal modulation para-
meters for e−e+ pair production in a spatial inhomogeneous
field with sinusoidal phase modulation, we further explore the
variation of the reduced particle number in the following two
cases at spatial scale λ= 100, as shown in figure 9(a). One
case is that the electric field does not have any modulation,
only the central frequency ω. The other case is that the electric
field has both central frequency and modulation, where the
central frequency is ω= 0.5, and the modulation is that the
modulated frequency is fixed ωm= 0.01, but the modulated
amplitude b changes. It is found that the trends of the results
in the above two cases are almost identical. In the second
case, we perform the Fourier transform of the time-dependent
electric field and regard the frequency with the largest
amplitude on the frequency spectrum as the original center
frequency of the electric field without modulation, which
makes the trends almost identical. Moreover, in the first case,
it is found that the reduced particle number is extremely
sensitive to the central frequency of the external field and
presents an obvious nonlinear variation. In particular, when
the central frequency is ω= 0.69, the particle number reaches
the maximum value, i.e., =N 0.1331¯ , and it is significantly
enhanced by more than two orders of magnitude compared to
the case without modulation, i.e., ω= 0.5. In the second case,
we can also observe the sensitivity of the reduced particle
number to the modulated amplitude and find that when
modulated frequency ωm= 0.01 and modulated amplitude
b= 20.7, the reduced particle number reaches the maximum
value, i,e., =N 0.1367¯ , which is almost the same as the
maximum value in the first case.

Figure 9(b) shows the change in the ratio of the reduced
particle number in the above two cases and the particle number
under the electric field without modulation. In the first case, one
can see that when the central frequency of the external field is
ω= 0.69, the ratio reaches the maximum value, i.e.,

w= = = »N b N b0 0.5, 0 211¯ ( ) ¯ ( ) , while in the second
case, when modulated frequency ωm= 0.01 and modulated
amplitude b= 20.7, the maximum value of the ratio is

w w= = = »N N b0.01 0.5, 0 217m¯ ( ) ¯ ( ) . It indicates that in
the two cases, the reduced particle numbers are significantly
enhanced about 200 times compared to the case without mod-
ulation, i.e., ω= 0.5. Therefore, we can obtain that ω= 0.69 is
the optimal value of the central frequency of the external field to

Figure 7. Contour plots of the reduced particle number versus the
modulated frequency and amplitude at spatial scale λ= 100. Other
field parameters are E0 = 0.3Ecr, ω= 0.5, τ= 100. Note that the
blank area separated by the purple solid line is beyond the
modulation range of α= bωm/ω< 1.
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get the largest reduced particle number, meanwhile, ωm= 0.01
and b= 20.7 are the optimal values of the modulated frequency
and the modulated amplitude to get the largest reduced particle
number.

4. Conclusion and outlook

In summary, with the DHW formalism, we have investigated
the sinusoidal phase modulation effects on the momentum
spectrum and the reduced particle number in inhomogeneous
fields. The effect of the spatial scale of the external field on
the pair production is further examined. Meanwhile, some
typical interference patterns of momentum spectra are quan-
titatively analyzed by bridging momentum peaks and the
corresponding frequency spectra. Moreover, we compared
some typical numerical results obtained by the DHW
formalism with those obtained by the trajectory-based

semiclassical analysis method and the LDA method. It is
found that they are in good agreement.

For the momentum spectrum, a significant interference
effect occurs with the increase of either modulated amplitude or
frequency. Moreover, the larger amplitude modulation leads to
an asymmetry of the momentum spectrum, while the frequency
modulation keeps a good symmetry of the momentum spectrum.

For the reduced particle number, it is significantly
enhanced by the variation of modulation parameters for dif-
ferent spatial scales. At small spatial scales, compared with
the case without modulation, the particle number is enhanced
by more than one order of magnitude with modulated ampl-
itude, while it is increased about 5 times with modulated
frequency. At large spatial scales, the particle number is
increased by more than one order of magnitude with mod-
ulation parameters. When modulation parameters are fixed,
the reduced particle number increases rapidly with the
increase of spatial scale at small spatial scales, while it tends
to be a constant at large spatial scales.

Importantly, it is found that the particle number at small
spatial scales is larger than that in the case of large spatial
scales when modulation parameters are fixed (ωm= 0.07 and
0.1). It indicates that the total energy input by the laser is
small, but the number of created particles is large. Therefore,
our electric field model provides a possibility to achieve high
efficiency e−e+ pair production. Moreover, it is found that for
an obtained particle number, it can be achieved by different
sets of modulation parameters when spatial scales are fixed.

Figure 8. The frequency spectrum structure for different points A, B, C and D marked in figure 7. The corresponding modulation parameters
are (a) ωm = 0, (b) ωm = 0.005, (c) ωm = 0.015 and (d) ωm = 0.025 with b= 9. Other field parameters are E0 = 0.3Ecr, ω= 0.5, τ= 100.

Table 3. The reduced particle number for the points marked in
figure 7 with different modulation regions.

Modulation region
Modulation para-
meters (ωm, b)

Reduced particle
number

I A(0, 9) 6.30× 10−4

II B(0.005, 9) 3.42× 10−2

III C(0.015, 9) 1.99× 10−3

IV D(0.025, 9) 4.54× 10−2
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This is important since it can provide more freedom in
parameter selection for pair production. Therefore, by com-
bining the above two effects of the spatial scale in inhomo-
geneity of the fields and the different ways of modulation, we
can effectively achieve the optimal pair production with the
more flexible parameter selection.

Our study indicates that the sinusoidal phase modulation
would play a crucial role in e−e+ pair production under spatially
inhomogeneous electric fields, meanwhile, it also provides a
possibility of broader parameter ranges for realizing the optimal
pair production. While we have only considered e−e+ pair
production in a single field, it is believed that the presented
scheme about the phase modulation can be extended to the case
of multiple fields, in which the dynamically assisted effect is
included.
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