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Abstract
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A new high-dimensional two-place Alice-Bob-Kadomtsev—Petviashvili (AB-KP) equation is
proposed by applying the Alice-Bob-Bob—Alice principle and shifted-parity, delayed time
reversal, charge conjugation BT,6) principle to the usual KP equation. Based on the dependent
variable transformation, the bilinear form of the AB-KP system is constructed. Explicit
trigonometric-hyperbolic, rational and rational-hyperbolic solutions are presented by taking
advantage of the Hirota bilinear method. The obtained breather, lump, and interaction solutions
enrich the solution structure of nonlocal nonlinear systems. The three-dimensional graphs of
these nonlinear wave solutions are demonstrated by choosing the specific parameters.

Keywords: AB-KP equation, bilinear method, breather solution, lump solution, interaction

solution

(Some figures may appear in colour only in the online journal)

1. Introduction

The pioneering application of the Korteweg—de Vries (KdV)
formula for the propagation velocity of a soliton to two
problems by John Scott and Russell, the discovery by
Boussinesq, Korteweg, and de Vries of the first formulation
of model equations to describe a soliton stand as two of the
most important developments in modern nonlinear science.
As a prototypical completely integrable system, the KdV
equation has had a tremendous impact on many active fields
of pure mathematics, physical sciences, and the fields in
between [1, 2]. The KdV equation also has important appli-
cations in other famous integrable equations, including the
nonlinear Schrodinger equation (NLS) and the sine-Gordon
equation (SG) [3, 4].

Applications for these celebrated integrable systems
include nonlinear optics in Kerr media, condensed matter
physics, fluid mechanics, semiconductor physics, electro-
magnetics, laser physics, hydrodynamics, lattice dyna-
mics and plasma physics [5—11]. There are also many
continuous and discrete integrable evolution partial

0253-6102/23,/075007+08$33.00

differential equations (PDEs) that are physically significant
and apply to a plethora of situations. Recently, a novel
integrable nonlinear evolution PDE, namely, the nonlocal
NLS equation, was discovered from the reduction of the
Ablowitz—Kaup—Newell-Segue (AKNS) hierarchy [12]. Soon
afterwards, other types of integrable nonlocal evolution PDEs
have been constructed, such as integrable nonlocal KdV type
equations, nonlocal Sine/Sinh-Gordon equations, and couple
nonlocal NLS equations [13—15]. Enlightened by these find-
ings, there is great interest in the field of integrable nonlocal
parity-time (PT) symmetric systems in mathematical physics
societies. A profusion of other unusual properties has also
been reported in integrable nonlocal PT-symmetric systems.
Meanwhile, there are other intrinsic properties in physics,
such as charge conjugation (C), shifted parity (P) and delayed
time reversal (1) and their cross combinations, such as PC,
ﬁf, é@, and f;f"d, that can be employed to model two or
more place physical problems. These systems are called
Alice-Bob (AB) systems submitted to the AB-BA (Alice—
Bob-Bob-Alice) principle and the I%fzié principle [16, 17].
To obtain concrete results, various systematic machineries
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have been proposed to construct explicit solutions for non-
local nonlinear PDEs. For example, the inverse scattering
transform method, the Hirota bilinear method, the Riemann-
Hilbert approach, the variable separation method, the Béck-
lund transformation method, and the symmetry reduction
method. These methods have been widely sharpened in the
last few years, e.g., see [18-30] and the references therein.
Since most of the nonlinear PDEs of physically significant are
written in high dimensions, whether these equations can be
integrated is a question of fundamental importance. Shi et al
obtained mixed lump-soliton solutions for the extended high-
dimensional Nizhnik-Novikov-Veselov equation using the
Hirota bilinear method [31]. Wei et al derived soliton mole-
cules and multi-breather solutions for the high-dimensional
Korteweg—de Vries—Sawada—Kotera—Ramani equation [32].

In this work, the construction problem of coherent
structures to a high-dimensional, nonlocal, and nonlinear
system, i.e., the high-dimensional Alice—-Bob-Kadomtsev—
Petviashvili (AB-KP) equation, is treated. The considered
system is given by

[A; + B, + 4a(A + B)(Ac + By) + B(Awx + Bu)lx
+0%(Ay + Byy) + 7 (A + B) =0, (1)

where

A:A(x,y,z, 1), B:Ps RYPS @A
:A(ix + X0, —Y + y()’ -+ 20, —t + t0)7

0A
A= —

o etc, v, 3, o and ~y are arbitrary constants. Histori-
cally, the KP equation has received intensive interest and is
one of the best-known integrable multi-dimensional systems.
As a universal model, a wide variety of physically significant
problems arising in very different areas (e.g., plasma physics,
water waves, and internal waves) are described by the KP
equation. Many methods have been proposed for search a-
nalytical solutions of the KP equation, such as the Darboux
transformation method [33], the long wave limit approach
[34], and the Hirota bilinear method [35].

This paper is arranged as follows. In section 2, we first
construct the high-dimensional AB-KP system via AB-BA
and the BT;C principle. The bilinear form of the AB-KP
system is then deduced according to the Hirota method. A
breather solution is obtained with the help of a variable
transformation technique. In section 3, the rational lump
solution to the AB-KP system is obtained by taking the
auxiliary function as a quadratic function. Furthermore, the
interaction between a lump and a pair of solitons of the AB-
KP system is illustrated in section 4. Finally, we give our
conclusions in section 5.

2. Breather solution to the AB-KP equation

The high-dimensional AB-KP equation (1) is established
according to BT, C principles. By substituting the symmetric
u= %(A + B) into the classical high-dimensional KP
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equation
[, + Bamuy + Purels + 0uyy + Y, =0, (2)

we have

[A; + B + 4a(A + B)(Ay + B)) + B(Awx + Bued)ls
+0%(Ayy + Byy) + V*(A; + B) = 0. 3)

equation (3) can be split into the following two equations

[A; + a(A + B)(3A: + By) + BAcls

+0%A,y + VA, + G(A, B) =0, (4a)
[B: + a(A + B)(3B; + A,) + BBuuly
+0°Byy, + v?B.. — G(A, B) = 0, (4b)

where G(A, B) is an arbitrary function of A and B. B is related

to A under the ﬁfd principle, i.e., B:ﬁxﬁfﬁfﬁA:

N
A(—x+x9, — Y+ Yo, —2+ 20, —t+1y), where P and T are
parity transformation and time reversal operators, respec-
tively. It is easy to find that if B is far from A, then the AB-KP
equation is nonlocal. Without loss of generality, G(A, B) is
fixed to zero, then equation (4) can be reduced to the fol-

lowing system

[A; + a(A + B)(3A: + By) + fAc]x

+02Ay)' + 7% =0, (5a)
[Bt + a(A + B)(3Bx + AA) + ﬁBxxx]x
+0?B,y + 7*B,, = 0. (5b)

It is clear that equations 5(a) and (b) are equivalent to the
following equation

[A; + a(A + B)(3A; + By) + [Aw]x
+02A,, + VA, = 0. (©)

Inspired by Bell polynomial theories, we introduce the
dependent variable transformation as follows

A = (Inf)y + a(nf),,
B == (lnf)xx - a(lnf))m

where a is an arbitrary constant. Transformation (7) is an
ordinary Bicklund transformation with @ = 0. By substituting
transformation (7) into equation (5), the bilinear form of the
AB-KP system can be derived as follows

(Ta)
(7b)

(D:D; + D} + 0D} + *DI)(f - f) =0, ®)

where D,D;, Df and D_% are the Hirota bilinear derivative
operators defined by

@ )
D;ngDzw’Dté(f' g = (i - i) (i - i)

ox ox')\oy oy
(2-2)(3)
0z 07 ) \ot of
Xf(-x7 y’ 2, t)g(x/, y,9 Z/7 t/) |x':x,y/:y,z/:Z,t/:t' (9)
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Figure 1. The exhibition of the breather solution with =0, y = 1: (a) solution (15); (b) solution (16).

The bilinear form of the AB-KP system (8) can be rewritten
as follows

fo —Fofy + B — 4 fre + 32

+ o2 (ff, —f) + AP — D) =0. (10)
It is well-known that a class of breather solutions to the
classical KP equation can be obtained via the general tech-
nique. In order to search for breather solutions to the high-
dimensional AB-KP equation, the auxiliary function f can be
written as

f=2by cosh(§) + by cos(n), (11)
where €= bs[ai(x — )+ ar(y — %) +az(z— ) +ast— %0)],
n=bylas@x — D) +ag(y— P +arz— ) +ast— P, ali=
1, ---.,8), bj(j=1, --- ,4) are real valued parameters to be
determined. By substituting the auxiliary function (11) into
equation (10) directly and vanishing the coefficients of the
polynomial of a; and b;, we have deduced the following
constraint equations

1 bybi[—3aiB(aib; + aibi)® + biy*(aa; — azas)® + bio*(aas — aras)’]

Then noticing the variable transformation (7), a breather
solution of the AB-KP system (6) may be expressed as

A? 2 A
A= O a8 (15)
2 al? 2 al r
2 2
B:_ﬁi+ﬁ@_ _ ﬂ’ (16)
2 al? 2 ol I

where A = 2a;b3./b; sinh(¢) — asbybysin(n), T = 2./b;
cosh(§) + brcos(n) and © = 2a12b32\/b—1 cosh(§) — a52b2
b} cos(n).

This kind of breather solution is illustrated in figures 1
and 2 with the choice of parameters a =
as=ag=1, a7:—%, by=—1,by=1,by=2, a=1/10,
B :%, y=0=2I xo=Yo=20=1to= 1. Figure 1 shows the
three-dimensional profiles of the breather solution (15) and

(16) with t=0 and y = 1, respectively, and the density plots
are depicted in figure 2.

1
2 ay=day=daz=

3. Lump solution

In this section, we will inquire into rational solutions of
the AB-KP system in detail and show that equation (6) has

1= -

a; = a;3(3a2b; — alb})
2 2,2 2,2 2
el (maz by — aja7 by + 2azasarby)
alb} + a2b;

2,2 2.2 )
o*(ajayby — ajaiby + 2azasaghy)

) (13)
afbi + alb}
ag = asf(asbi — 3aiby)
B Y2 (asaibi — asaibi + 2ayazarb3)
albi + alb}
B o2(asalb; — asaibi + 2a1a2a6b32)' (14)

212 212
a1b3 —|—615b4

4 b32[3a12ﬁ(a12b32 + a52b42)2 + b4272(a1a7 — azas)? + b4202(a1a6 — azas)?]

; 12)

a lump solution, decaying in all directions. By applying
the Taylor expansion technique to equation (11) at e=0
with by = 1 + age®, by = — 2, (b3, by) = (¢, €), one obtains
the quadratic auxiliary function f, which can be expressed
as

f=g*+h + ao, (17)
where
X0 Yo
=aq|x——|+a - =
§ 1( 2) 2(y 2)
20 )
+azlz — = | +as|lt — — |, 18
3( 2) 4( 2) (15
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Figure 2. The density plots of the breather solution with =0, y = 1: (a) solution (15); (b) solution (16).

X0 Yo X0 Yo 20
h=as|lx— =]+ ( __) h = (__)+ ( __)_|_ (__)
5( > ) ael y asl x ael y ar| z

+a7(z _ ﬁ) + ag(t _ t_O). (19) " Vlas(as — a7) — 2aazay]
2 2 012 + 6152
By inserting (17) into (10) directly, one can deduce the 02[(15((122 _ %2) — 2ajarag)] f0
following constraint conditions + R ( ) (23)
ai +as
a5 = Vlai(ai — a3) — 2azasa;)]
2 2
, @ jas Analyzing the local properties of (21) where the first
+ o’lai(ag — az) — 2a2asaq)] (20a) derivatives equal to zero yields the maximum amplitude
af + ai
2 2 2y 2 2
P las(as 207) . 2a,a3a7] A = B — 3Gy +as) 24)
aj + das [223783
o*las(a; — ag) — 2a1azae)] 0b . . .
+ a2+ a2 ’ (20b) " Further calculation shows that the lump solution moving
! > with the velocities
3B + a3)’
4= _(a as — ara )ﬂza21 + (asa — azas)?y? (20¢) azag — asa; | azde — dray
146 205 147 3ds)™ V, = + v, (25a)

By virtue of the variable transformation (7), a lump iy —dsds - didy — a3ds

solution of the system (5) can be obtained as follows:

68 (aig + ash)® 38(ai + a3) - -
A= — > > - : 1 - 5 VZ _ agqds ayasg + ajdas aideg Vy, (25b)
a(g” + h* + ao) a(g” + h* + ag) aja; — asdas a\a; — asds
2a2 (g 2+ ash), 21a)
g+ I+ ao and along the path
p_ _ OBg +ash? 38 +a3)
a(g2 + 1?2+ ay)? o[(g2 + h? + ay) _agas — ajag (x B @)
_ 2a(aig + ash) 21b) aszag — asa; 2
g2+ h + ag +a4a6—a2ag(y_ &)4_@’ 26)
where azag — asay 2
g = al(x — %) + az(y — %) + a3(z - %) which is derived from
2 2 _ 2 _ 2
+(’)’ [ai(a; 2“3) - azasa| _a3ag — asap to
ar +ds x_aa—aa t_E
) ) 5 | t 1a7 3d5
I [a1(ag 2‘12 : arasae )(t _ _0), 22) | G385 — daay (y B &) 4+ X (27a)
ai + a; 2 aya; — asas 2 2
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Figure 3. The exhibition of the lump solution (21) with (20) when =0, y = 1: (a) the profile of the lump (21a); (b) the profile of the

lump (215).

-10 -5 0 5 10

(b)

Figure 5. The contour curves of the lump solution (21) with (20) when ¢t = — 2, 0, 2, y = 1:(a) the lump (21a); (b) the lump (215).

asas — alag( to)
7=—————t— —
aia; — azas 2

28 = dide alaé(y - &) + X Q27b)
aya; — asdas 2 2
In figures 3, 4, and 5, the lump solution (21) is drawn
for a particular choice of parameters a; =—1/2, a, =az =

as=ag=a;,=xp=yo=z0=ty=a=1,=2,and c=y=
I(I2 = — 1). Figures 3(a) and 3(b) show the three-dimensional
profiles of the lump (21la) and (215) when t=0, y=1,
respectively. Figures 4(a) and 4(b) depict the density plots of

the lump (21a) and (21b) when t =0, y = 1, respectively. The
contour curves with different values of variable ¢ when
y =1 are drawn in figures 5(a) and (b). One can observe that
these lumps evolve along the line z=—x/2 + 1/4.

4. Interaction of one lump with a pair of solitons

In this section, we will study the interaction solution con-
sisting of one lump and a pair of solitons for the AB-KP
system (6). To this end, the auxiliary function fis assumed as
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(e)

Figure 6. The exhibition of interaction between a lump and a pair of solitons by (34a) with (32). (a) t=—20; (b)t=—5;(c)t=0;(d) t=5;

and (e) t =20.

a combination of rational function and hyperbolic function,
from which we will obtain the hybrid lump-soliton solution.
More precisely, f can be concisely written in terms of rational-
hyperbolic form

f=g*+ h* + ¢y + ¢ cosh(6), (28)
with
X0 Yo
= - =1+
8 al(x 2) az(y 2)
20 1o
+ - = |+at——=) 29
a3(z 2) a4( 2) @9
X Yo
h=as|x— —|+a ( - )
5( 2) V75
11
+a7(z - %) + ag(t - EO) (30)
e )b 3) o)
2 2 2
+w(t - tz—") 31)

where afi=1, 2,...,8), ¢y, and ¢, are real undetermined para-
meters. We can use (28) and (10) to solve for these undetermined
parameters. Upon doing some symbolic computation, the con-
straints on the undetermined parameters can be written as

2 _ 2
4= Vla(a7 — a3) — 2azasar)
af + a3
2 2
o*lai(ag — a3) — 2arasae)]
9

32a
a12 + asz ( )

_ 7las(@s — a7) — 2aazay]

as

af + a52
olas(a; — ag) — 2a1a2ae)]
+ s : (32b)
ai +as
35(‘112 + 052)3
=" 2 2 2.2
(am1a¢ — azas)“o” + (aja7 — azas)™y
2 Y (aia; — azas)* | o*(aag — azas)?)
1 9’
128(af + a2)? 128(af + a?)? 320)
_ kaay +asae) ~_ k(aias + asar)
af +a? ai + a3
4 2.2 2.2
w:_ﬁk +po +q7’ (32d)
k
with
2o 2w —aas?  of(@as —axas) o ga

3B(al + a3)? 3B + a3)?

Since the real parameters are given by (32), we have deduced the
following interaction solution between one lump and a pair of
solitons of the AB-KP system (5)

_ 3B[2aig + 2ash + cik sinh(9)P
T 2a (g% + h? + cicosh(B) + ¢p)?
38 2a + 2ai + ¢k? cosh()
2a g% + h? + cicosh(f) + ¢
al2a1g + 2ash + ¢k sinh(0)]

g% + h? + ¢icosh(0) + ¢

, (34a)
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38 [2a18 + 2ash + ck sinh(9)?
T 2a (g% + K2 + cicosh() + cp)?
33 2al 4 2a2 + c1k? cosh(f)
2a g% + h? + ¢icosh(0) + ¢
al2a1g + 2ash + ¢k sinh(6)]
B g> + h* 4 cicosh(@) + ¢

(34b)

The propagation process of the interaction solution between
one lump and a pair of solitons (34a) is depicted in figure 6 with
the specific parameters a=0.5, a;=-05, b;=0.1,
m=a=as=ag=a;=Xo=Yo=2=0l=1, and a=1,
8=2,y=o0=1,y=1. It can be seen that there only exists a
pair of solitons at first, a lump and two solitons coexist later, and
as time goes on the lump is induced by the soliton on the right-
hand hand side gradually, it then splits into a lump and a soliton.
The lump is induced by the soliton on the left-hand side when
the value of ¢ keeps varying, it then splits into a lump and a
soliton again.

5. Conclusions

In summary, we derived explicit trigonometric-hyperbolic,
rational, and rational-hyperbolic solutions of the high-
dimensional AB-KP system. The bilinear form of the AB-KP
system is derived by introducing a suitable dependent variable
transformation. Mixed trigonometric-hyperbolic, purely
rational, and mixed rational-hyperbolic solutions are obtained
by setting the auxiliary function as the combination of tri-
gonometric and hyperbolic functions, quadratic function, and
the combination of quadratic and hyperbolic functions. The
mixed trigonometric-hyperbolic solution corresponds to a
breather soliton that oscillates periodically in duration and
amplitude. The rational function solution represents one lump
that is a local wave with a uniform state in all directions in
space. The mixed rational-hyperbolic solution depicts the
interaction of one lump with two solitons. The local feature
and interactive nature of these nonlinear wave solutions are
presented analytically in detail. Furthermore, the three-
dimensional graphs of these nonlinear wave solutions are
demonstrated. The obtained nonlinear wave solutions enrich
the solution structure of two-place nonlocal systems. The
established direct method is simple and it can be expected to
explore more novel physically meaningful solutions of non-
local nonlinear systems.
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