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Abstract
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The derivation of nonlinear integrable evolution partial differential equations in higher
dimensions has always been the holy grail in the field of integrability. The well-known modified
KdV equation is a prototypical example of an integrable evolution equation in one spatial
dimension. Do there exist integrable analogs of the modified KdV equation in higher spatial
dimensions? In what follows, we present a positive answer to this question. In particular,
rewriting the (1+1)-dimensional integrable modified KdV equation in conservation forms and
adding deformation mappings during the process allows one to construct higher-dimensional
integrable equations. Further, we illustrate this idea with examples from the modified KdV
hierarchy and also present the Lax pairs of these higher-dimensional integrable evolution

equations.

Keywords: higher-dimensional integrable equation, conservation form, deformation mapping,

Lax integrability, symmetry integrability

1. Introduction

Integrable systems have a significant influence on both theory
and phenomenology. Important physical applications range
from fluid mechanics and nonlinear optics to plasma physics
and quantum gravity [1-3]. The modern history of integrable
systems begins with the solution of the initial value problem
of the Korteweg—de Vries (KdV) equation by the inverse
scattering method [4] and with the formulation of integrable
equations as the compatibility condition of two linear eigen-
value equations called a Lax pair [5]. The initial value pro-
blem of the fractional KdV equation has also been the focus
of attention of recent studies where the local fractional
Laplace variational iteration method [6, 7] has been devel-
oped as well as the local Laplace series expansion method [8],
local fractional homotopy perturbation method [9], and so on
[10], these methods have been largely carried out.

As the inverse scattering method develops, the approaches
to the problem for constructing nonlinear partial differential
equations to which this method applies get themselves
improved [11, 12]. Such nonlinear partial differential equations
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may be referred to, somewhat conventionally, as integrable
[13-17]. Of particular interest is the higher-dimensional
integrable equations, which contain derivatives with respect to
more than two independent variables [18-20]. Of course,
integrable equations are not easy to find. Recently, the authors
of [21] proposed a beautiful idea to construct Lax and sym-
metry integrable equations by using a deformation algorithm. If
the original equation has conservation laws, then the defor-
mation algorithm induces a higher-dimensional integrable
equation for the original equation. This is a highly efficient way
of generating higher-dimensional integrable equations. In this
paper, we put this construction into a concrete example in order
to better understand which is the essential idea that makes the
construction possible. In addition to this, we construct a full
family of higher-dimensional integrable hierarchy.

Our main objective is to present a detailed account of
results obtained by means of the deformation for (1+1)-
dimensional integrable systems. Our purpose is not merely to
give a formulation of a problem and final result, but also to
explain the method in sufficient detail if it is nontrivial. In the
following section, we shall review briefly a necessary defor-
mation algorithm and give a complete answer to a natural
question: what kind of higher-dimensional integrable equations
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are the deformations of the (1+1)-dimensional ones? A con-
crete example is investigated in detail in section 3. In sections 4
and 5, we discuss two topics concerning integrability associated
with higher-dimensional modified KdV-HD (Harry-Dym)
equation, in particular, the Lax integrability and symmetry
integrability. Section 6 is devoted to a particular kink-like
solution formulated in terms implicitly of expression. In the last
section, we make some concluding remarks and mention some
difficult problems.

2. Preliminaries

In this section, we briefly review the deformation algorithm,
which closely follows [21] and provides a method to deform
lower-dimensional integrable equations to higher-dimensional
integrable ones in the situation in which the lower-dimen-
sional integrable equations possess the conservation laws. All
higher-dimensional integrable equations considered in the
following deformation algorithm are local. This method is
based on the use of conservation laws.

Deformation algorithm 1. If a general (1+41)-dimensional
integrable local evolution equation
u[ = F(I/t, uxs--w”xn)s

Uxp = azuv u= (Mlv u29~-',uﬂ1)7 (1)
has some conservation laws
,Oit = Jix, l = 1’ 2,"'5D - 1’ pi = pi(u)’
‘]i - Jl(u’ MX7"'7MXN)’ (2)

where the conserved densities p; are dependent only on the
field u, then the deformed (D + 1)-dimensional equation

Tu = F(u, Lu,....L"u) (3)

may be integrable suppose that the deformed operators
depend on D variables in such a way that

D-1 Dp-1
L=0,+ > aip0s, T=0+ > aifi0y, 4)

i=1 i=1

and the deformed flows are

Ji = Jilux,'—»LAju,j:I,Z AAAAA N-* (5)

This algorithm leads directly to the possibility of trans-
forming lower-dimensional integrable equations to higher-
dimensional ones by means of conservation laws. Further-
more, the same deformation map is enjoyed by their Lax
pairs. Indeed, by extending the deformation map to the Lax
pairs, we give more credence to this possibility. Suppose that
the Lax pair of the (1+1)-dimensional integrable local evol-
ution equation is

My =0, Nop = 0. (6)

The compatibility condition [M, N]=MN — NM =0 holds
provided that u satisfies the original equation. Finding the Lax

pair of the (D + 1)-dimensional equation is quite straightfor-
ward which can be achieved by using the deformation rela-
tions

o —L, 0, —T. (7
If we apply (7) to (6), we readily deduce the Lax pair
My =0, Ty = 0. (8)

Strictly speaking, equation (3) can be derived as compatibility
condition of a Lax representation in terms of equations (8)
which can be obtained from (6) with the use of two defor-
mation relations (7).

3. Higher-dimensional modified KdV-HD equations

Our main point is to construct higher-dimensional integrable
equations whose Lax pairs and symmetries can be found
using a deformation algorithm as well. We first examine the
procedure for constructing such an equation on a classical
example, the modified KdV equation

Uy = Ugee — OU2Uy, ()

which occurs, for instance, in the analysis of quasi-one-
dimensional solids [22], liquid-crystal hydrodynamics [23],
acoustic wave propagation in anharmonic lattices [24], and in
the theory of nonlinear Alfvén waves in a collisionless plasma
[25]. The modified KdV equation is characterized by the
existence of an infinite number of conservation laws [26, 27]
and the first three conservation laws are

), = (U — 2’43))0
W?), = Quuy, — u? — 3u®),,

W + u) = Quettey — ul + 4duy — 120%u? — 4ud),.

Only the first two which correspond to conservations of
momentum and energy, respectively, will be of concern to us.
By a (3+1)-dimensional modified KdV-HD equation formed
from a deformation algorithm with two conservation laws, we
mean an equation of the form

Tu = I:(I:Zu —2u?) (10)

with deformed operators

L =0, + aud, + aru*d,,
T=0+ arJ10y + a2 50,
and deformed flows

= L2 — 283, = 2ulPu — (Fu)? — 3u®,
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or, in more detail
up = 3bu, (uy + auuy + butu)? + (U — 2u

+ %azuzuyy + 3auu,y, + 3butu,, + %bzu“uZZ
+ 3abuluyy), + a(a2u3uyy —ut + %auzuxy

+ —abu*u,, + gbzusuZZ + 2bu3uxz) + b(b%ubu,.
y

3 3 9
— —u’ + 51714414)(1 + Zazu4u)’y + gablfuzy

+ auuyy),

(11)

with a;, a, replaced by a, b, respectively. An interesting
remark is that equation (11) should be integrable, due to its
direct map via a deformation relation to integrable modified
KdV equation (9). Nevertheless, integrability tests such as
those based on the Painlevé property do not work for
equation (11) because the reciprocal transformations are
included in a higher-dimensional equation and a leading term
cannot be even identified.

The usual (1+1)-dimensional modified KdV equation (9)
is a simple reduction of equation (11) with u,=u,=0. In
analogy, we can take u under consideration to depend only on
v, then equation (11) is transferred into

U = a(a2u3uyy — u4)y. (12)
Equation (12) can be written in conservation forms as
pfi = in, pE = url, Jt = a(@®Pu,, — u*),
a2
J =al|2u* - 7(u2)yy . (13)

If u merely contains one spatial variable z, then equation (11)
becomes a new reciprocal link of the modified KdV
equation (9)

u, = 3b%uu} + b(bzuGuZZ — %MS) . (14)
Z

The first two conservation laws associated with equation (14)
are expressed in the forms

b3u3(u2)zz )
2 _"
(U2, = —2b%Pu, + 3bu(b*u? — 1)),

W = (bu3 -
(15)

Applying the deformation algorithm to equations (12) and
(14) with their conservation laws (13) and (15), respectively,
then, (341)-dimensional modified KdV-HD equation (11) is
again obtained which we mention without going into detail.

The consideration of u being independent of x leads
equation (11) to be a (2+1)-dimensional modified KdV-HD

equation
2 2 2,3 4,9 04
u, = 3bucu (au, + buu;)* + a| a“w’u,, — u* + Zabu Uzy
—|—Eb2u5ua + b| b*uu,, — iu5 + iazu“M by
5 5 47
y

-l-%abuSuzy) .

: (16)

Performing a further reduction u,=0, another (2+1)-
dimensional modified KdV-HD equation is obtained

u, = 3bu (u, + bulu.)? + (uy — 2u° + 3bulu,,

—|—§b2u4uzz) + b(bzu6uZZ - ius + ibu“uxz) . an
2 ] 5072 .
The last (2+1)-dimensional reduction
3.3 20
U = | Uy — 2u° + —a“uuy, + 3auu,,
2 ’ x
2,3 4.3 5
+al a*wuy, — u* + Eau Uyy (18)

y

is obtained by imposing the condition u, = 0.

4. The Lax pair of the (3+1)-dimensional modified
KdV-HD equation

The (3+1)-dimensional modified KdV-HD equation (11) is a
nonlinear higher-dimensional integrable local evolution
equation in four independent variables. Here integrability
means the existence of a Lax pair and infinitely many higher
order symmetries. The investigation of the Lax pair for
equation (11) can be carried out under an analogous defor-
mation map.

The modified KdV equation (9) has the significant
property that it results from the compatibility condition of a
certain auxiliary linear problem

(0% — u? + uy + N = My = 0,
0, — 43i + 6u20, — 61,0y + 6uu, — 3uw)) = Ny = 0.
This Lax pair takes after the same deformation map
ax — [4, at — f
the form
(L = + (Lw) + N = My = 0,
(F — 40 + 6u2L — 6(Lu)L + 6u(fu) — 3(Lu)y
=Ny =0,

which is exactly the Lax representation of the (341)-dimen-
sional modified KdV-HD equation (11).
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5. The (3+1)-dimensional integrable modified KdV-
HD hierarchy and its Lax pair

The existence of an infinite hierarchy of commuting flows is
one of the most important properties of integrability. All
classical integrable equations such as KdV [28], Kadomtsev—
Petviashvili  [29], Ablowitz—Kaup—Newell-Segur  [30],
Davey—Stewartson [31], etc, were discovered as equations
with infinitely many symmetries. For the modified KdV
equation, there exists a hierarchy of higher commuting flows
with related symmetries and recursion operator as well. The
modified KdV hierarchy is defined by the infinite sequence of
flows with respect to the times u,, ,,, with the nth member
given by the equation [32-37]

u12/x+l = K2I‘l+1 = (I)nuxv (I) = ai - 46)(”8;1147
n=20,1,...00. (19)

For n =1, equation (19) is exactly the modified KdV equation
while the fifth order modified KdV equation

U, = (uxxxx - 101414)% - louzuxx + 6M5)x (20)

is related to (19) with n=2. When n > 2, (19) gives the
higher order versions of the modified KdV equations. For the
purpose of deforming the nth order modified KdV-HD
equation, we first introduce the conserved densities u and u?
with the differential polynomial flows in the forms

Upyoy = (Bong Das Jony1 = 0y ' @iy,
(uz)f2n+1 = (GZn+1)x, G2n+1 = 28;'u<1>”ux, (21)

where J,,, 1 and Gy, are all differential polynomials of u
with respect to x. For n =2, (21) yields

10uu? — 10uuy, + 615,

2
2l + 17 — 200Uy,

J5s = Uy —
Gs = 2Ullyy —

— 10u®u? + 10uS. (22)

On the basis of the conservation laws (21) and the deforma-
tion algorithm, the whole (3+1)-dimensional modified KdV-
HD hierarchy follows (19) directly as 8, — T3,. 1, tgm — L™

Tyt = (@"u),, fmem=1,2,...2n+ 1, (23)
where @n+l = (9,2”4rl + a1j2n+1ay + azG-2n+1az, i_: 8X +
alua\v + a2u262’ Dpi1 = J2n+l|ux,”~>l:mu and G2n+1 =
Gonsilu,—im-m=1,2,...2n.  The (3+1)-dimensional
modified KdV-HD hierarchy (23) is equivalent to

~1 ~1
Up,,, =1 — auy, 0, — 2aru,0, 'u)

(24)

n . =
@ uxluxmﬂLmu,m:l,Z ..... 2n+1 — K2n+l

with the first three K>, | being
Bi=u,
K= (L — ayu,)(L’u — 2ud)
— a2u1[2u1:2u — (1:14)2 — 3u*,
Rs=(L — aluy)[l:4u — 10u(Lu)? — 1002l u + 6u’]
— asu, [2ulu — 2(Eu) (L u) + (£°u)? — 20u3L’u
— 10u?(Lu)? + 10u®].
It can be confirmed by a calculation that the compatibility
condition, uy, , 4. .. = Up, .., Of the (3+1)-dimensional
modified KdV-HD hierarchy (24) is clearly satisfied, i.e.
(K21, Koms1] = lim i[1_(2n+1(u + eKomy1)
e — 0de
—Komi1(u + €Kyyi )] = 0.

The family of the KdV hierarchy is generated by making
use of the recursion operator

U = 9% + 4v 4 21,07! (25)
in the differential relation
Vi =¥, n=0,1,2,.. (26)

The KdV hierarchy is also recognized as the solvability
condition for the Lax representation [37, 38]

Y = (A — V)Y,

I
“g”w—nw»w

27)

wtznﬂ = (28)

with

T, A) = =23 (4N *Le[vD),
k=0

0Ly + 1[v] = (Oux + 40y + 2v)Li[v], Lolv] = %

which holds good for all equations in the KdV hierarchy. The
nonlinear transformation of Miura or the so-called Miura
transformation [33, 39]

Vv =u, — u? (29)
converts equations (27)—(28) into the Lax representation
¢xx = (/\ - (ux - MZ))W

2
¢%4:5ﬂ53iiﬁwfrma—wxmw

with

(30)

€1y

C((uy — u?), N) = *Zi((%\)”_kLk[ux —u?)),
k=0

8ka + 1w, — MZ] = (8MX + 4(u, — uz)ax

+2(ux - Mz)x)Lk[ux - MZ], LO[MX - u2] =7

of the whole modified KdV hierarchy (19). It is of interest to
note that the Lax representation of all equations in the (341)-
dimensional modified KdV-HD hierarchy (23) can be iden-
tified from (30)-(31) through the deformation map
Oy — ﬁ’ 0y — T2n+1~
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6. Anomalous kink wave

Despite integrability manifested in the existence of a Lax pair
and higher order symmetries, the analytical explicit solutions
[40-45], however, of the (3+1)-dimensional modified KdV-
HD equation (11) are not easily accessible because the direct
application of the standard analytic techniques, such as
Bicklund transformation, Hirota’s method, etc [46—48], for
deriving explicit solutions of the equation (11) fails. There-
fore, taking the simplest traveling wave solution into account
[49, 50], a solitary wave solution of the (3+1)-dimensional
mKdV-HD equation (11) can be sought in the form

u=U(&), E=kx +py + gz + wt + & (32)

with k, p, g, w, & constants, where U satisfies a third order
ordinary differential equation

wl = [(k + apU + bqU?)3Uge — U3(2k + apU
+ %qu2)] + 3bq(k + apU + bqU?)*U;.
<

The implicit expression

clapIn(U — ¢) + bqU — &)
acp — bc’q — k

U = —ctanh[ ] (33)
with w = bgc* — 2ke* gives the single kink-like solution of
equation (11). It can be seen from this expression that when p
and ¢ are equal to zero, leads to the standard kink solution of
the usual modified KdV equation. As |p| and |g| increase, the
kink shape will deform to an anomalous kink wave. In
figure 1, the u is plotted as a function of ¢ for various values
of p and q. We are only able to derive an anomalous kink
wave of the (3+1)-dimensional modified KdV-HD
equation (11), but no further multi-soliton solution.

7. Conclusions and discussions

In this study, we have presented a method for generating
higher-dimensional integrable modified KdV-HD equations
by deformation algorithm which have not previously been
derived. Moreover, these higher-dimensional modified KdV-
HD equations turn out to be integrable in the sense that
associated with them there exist compatible pairs of linear
systems and infinitely many symmetries. The strength of the
deformation algorithm is that it constructs (D+1)-dimensional
integrable systems, as well as integrable hierarchies, in a
straightforward manner [21, 51]. The whole (3+1)-dimen-
sional modified KdV-HD hierarchy and its Lax pair have also
been obtained via the deformation algorithm from the (1+1)-
dimensional modified KdV hierarchy.

It is plain that the method employed in this paper pro-
vides the possibility to deform a large number of new higher-
dimensional integrable systems. The modified KdV equation
specifically discussed above is merely an example of the
vistas opened by this methodology to deform new higher-
dimensional integrable systems.

(c)
Figure 1. The images of different single kink shapes of (33) under
the same parameters a =1, b=1, c= —1, k=1 and different

deformation parameters p and ¢. (a) A quasi-symmetric kink with
small deformation parameter selections p = —1/100, g = 1/100.
(b) An asymmetric kink with parameter selections p = —2, g = 2.
(c) An anomalous kink under the larger parameter selections
p=-5,¢g=>5.
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Finally, we give several remarks.

First, conservation laws provide an efficient method for
the construction of higher-dimensional integrable systems in a
regular way. Although we have been concerned with the
modified KdV equation, this method can be applied to a wide
class of nonlinear evolution equations. An analogous con-
struction of higher-dimensional integrable equations can be
carried out whenever the conservation laws exist in the ori-
ginal integrable equations.

Second, from our viewpoint, the most important con-
sequence of these results is that they establish a connection
between lower-dimensional integrable systems and higher-
dimensional ones. For any higher-dimensional deformed
integrable systems, there exist some new (1+1)-dimensional
integrable reductions. Again, applying the deformation algo-
rithm to these reductions, one can re-obtain the same higher-
dimensional deformed integrable systems.

Third, this method has the advantage that it constructs
integrable higher-dimensional local nonlinear systems, as well as
their Lax pairs and higher order symmetries, in a straightforward
manner, but it has the disadvantage that it may destroy other
exact integrability. For instance, integrability tests such as those
based on the Painlevé property do not hold because the reciprocal
transformations which account for the anomalous nature of the
higher-dimensional equations are included.

Last but not least, finding the exact solutions of the higher-
dimensional integrable equations are quite difficult even for the
solitary wave solutions. Of course, there are some standard
analytic techniques for obtaining solutions of nonlinear integrable
evolution equations, but, for the higher-dimensional integrable
equations, some have proved unsuccessful while others have not
been attempted. Research on this issue is in progress.
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