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Abstract
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Quantum coherence plays a central role in Grover’s search algorithm. We study the Tsallis
relative & entropy of coherence dynamics of the evolved state in Grover’s search algorithm. We
prove that the Tsallis relative & entropy of coherence decreases with the increase of the success
probability, and derive the complementarity relations between the coherence and the success
probability. We show that the operator coherence of the first H®" relies on the size of the
database N, the success probability and the target states. Moreover, we illustrate the relationships
between coherence and entanglement of the superposition state of targets, as well as the

production and deletion of coherence in Grover iterations.
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1. Introduction

Coherence is a fundamental property of quantum mechanics
that stems from the quantum superposition principle. Quan-
tification of coherence is one of the most important problems
in the study of quantum coherence. Baumgratz, Gramer and
Plenio [1] constituted a rigorous framework to quantify
coherence from the viewpoint of quantum resource theories
[2, 3] which is powerful and highly versatile. Based on this
framework, some coherence measures have been proposed
[4-7]. An alternative framework for quantifying coherence
[8] has been formulated, and some other coherence measures
[9, 10] have been presented. These frameworks stimulated
further research on relationships with other quantum resour-
ces [11-14], coherence dynamics and related problems
[15-27], and coherence quantification in infinite-dimensional
systems [28, 29]. As a significant physical resource, coher-
ence has diverse applications in biological systems [30, 31],
thermodynamical systems [32-36], nanoscale physics [37],
and quantum phase transition [38].

Quantum algorithms may be able to solve problems that
are classically difficult. The factorization of large integers is
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considered to be a notoriously difficult problem on a classical
device. There is no classical factorization algorithm with
polynomial run-time. Shor’s quantum factorization algorithm
[39] gives a superpolynomial speedup over all known clas-
sical factorization algorithms [40, 41]. Hassidim and Lloyd
[42] proposed the Harrow—Hassidim-Lloyd (HHL) algorithm
for solving linear systems of equations and proved that any
classical algorithm generically requires exponentially more
time than the HHL algorithm.

The well-known Grover’s search algorithm (GSA) has
been widely used in quantum information processing, which
provides a quadratic temporal speedup over classical search
algorithms. It has been pointed out that GSA is the repetition
of the application of Grover operator G [43], which can be
decomposed into G = H®"PH®"0, where H, P and O are
Hadamard operator, condition phase-shift operator and oracle
operator, respectively. The great utility of the algorithm arises
from the fact that one does not need to assume any particular
structures of the database. As a crucial resource, entanglement
plays a significant role [44—46] in GSA. Pan, Qiu, Mateus and
Gruska [47] have shown that the oracle operator O and the
reflection operator R contribute to entanglement in GSA, and
demonstrated that there exists a turning point during Grover’s
iteration application.
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Tsallis entropy [48] is an extension of Shannon entropy,
which plays an important role in nonextensive statistics.
Tsallis relative entropy offers an information-theoretic basis
for measuring the difference between two given distributions
and establishes a convergence property. Its applications in the
classical system has been studied in [49-51]. Quantum Tsallis
relative « entropy [52, 53] is a superior information-theoretic
measure of the degree of state purification compared with
classical case, and it is monotonic under trace preserving
completely positive linear map without the requirement that
density operators are invertible [54]. A quantum coherence
quantifier based on Tsallis relative « entropy has been first
proposed in [55], which satisfies the monotonicity and var-
iational monotonicity, but not the strong monotonicity. Zhao
and Yu [56] proposed a modified well-defined quantifier for
which the strong monotonicity holds. For Tsallis relative «
entropy, the required minimization can be solved with an
explicit answer.

Noteworthily, Tsallis relative « entropy of coherence
reduces to the standard relative entropy of coherence when
a — 1, and reduces to the skew information of coherence
when o = %, up to a constant factor. The relative entropy of
coherence can be understood as the optimal rate for distilling
a maximally coherent state from given states [2] and has a
close connection with entanglement [57]. The tradeoff rela-
tion of relative entropy of coherence not only depends on the
state but is also accompanied by the basis-free coherence [23].
The skew information of coherence has an obvious opera-
tional meaning based on quantum metrology, and forms the
natural upper bounds for quantum correlations prepared by
incoherent operations [6]. It characterizes the contribution of
the commutation between the density matrix of interest and
the broken observable. The skew information and /; norm can
induce the experimentally measurable bounds of coherence,
while the relative entropy of coherence can be exactly mea-
sured in experiment in principle. Interestingly, Tsallis relative
« entropy of coherence and /; norm of coherence give the
same ordering for single-qubit pure states [58].

The role of coherence in quantum algorithms has
attracted considerable attention in recent years [S9—66]. It has
been found that the Deutsch—Jozsa algorithm relies on
coherence during the processing, and its precision is directly
related to the recoverable coherence [67, 68]. Following their
footsteps, Pan and Qiu [69] have explored the coherence
dynamics of each basic operator in GSA, and the coherence
production and depletion in terms of the /; norm of coherence.
Likewise, similar methods have been applied to other algo-
rithms, including the Deutsch—-Jozsa algorithm and Shor’s
algorithm [70], and it is found that coherence depletion
always exists [70, 71]. Pan, Situ and Zheng [72] have dis-
played the complementarity relation between coherence and
the success probability in GSA via the /; norm of coherence.
Coherence determines the performance of Shor’s algorithm
by bounding the success probability from below and above
[73]. Decoherence in quantum algorithms has been studied
[74-78], and coherence has been explored alongside entan-
glement in algorithms [74, 79-81]. The role of coherence

playing in the deterministic quantum computation with one
qubit model has been investigated explicitly [82—86].

In this paper, we study the coherence dynamics and
derive the complementarity relations between the success
probability and coherence in GSA based on Tsallis relative o
entropy. The rest of the paper is organized as follows. In
section 2, we recall GSA and Tsallis relative « entropy of
coherence, study the dynamics of the Tsallis relative «
entropy of coherence in GSA, and explore the com-
plementarity relations between coherence and the success
probability. In section 3, we investigate the coherence
dynamics of the state after each basic operator is applied in
GSA. In section 4, we study the Tsallis relative « entropy of
coherence dynamics for different cases of the target states. By
identifying the variations before and after the basic operators
are imposed, we explore the coherence depletion and pro-
duction in section 5. In section 6, we compare our work with
previous works on coherence dynamics in GSA. Finally, we
summarize our results and discuss further problems in
section 7.

2. Tsallis relative o entropy of coherence in GSA and
complementarity relations

In section 2.1, we first review the concepts of the Tsallis
relative « entropy of coherence and GSA, and then study the
coherence dynamics in GSA. We investigate the com-
plementarity relations between coherence and success prob-
ability in section 2.2.

2.1. Tsallis relative o entropy of coherence in GSA

The Tsallis relative « entropy is defined by [52, 53]

Da(pllo) = ——(f,(p. @) — 1. @ € O.1) U (1.50)
M

where

o (p, o) = Tr(p”“al’“).

It is shown that when a — 1, D,(p|lc) reduces to
S'(p|lo) = In2S(p|lo), where S(p|lo) = Tr(p log p) —
Tr(p log o) is the standard relative entropy between two
quantum states p and o, and the logarithm ‘log’ is taken to be
base 2. With respect to a fixed orthonormal basis {| j) le ina
d dimensional Hilbert space, based on Tsallis relative «
entropy the coherence C, (p) of a density operator p is defined
by [55]

Ca(p) = min D, (p||0)
o€l
1 4 )
=——|| 22Ul e li)a| — 1. ©)
a— 1|5

where Z denotes the set of incoherent states. It is worthwhile
to note that C,(p) does not satisfy the strong monotonicity
[55], and thus C,(p) is not a good coherence measure. A
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well-defined coherence quantifier based on Tsallis relative «
entropy has been presented for o € (0,1) U (1,2] [56],

d
Calp) = mei; (fua (po)—1)= [Z ol — 1]
o j=1
(3)
Co(p) reduces to In2C.(p) when «a — 1, where
G (p) = Tr(p log p) — Tr(pying 108 pgipe) is  the relative

entropy of coherence [1]. When o = % C,(p) reduces to

2Cs(p), where Ci(p)=1 — Zj:1<j| JP |j>2 is the skew
information of coherence [6].

Let N=2" be the number of elements of the database, and
t the amount of target states that meet some specific condi-
tions in the database. The purpose of the search algorithm is
to seek out the target states from the database. GSA makes
use of a single n qubit register, starts with an n-qubit pure
state |0)®" and applies the Hadamard operator H to get an
equal superposed state,

lNl

T

It is useful to adopt the convention that | x,,) denotes the sum
of all not-target states |x,), and | y;) the sum of all target states

|x5),

|X0>_\/—Z|xn |X1 = les

Simple algebra shows that [¢)) can be expressed as

N _
DENES Lixg) + \/%m% o)

The quantum algorithm repeats the application of a quantum
subroutine G = H®*"PH®"O named as the Grover iteration or
Grover operator. G can be decomposed into four steps:

(i) Apply the oracle operator O =1— 23 |x) (x| =
S (=17 x) (x].
(ii) Apply the Hadamard transform H®" = %ZX’},(—I)W

x|y) (xl.

(iii) Perform a conditional phase shift operator P =
210) (0] — I=3, — (—1)%|x) (x].

(iv) Apply the Hadamard transform H®".

N—1

and cosf = We have

Set sinf = \/z
N

[1) = cos f]x,) + sinf|y,). After k iterations of the Grover
operator, the state [¢) transforms into  |y) =
cos Ol x) + sin6ly,), where 6, = (2k + 1)0. Con-

ventionally, denote A; = cos 6; and B;, = sin ;. One has

|¢k> = Ak|Xo> + Bk|X1>- )

Let p, = |tx) (x| be the density operator of the state |1y).
The success probability can be expressed as P, = sin? 6.

Combining equation (3) with (5), we have

1
Calpy) = : - PO&(N — '@ + Ppil-a — 1.
a [—
©)
Under the condition t < N, we have from equation (6)
* when o € (0, 1),
1 1
Ca(pk) =~ —(Pko‘t a— 1), (7
a—1
* when o € (1, 2],
1
N (1-P )a
C, ~ ] 3

Remark 2.1. Set o = % in equation (7). The skew
information of coherence of the state |1;) is given by

P2
Ci(p) ~ 1 — 7". )

Under the limit o« — 1, from equation (6) the relative
entropy of coherence of the state [y is

— Py t

Crlp) = g In 7 + 25 In -
L1-P N
~ 2 17Pk (10)

Here A >~ B means that A asymptotically equals to B under
the condition < N. When the success probability is
increasing, according to equations (7) and (8), we obtain that
the coherence is decreasing, i.e. coherence decreases with the
increase of the success probability. In particular, from

equation (6), when the success probability reaches 1, the

1

coherence is C, (p,) = (tlf% — 1). In other words, the

success probability relies on the coherence depletion in terms
of Tsallis relative « entropy of coherence.

2.2. Complementarity relations between Tsallis relative o
entropy of coherence and success probability

For a qubit state |¢) = cos §|O> + ¥ sin gl 1), the density

matrix p = |¢)|¢) has the form,
1(l+r rn— iry
0—5 re+in 1 —r)
with the Bloch vector r = (r, ry, ;) = (sin 0 cos ¢, sin 0
xsin ¢, cos #). The Bloch vector of the original state |¢)) =
cos O] x,) + sinf|x;) in GSA is r(0) = (sin 26,0, cos 26).

Since r, = 0, the Grover iteration G in the Bloch repre-
sentation is given by

G— [ cos 260 — sin 26’]
sin 26 cos 260
After k iterations, we have
Gk — [ cos 26, — sin 26
o sin 26 cos 20y
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From

()l i[O k[sin 20]
[”z(k)] =¢ [VZ(O)] =¢ cos 20 |’
we obtain r, (k) >~ — sin 26, and r,(k)~ cos2 6; whent < N.
Following the idea in [72], we define the normalized C,

as
N(Ca) = Co,/Q?ax~

Obviously, N (C,) € [0, 1].

Theorem 1. The Tsallis relative « entropy of coherence
and the success probability satisfies the following com-
plementary relations in GSA for t << N.

(1) For a € (0,1), it holds that

(1)

1
N(Cy) + Poti—a =~ 1. (12)
(2) For o € (1,2], it holds that
[N(CH]* + P~ 1, (13)

where ™~ means the algorithm search in
satisfying t < N.

Proof. Since r.(k) >~ — sin 26, and r,(k)~ cos 26,
simple calculation yields that cos®6; =~ %(1 + r,(k)) and

a large database

sin? 6, ~ %(l — r,(k)). According to equation (6), we have
[(cos20)a (N — )\~ & + (sin2f)a '~ a — 1],

a—1
When a € (0, 1), t < N, we obtain

1
1 1 — r(k) )6
C. ~ — |1 — | —= ] 14
(p) 1@[ ( > } (14)
Since r,(k) € [0, 1], the maximum of C, is
CIM™ o~ ! . (15)
1 -«
Then we have
1
NC) ~1 — (ﬂ) ‘. (16)
2t
Since P, = sin?, ~ %(1 — r,(k)), when t< N and
a € (0, 1), we get the complementarity relation (12).
When « € (1, 2], t < N, we obtain
1
N (14 r(k) )E
C, ~ < . 17
(Pr) o _ 1( N (I7)
Since r,(k) € [0, 1], we have
1
CP™ o~ L(i) , (18)
a—1\N
and
v(C = 1O (19)

2

As B = sin? 0 ~ (1 — r.(k)), whent < N and a € (1, 2],
we get the complementarity relation (13) between coherence
and success probability. This completes the proof. []

Remark 2.2. When a = % in equation (12), the com-
plementarity relation between skew information of coherence
and success probability is of the form,

N(Cy) + %sz ~ 1.

At the limit o« — 1, equation (6) gives rise to
1+r In 2N

C, ~ .
P = T

When r, = 1, we have

e~ 1 Ny =~ L
In2 2

Since P, = sin? 6y, ~ %(1 — r,(k)), we obtain the com-
plementarity relation between relative entropy of coherence
and success probability, N (C,) + P, >~ 1.

According to equations (12) and (13), when o € (0, 1)
and PF, = 1, normalization of coherence satisfies
N(C,) +t'~a~1. When ac(l, 2] and P, = 1, nor-
malization of coherence satisfies N(C,) ~ 0. Noting that
N(C,) is the normalization of C,, and A ~ B means that A is
asymptotically equal to B under the condition ¢t < N, this
does not necessarily mean that C, is asymptotically equal to
0, let alone it is equal to O.

3. Dynamics of the Tsallis relative « entropy of
coherence in GSA

In this section, we investigate the coherence of the state after
each basic operator is applied in the Grover iteration.
Denote the first H®" and the second H®" by Hp
and Hp, respectively. In [21,87] it has been shown that
U= Zi e/%|B(i)) (i| is the general form of any of the unitary
incoherent operators, where (3 (i) is relabeling of {i}. Hence,
the oracle operator O and the condition phase-shift operator P
are incoherent operators. Moreover, both O and P do not
change the coherence. Denote |1/;0) the state after O is applied

on [¢) and py = |¢ro) (Yrol. We have

[¥r0) = Olvn) = Axlxo) — Belxy)- (20)
Combining equation (3) with (5), we have C,(p,)) = C.(p,),
where a € (0, 1) U (1, 2].

In the computational basis, the N-dimensional Hadamard
matrix has the following three properties: (i) The common
coefficient is % (ii) The elements of the first row and the

first column are 1. (iii) In any other rows or columns, a
half of the elements are 1, and the others are —1. Let H,,
denote the element of the yth row and the xth column in a
Hadamard matrix and ¢, denote the number of H,, = 1,
ty = [{Hy.|H,. = 1, x € {x;}}|. Denote by |1y, the state
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after Hy is applied on |1y) and |¢yy,) the state after Hp is  and Prey = [rry) (Vkp) = Prsr-
applied on PH®"|1);0). We have Combining equation (3) with (29) we have
[Vka,) = H"[Yro0)
’ I | VN =7 - BJDa
] Nl Copray) = 1
— Z (—1)» a—1 Nao
\/N y=0 VN xe{x,, 2
2 Ag B |
1 = B, (t — ZtV)a( + —)
- =Y = D 21 C\IIN-t 1
N Gh L w- 1 1| 30
y= x€{xs} Na
and
[,y = HE"PHE | Yr0) = |trs1). (22)

Theorem 2. The Tsallis relative a entropy of coherence
of the states |ty,) and |¢/yy,) are given by

1 1 1
Ca(Pp,) = - 1[(Pk’y(t, n)aN' "o — 1], (23)
and
1
Calpran) = —— (P ok, (24)
respectively for t < N and « € (0, 1), and
1
N (Py@ 1)\
Calpu) =~ —= 1( . ) : (25)
and
1
N (1-P o
Colprn,) = — 1( Nk+1) i (26)

respectively for t < N and o € (1, 2], where v(t, t,) =
(t — 21,)?

t
Proof . From equation (21) |yyy,) can be reexpressed as

[(AxVN — t — B J1)|0)

and P, = sin?6,.

I p—

kHo —\/ﬁ

+Z(r2:)( + B")|>
’ J_ Ji

y=0
According to equation (22), we obtain

|V,) = H"PH |Yro) = [ks1) = Akt 1lXo) + Brsilxy)-
(28)

27)

By straightforward derivation we have

| ¢kH0> <¢kH0 |

Priy =

= %l(Ak\/N — 1 — BJDH0) (0] + >t — 21,)

y=0

(\/_ \/—)(Ak\/ t — Biv1)(10) (y| + |y) (0D

y’y C ' ’ \/_ y y

Since py, = piyp» We have Gy (py,) = Colpy, ) and

Ca(pkHP)
1 1 -1 Lo
= (1 = Peps(V = ' 4 Pt =a 1
€1y}
(t—2t,)? .
Denote ~(t, t,) = ' Noting that ¢+ < N, when

a € (0, 1) we have (23) and (24), and we have (25) and (26)
when o € (1, 2]. 0O

Remark 3.1. Set a = % in equations (23) and (24). The skew
information of coherence of the states |tyy,) and |1/yy,) satisfy
V@t 1) P)? Py

Clpyy) = 1 — ;

and Gs(pyy,) = 1 —
(32)

respectively. When a — 1 in equation (30), according to
equation (10), the relative entropies of coherence of the state

|%k,) and |1yy,) satisfy
In

C, ~
(Pity) In2 V1, 1,) Py
1-P N
and C (pi,) = In 2"“ In 1 — Py G
— i+

respectively. Based on Theorem 2, it is easy to see that the
coherence of the state |i/yy,) is related to the size of the
database N, success probability P, and target states. The
coherence of the state |1/yy,) is dependent on N and F,.

4. Different target states

In this section, we discuss the coherence of the state |t/yg,) for
special target states, i.e. the superposition state |x;) is a pro-
duct state, and the target numbers are ¢ < 4. We have the
following result.

Theorem 3 Suppose that the superposition state | x;) is a
product state. Then when ¢ < N the Tsallis relative « entropy
of coherence of the state |¢yy,) is given by

G R

Ca(pkHo) = (34)
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fora € (0, 1), and
1
N Pk)a
Ca ~—— =] 35
Puy) a — I(Nt (35)
for a € (1,2].
Proof. Denote |xoy) = H®"|x,) and |x;,) = H®"|x,)-

Since|y,) = %EXJJCS) is the product of n single-qubit states

of the forms either |0), |1) or (|0) & [1))/~/2, |4ks,) can be
written as

[Yrm,) = HP"(ArlXo) — Bilxy)
= H®”Ak|X0> - H®an|X1>
:Ak|X0H> - Bk|X1H>’ (36)
and
Prety = AL o) (Xor | — AeBe(xam) (Xon |
+ IXom) (D) + BElxam) (Xiu s 37)
where
X T
|Xon) = (=Y —0xw=Ty)
y=0x€{x, N(N - t)
and
N= 1
)Y —
|X1H Z:: z{: m |}’>
After a simple transformation, we have
o = [~ 10 o (38)
XOH
y¢0 JN(N — 1)
and
2t — 1
0) Y . 39)
|X1H \/7| yio \/m |y>

Consequently, we derive that

1
1 AZWN — N — BZt)®
ColPung) = ﬁ[(% -2 [t ¢ Tt)
(t — 2t,)2 t — 2t,)Q2ty — 1) @2t, — )2\«
N — )| A2 Y _ 2AB Y . —1|.
o )( N -y T TN o v J ] (40)

When t < N, o € (0, 1), and P, = sin? 6, we have

Ca' (png)

1 1
2r) 2t, — 1>\
~ 1 Bt +(Nf1)3k2u -1
N Nt

i 1
~ ! (ﬁ) Nlclxll,
a—1 t

(41)

and when 1 < N, a € (1, 2], Cy(py,) takes the form
Cu (pkHU)

1 1
2 2t, — )2 )@
SO B | /0 R = Tl
a—1 N Nt

~ {2y
S a—1\n)

This completes the proof.
In addition, for the case that|y,) is a product state, t < N
and o = % in equation (34), the skew information of coher-

42)

ence of the state |¢/y,) is given by
(43)

Taking the limit « — 1 in equation (40), the relative entropy
of coherence of the state |tyy,) is given by

Pyt Pyt Py P,
C, ~ — n— — In —
Cur) = =2 ™ N T w2 v
~ P g, M (44)
tIn2 P,

We now explore the coherence of the state |1/yy,) wWhen the
number of the target states is small (¢t < 4).

* When ¢ = 1, the database has one single target state,
|y,) is always a product state. According to Theorem 3 we get

1 1 1
Colprr,) = [PEN'"& — 1], (45)
a—1
when « € (0, 1), and

1

N Pk)a
C(v = — > 46
(Pur,) Q_I(N (46)

when o € (1, 2].

* When ¢ = 2, we denote the two target states by |x;;) and
|x12), respectively. We have |1 — 21, =1 for either |x;;) = 0
or x1) = 0 [69]. Thus v(t, t,) = %
(1) When « € (0,1), according to equation (23) we have

S|

(2) When a € (1, 2], according to equation (25) we obtain

Ca (pkHo) = (47)

1
N (P \a

C, ~—|— . 48
Pu) = —— I(ZN) (48)

3 3

*Whent =3, |t — 2t = 2 and y(t, t,) = 1

(1) According to equation (23) we get
1| (3o

C. ~ —")U‘Nl% — 1|, 49
(Pra,) al[( " (49)

for o € (0, 1),



Commun. Theor. Phys. 75 (2023) 085101 LYe et al
(2) for o € (1, 2], relative entropy of coherence of the state |1/yy,) are
| P} P, . 4N
N (3P )K C(ppy,) ~ 1 — ——=and G (pyy,) > In —,
C ~ — | == . 50 16N 4In2 P
2 (Pua) = —— 1(4N (50) ]
respectively.

* When 7 = 4, there are two cases that | ;) is either a product
state or not.
Case 1: |y;) is a product state. It is observed that

|t — 2t,| =1[69] and v(t, t,) = %
(1) When « € (0, 1) we obtain

~ ; (Pk)uNl -1 .
a—1 4
(2) When « € (1, 2] the coherence of the state |iy,) is

1

N P\

C, ~ | — .
Pty o — 1(4N)

Case 2: |y,) is not a product state. It is observed that
3 9
— 2t = = [69] and v(¢, t,) = —
lt — 21| = 5 land v (1, 1) = 6
(1) When « € (0, 1) we have

1 (9Pk) N-L_q]
a—1 16
(2) When « € (1, 2], the coherence of the state |1y, is

N (9Pk)é
a—1\16N)

Remark 4.1. (1) When ¢t=1 and « :% in equation (45),
according to equation (44) the skew information of coherence
and the relative entropy of coherence of the state |1y, are

Cq (pkHo) ShH

(52)

CoPrz,) = (53)

Ca(Pugz,) = (54)

P} P. . N
C, ~1— —andC, ~ —1In—,
(pkHO) N (pkHo) In2 Pe

respectively.

(2) When =2, a = % in equation (47), according to
equation (33) the skew information of coherence and the
relative entropy of coherence of the state |1yy,) are

P; P, . 2N
€y = 1 = ﬁ and € (pn,) = 2In2 In ?k’
respectively.

(3) Whent =3 and o = 3 in equation. (49), according
to equation (33) the skew information of coherence and the
relative entropy of coherence of the state |/,) are

9p? 3P, . 4N

1 — =~ and C, ~ In —,
16N (Prty) 41n2 3P,

Cs (pkHO) =

respectively.

(4) When t = 4, there are two cases.

Case 1: Set « :% in equation (51). According to
equation (33) the skew information of coherence and the

Case 2: Set « :% in equation (53). According to
equation (33), the skew information of coherence and the
relative entropy of coherence of the state |1yy,) are

1P; 9P

16N
and C, ~
256N (Prite) = 6102

op,’

G (pkHO) ~1 -

respectively.

According to Theorem 3 and equations (51), (52), (53)
and (54), when « € (1, 2] the Tsallis relative « entropy of
coherence of the state |)yy,) is larger when the superposition
state of the targets is an entangled one. However, when
a € (0, 1) it is found that the coherence is smaller when the
superposition state of the targets is entangled.

Conjecture The Tsallis relative & entropy of coherence
of the state |i/yy,) relies on the size of the database N, the
success probability and the target states.

(1) For o € (0,1), the coherence of |/y,) reaches the lower
bound when #=1, and the coherence of |1/;y,) reaches the
upper bound when |y;) is a product state. It holds that

< Ca(pkH(,)
1P\
«
< [(—") N'-a — 1].
a—1 t

(2) For v € (1, 2], the coherence of |1/yy,) reaches the upper
bound when ¢ = 1, and the coherence of |yyy,) reaches
the lower bound when | ;) is a product state. It holds that

1 1

N Pk)ﬁ N (Pk)ﬁ

— | <G, <—- =1 .
a—l(Nt Pty a— 1\N

1
L[PENI*%_ 1]
a—1

5. Production and depletion of Tsallis relative «
entropy of coherence

The coherence of a state changes when the operators Hp and
Hp are applied. In this section, we investigate how the
coherence changes before and after these operators are
applied, i.e. the production and depletion of the Tsallis rela-
tive a entropy of coherence for @ € (1, 2]. In order to clarify
the variations and connections of operator coherence in GSA,
we also provide some examples and diagrammatic sketches
related to the coherence dynamics.

We first introduce the following definitions. The varia-
tions of operator coherence between two consecutive itera-
tions of Hy, Hp and G in GSA are defined as

AC (ka) = Cé’(pkH) - Cg(ﬂk)’
AC(Y(PkHO) =C, (P(k+1)H0) - Co(t}(PkH(,),

(55)
(56)
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AC (pkyp) = Cél(P(kJr])HP) -Gy (pka)- (57

The variations of suboperator coherence of each basic
operator Hp and Hp in one Grover iteration are defined as

ACY(pran,) = G (o) — C3 (P, (58)
AC*(pran,) = C (o) — G (Pr,)-

Concerning the production and depletion of coherence
for basic operators in GSA, we have the following
conclusion.

Theorem 4. For o € (1,2]and r < N, the variations and
connections of operator coherence between two consecutive
iterations of Hp, Hp and G in GSA are given by

(59)

a—1

(a— 1)

a—1
(a — 1

Nafl
W(PkJrl — Pri2) <0,

AC* (pyg) =~ (P — Pry) < 0,

AC* (pyy,) =~ Y, ) (Pryr — Pi) > 0,

AC® (Pka) =~ (60)

and

AC () = ACH (Py—1y,) = —

ACH . (61
A0 ) 6D

Proof. Combining equations (8) with (55), it is easy to
obtain

a—1

N
AC? ~
(Pr) @—1)e

(Pr — Pryp).

Since P, < P, 1, we have

a—1

— P — P < 0.
= 1)(},( ke — Prs1)

AC* (i) =

Similarly, according to equations (25) and (56), it is easy to
get

a—1
AC (py,) = ———— (1, 1) (Pry1 — Pr) > 0.
(O( _ l)a
Combining equations (26) with (57), we have
a—1
ACY(py,) ~ ————(Pry1 — Pry2) < 0.
(Oé _ l)a

Obviously, we have the following relationship among these
variations,

1
Y, ty)

According to Theorem 4, the operator coherence between two
consecutive iterations of Hp and G is depleted. Both of them
rely on the size of the database N and the success probability.
Correspondingly, the operator coherence between two con-
secutive iterations of Hy is produced, which relies on the size
of the database N, the success probability and target states.

AC () = AC (pg—1ym,) = — AC(Praz,)-

Theorem 5. For « € (1,2] and ¢t < N, the functions
AC*(pyy,) and AC*(py,) have a turning point. The

variations of the suboperator coherence of each basic operator
Hp and Hp in one Grover iteration are given by

a—1

AC*(pran,) = ~[(v(@, 1) + DP — 1],

(aN— 1) ©2)

N(}'—l
(@ — D"

Proof. According to equations (8), (25) and (58), we
have (62). Similarly, by substituting equations (25) and (26)
into (59), we obtain (63). There exists a turning point ky at
which  AC%(ppp,) = 0. This is equivalent to
(v t,) + DP, — 1 = 0, namely,

. 1
arcsin [————
Y 1) + 1
kT ~ .
20

Similar results can be obtained for AC*(ppy,) = 0.0

According to Theorem 5, for t < N we have AC“
(Pram,) <0 and  AC*(ppap,)>0 when (v(1, 8) + 1)
B<1, and AC%(pppp,)>0 and AC“(ppp,)<0 when
(v(t, ty) + 1)P.>1. The Tsallis relative o entropy of coher-
ence of Hp and Hp show different effects that one depletes
coherence and the other produces coherence. Moreover, the
operator coherence of H®" is not always produced or deple-
ted, but depleted and produced alternatively. Before the
turning point, the operator coherence of Hy is depleting, and
the operator coherence of Hp is producing. However, the
situation is reversed after the turning point.

We now use examples and plots to illustrate the char-
acters of coherence of the state after each basic operator is
applied in GSA, how these operators contribute to coherence,
and the relationships among the coherence of the operators
and the success probability.

Example 1 Suppose that the qubit numbers are n = 16

1

AC (pyap,) = [1— (v(t, )P + Pisp)l. (63)

and the target numbers are t = 2. In this case y(z, t;) = —.

Based on Theorem 5, the suboperator coherence of O and P in
one Grover iteration are unaltered. When k < kr the sub-
operator coherence of Hy in one Grover iteration is depleting,
and the suboperator coherence of Hp is producing. However,
when k > ky the situation is reversed. Figure 1 shows the
variations of the suboperator coherence of each basic operator

O, Hp, P and Hp in one Grover iteration. For clarity in
((a — 1)C,)"

— as the vertical axis. From

figure 1 we use

figure 1 we see that before the turning point, the suboperator
coherence of each basic operator O, Hp, P and Hp in
one Grover iteration are unchanged, decreased, unchanged
and increased, respectively; while after the turning point,
they are unchanged, increased, unchanged and decreased,
respectively.

Figure 2 shows that the success probability P, increases
with the increase of the number of iterations. According to
equations (25) and (26), the operator coherence of H®"
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((a=1) Ca)* ((a=1) Ca)* ((a-1)Ca)*
Na—1 Na—1 Noz—1
1.0 1.0 1.0
0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 0.4
—
0.2 0.2 0.2
k k k
02 04 06 08 1.0 86.2 864 86.6 86.8 87.0 139.2 139.4 139.6 139.8 140.0
b

(a)

()

Figure 1. The coherence dynamics in one Grover iteration. The red, blue, black and green dots are the coherences of O, Hy, P and Hp,
respectively. The variations of the suboperator coherence before the turning point (a), at the turning point (b) and after the turning point (c).

P
1.0;

0.8}
0.6}

0.4}
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Figure 2. The variations of success probability P, (red dot-dashed
line) as a function of the number of iterations k.
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Figure 3. The operator coherence of H®". The blue dot-dashed line

and red dot-dashed line represent the operator coherence of Hy and
Hp, respectively.

vibrates between 1 — P, and (¢, t,)B. The relations
between the operator coherence of H®" and the operator
coherence of Hy and Hp are shown in figure 3. The inter-
section of the two lines is the turning point.

In figure 4, we illustrate the relationships of AC®(p),
ACO‘(pkHP) and AC“ (p,) between two consecutive
iterations.

((a=-1)AC)®

0.010
0.005

o k
~20 40 60 80 100 120440
~0.0050 S

-0.010 J —
-0.015
-0.020

Figure 4. The operator coherence of G (green), Hp (red dot-dashed)
and H, (blue dot-dashed) between two consecutive iterations.

((a-1)AC)“
a-1

1.0

0.5

20 40 60

-0.5

-1.0

Figure 5. The suboperator coherence of Hp (red) and Hy (blue) in
one Grover iteration.

According to Theorem 3, we have AC(p;)

1
AC* (g 1ym,) = —
DI @ty
beginning and the end. The connections of the suboperator
coherence of Hp and Hy in one Grover iteration are shown in

figure 5. Moreover, the coherence of Hp (Hp) is 1 (—1) at the
beginning and —% (%) at the end.

AC*(pyy,), which are zero at the
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Figure 6. Subfigures (a)—(f) are for the case that the superposition state of targets is a product one (an entangled one). (a), (d) The
relationships of the operator coherence of Hp and Hp. (b), (¢) The relationships of AC*(py5), AC*(pyy,) and AC(py ) between two

consecutive iterations. (c), (f) The connections of the suboperator coherence of Hp and Hy in one Grover iteration.

Example 2 Consider that the qubit numbers are n = 18
and the target numbers are t = 4. In this case y(z, t,) = 3
when the superposition state of targets is entangled and
vt t) = % when superposition state is a product one. From
Theorem 3 the Tsallis relative « entropy of coherence of
|tn,) is larger when the superposition state of targets is
entangled for o € (1,2]. When the superposition state of
targets is entangled, we show in figure 6 the relationships
between the operator coherence of Hp and H), the relation-
ships among AC*(p;5), AC*(pyy,) and AC*(p;y, ) between
two consecutive iterations, and the connections between the
suboperator coherence of Hp and Hy in one Grover iteration.
For comparison, we also present the corresponding results
when the superposition state of targets is a product one.

Note that Tsallis relative « entropy of coherence incor-
porates two important coherence quantifiers, the relative
entropy of coherence and the skew information of coherence,
so using such technical methods of Tsallis relative « entropy
to study coherent dynamics may yield more information about
the properties of different coherent measures in GSA. It can
also be seen from the examples that entanglement has an
important contribution to operator coherence in GSA.

6. Comparison with previous works

In order to clarify the contribution of this paper, we compare
our work with previous related works in this section.

In [69], the authors have investigated the /; norm of
coherence of the states after each of O, P and H®" is applied
in one G iteration, and discussed the number of coherence for
different cases of the target states. It is shown that the

10

coherence is monotone decreasing with the increase of the
success probability, and it is proved that the coherence is
vibrating, the overall effect is that coherence is in depletion.
Moreover, the coherence is larger when the superposition
state of targets is an entangled one.

In this work, we study coherence dynamics in GSA based
on Tsallis relative « entropy. The amount of coherence of first
H®" depends on the size of the database N, success prob-
ability and target states, and the coherence of two H®" have
different effects that one depletes coherence and the other
produces coherence. Coherence is not always produced or
depleted, but depleted and produced in turn. When « € (0,1),
the coherence is smaller when the superposition state of tar-
gets is an entangled one, and the coherence reduction is not
monotonic, but related to the parameter « with the increase of
the success probability, which is different from [69].

On the other hand, in [47], the Grover iteration has been
decomposed into two basic operators R and O, where
R = H®"PH®" 1t is demonstrated that H®" does not change
entanglement, and there exists a turning point during the
application of the algorithm. Before the turning point, the
entanglement always increases when the operator O is
applied, and the effect of the operator R can be almost ignored
on the level of entanglement. After the turning point, the R
remarkably decreases entanglement, and O increases entan-
glement. In our work, we study the coherence of the states on
the essential operator level and show that operators O and P
do not change the coherence. In addition, we also obtain a
turning point when « € (1,2]. Before the turning point, the
operator coherence of H, is depleting, and the operator
coherence of Hp is producing. After the turning point, the
situation is reversed.
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7. Conclusions and discussions

We have explored the coherence dynamics in GSA based on
Tsallis relative a entropy for a € (0, 1) U (1, 2], and proved
that the coherence decreases with the increase of the success
probability. We have derived the complementarity relations
between Tsallis relative « entropy of coherence and the
success probability. Moreover, we have studied how each
basic operator contributes to the coherence in GSA, and
proved that the amount of operator coherence of Hy relies on
the size of the database N, the success probability and the
target states. Following the idea in [69], we have also dis-
cussed the operator coherence of |iyy,) for different target
states. Finally, when « € (1, 2], we have derived the varia-
tions of operator coherence between two consecutive itera-
tions of Hyp, Hp and G in GSA, and the variations of
suboperator coherence of each basic operator Hy and Hp in
one Grover iteration. The operators Hy and Hp have different
effects on coherence, one produces coherence and another
depletes it. Coherence of the H®" is not always depleted but
depleted and produced alternatively. It oscillates during GSA
application.

In addition, when « € (0, 1) and « € (1, 2], the entan-
gled target state has different impacts on the Tsallis relative «
entropy of coherence. When « € (0, 1), the coherence is
smaller when the superposition state of targets is an entangled
one. However, when o € (1, 2], the coherence is larger when
the superposition state of targets is an entangled one. It would
be interesting to study how the entanglement of the super-
position state of targets is related to the coherence quantita-
tively. Our results may shed some new light on the study of
the coherence dynamics in quantum algorithms, and provide
new insights into quantum information processing tasks.

Utilizing the relative entropy of coherence and the /|
norm of coherence, it has been pointed out in [70] that
coherence of the system states reduces to the minimum in
company with the successful implementation of Grover’s
algorithm. In this paper, we can draw the same conclusion
when the Tsallis relative  entropy of coherence is employed.
Nevertheless, a similar assertion does not hold if other
quantifiers of a resource, like quantum entanglement, are
used. This peculiar character of quantum coherence may be
beneficial for designing new quantum algorithms in the
future.
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