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Abstract

®
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We investigate the ground-state properties and the dynamics of quasi-one-dimensional quantum
droplets of binary Bose condensates by employing the Gaussian state theory. We show that there
exists three quantum phases for the ground states of the droplets, including a coherent state and
two macroscopic squeezed states. The phase transition between two macroscopic squeezed states
is of the third order; while between the macroscopic squeezed state and the coherent is of a
crossover type. As for the dynamics, we find that, by tuning the reduced scattering length to a
negative value, a significant fraction of the atoms can be transferred from a coherent state to a
macroscopic squeezed state. Our studies open up the possibility of generating macroscopic

squeezed states using binary condensates.
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1. Introduction

Quantum droplets of atomic Bose gases have recently
attracted great attention in the cold atom community [1-3].
For both dipolar [4-7] and binary condensates [8—13], it was
found that a high density gas may stably exist even when the
contact interactions was tuned to the regime where con-
densates become unstable. Since then, there have been tre-
mendous experimental studies on the properties of the
condensates in this regime [14-20]. On the theoretical side, a
commonly used approach for studying quantum droplets is
the extend Gross—Pitaevskii equation (EGPE) which pertur-
batively incorporates quantum fluctuation (i.e. Lee—Huang—
Yang correction [21]) into the Gross—Pitaevskii equation
[22-25]. However, to make work in the mean-field unstable
regime, one has to ignore the imaginary part in the excitation
spectrum. In addition, although EGPE has provided satis-
factory explanations to experimental observations, there are
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still discrepancies with experimental measurements [3, 7, 8].
The properties of the quantum droplet were also studied with
approaches beyond EGPE by taking into account the higher
order corrections [26-30] or by employing the quantum
Monte Carlo methods [31-35]. In any cases, as a perturbative
treatment, the EGPE results should be checked with self-
consistent calculations.

In a series of works [36—40], we studied the ground-state
properties and the dynamics of the atomic condensates using
the self-consistent Gaussian-state theory (GST) that takes
account of the fluctuation at the Hartree—-Fock-Bogoliubov
level [41]. More importantly, GST gives rise to the gapless
excitation spectrum of condensates [36, 42, 43], which
remedies the flaw of the Hartree—-Fock—Bogoliubov theory.
As to the stabilization mechanism of the dipolar and binary
droplets, our studies showed that they were stablized by the
three-body repulsion, instead of the quantum fluctuation
[37-39]. In particular, we found two new macroscopic
squeezed states in droplets, i.e. the squeezed-vacuum state
(SVS), squeezed-coherent state (SCS), other than the

iopscience.org/ctp | ctp.itp.ac.cn


mailto:tshi@itp.ac.cn
mailto:tshi@itp.ac.cn
mailto:tshi@itp.ac.cn
mailto:syi@itp.ac.cn
mailto:syi@itp.ac.cn
mailto:syi@itp.ac.cn
https://doi.org/10.1088/1572-9494/ad04ce
https://crossmark.crossref.org/dialog/?doi=10.1088/1572-9494/ad04ce&domain=pdf&date_stamp=2023-12-18
https://crossmark.crossref.org/dialog/?doi=10.1088/1572-9494/ad04ce&domain=pdf&date_stamp=2023-12-18

Commun. Theor. Phys. 75 (2023) 125501

Y Tian et al

conventional coherent state (CS). Physically, these macro-
scopic squeezed states distinguish themselves from the CS
state by having a large second-order correlation and an
asymmetric atom-number distribution [36, 37], which allows
the potential experimental detection of the new quantum
phases. In addition, for quasi-two-dimensional (quasi-2D)
droplets, we showed that the multiple quantum phases can be
identified from the radial size versus atom number curve
[38, 39]. As to the dynamics of the atomic condensates, we
studied the collapse dynamics of a single-component con-
densate with attractive interaction [40]. It was shown that,
starting from a coherent condensate, a small fraction of atoms
can be transferred into the macroscopic squeezed state by
tuning the contact interaction to sufficiently attractive [40].

By closely following the experimental configuration [9],
we study, in this work, the ground-state properties and the
dynamics of a quasi-one-dimensional (quasi-1D) binary Bose
condensates using the Gaussian state theory. Compared to the
quasi-2D counterpart, the quasi-1D system allows us to per-
form numerical simulations with high precision which is of
particular importance for the dynamics. For the ground states
of the condensates, we show that, in analog to the quasi-2D
case, there exist three distinct phases, i.e. SVS, SCS, and CS.
Particularly, we find that it is a crossover between the SCS
and CS phases, in contrast to the first-order transition in
quasi-2D systems. As to the dynamics, we show that, by
tuning the reduced scattering length to a negative value, up to
60% of the total atoms can be transferred from a coherent
state to a macroscopic squeezed state, which is in striking
contrast to that found in single-component condensates.

The rest of this paper is organized as follows. In
section 2, we introduce our model and the GST for both
imaginary- and real-time evolution. In section 3, we present
the results on the ground-state properties of a self-bound
quasi-1D binary droplet, including the optimal number ratio,
quantum phases, and axial width. In section 4, we study the
dynamics of a coherent condensate after the reduced inter-
action is tuned to attractive regime. In particular, we show
that the macroscopic squeezing can be efficiently generated in
this process. Finally, we conclude in section 5.

2. Formulation

In this section, we first introduce our model for the quasi-1D
droplet of Bose—Bose mixtures. Then we give a short review
on GST. Particularly, we present the equations of motion for
system in both imaginary and real times. We will also discuss
the physical natures of the quantum states based on the
Gaussian states.

2.1. Model

We consider a ultracold gas of N K atoms with N, atoms
being in the hyperfine state |T) = |F, mp) = |1, —1) and N|
in|]) = |1, 0). The total Hamiltonian of the system

H = Hy + Hyp + Hip, (D

consists of the single-, two-, and three-particle terms In sec-
ond-quantized form, the single-particle part reads

s 272
Ho = Zfdr%(r)(—h v

2M
where 121@ (r) (=T, ]) are the field operators, M is the mass
of the atom

+ Vo — ua)fpa(r), )

1
Vet (x, y) = EMwi(xZ +3%) 3)

is the external trap on the transverse plane with w, being the
radial trap frequency, and p, are the chemical potential
introduced to fixed the mean atom numbers in both spin
components. Moreover, the two-body (2B) interaction
Hamiltonian takes the form

=322 [ard 0O b0 b0, @

aff

where g,/ :47rh2amg/M characterize the 2B interaction
strengths with a,s being scattering length between compo-
nents « and (3. The scattering lengths are tunable through
Feshbach resonance and for scenario of interest to the binary
droplets of *’K atom, the intra- and inter-species scattering
lengths satisfy a;y, a;; >0 and a;; <O, respectively. The
three-body (3B) interaction Hamiltonian can be expressed as
&5 [ardi b b Ob, @b dae, ©)

Hyp =
3! afy

where g3 is the 3B coupling constant which, for simplicity, is
assumed to be spin independent. In order to stabilize the 2B
attraction, we assume that gs is positive.

For the experimental configuration [9], the radial trap
frequency is sufficiently large such that the motion of atoms
on the transverse direction is frozen to the ground state of the
transverse harmonic oscillator. As a result, we may factorize
the field operators into

e~ (2 +y?)/a)
1/2
(ra? )

where a, = //7/(Mw,) is the radial harmonic oscillator
length. After integrating out the transverse motion,
Hamiltonian (1) reduces to a 1D form, i.e.

A=Y [ded) @hatda()

Do) = 90 (2) : (6)

g’ RPN N NG| 5
+ 308 [ded, @)1 ) () P (2)
af3
' P N A N N
+ 23 [d2d D9 D%, @Y, @U@ Ya@),  (7)
afy
where ﬁa =—/ 28?/ (2M) — p, with an unimportant con-
stant being absorbed into the chemical potential and
8.5 = gmg/(27mf) and g’ = g3/(37r2af) are, respectively,
the reduced 2B and 3B interaction strengths in the quasi-1D
geometry.
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2.2. GST for the ground states and dynamics of the
condensates

For completeness, here we present a brief introduction to
GST. A Gaussian-state wave function, |GS), can be equiva-
lently characterized using the coherent-state wave functions
¢Ef)(z) = (GSI%(z)lGS% the normal correlation functions
Gus(z, 7)) = (GSlé@g(z’)éﬂa(z)lGS% and the anomalous
correlation functions Fs(z, 2/) = (GSlé@gg(z’)élAﬁa(z)lGS),
where 61}(JK ) = &a () — ¢Ef)(z) is the fluctuation. To deter-

mine {gbi?, G,p, F,p3} for a ground state, we note that the total
energy of the system can be expressed as

E = (Vgs|H|Vgs) = Exin + Eap + Esp, (8)

where
Ean =" [dz [¢5;‘> @0 ()
+lim )G9 | ©)
is the kinetic energy,

Ex=Y %fdz { na(2)ng(z)

af
+2Re 0 ()05 @ Fap(z, D + |Fap(z, )P

+[269 @65 @) + Gaalz, ) | Gas(z, z)} (10)

is the two-body interaction energy, and
Eys =23 [dz{na@ns@n, @) + 6Re 6964 (2)
afy
X[ (2) Fap(z, 2)* + 2F (2, 2)*G3(2, 2)]

+3[ 26 @6 @) Gap(z, ) + 1Gas@ DF |1, )
+2Ga5(2, 2)Gpy (2, 2)Gra (2, 2)

+60(2)0) @*[ Fi (2. ) Fin (2, 2)

+Gsy (2, 2) Gya(z, 2)]

+3F0s(z, D@ 0, @) + 2Fan @, Gz, 1)
(I

is the 3B interaction energy. Here n,(z) = [¢\”(2)] +
Gaa (2, z) is the density of the ath spin component. Then, the
ground-state wave function can be obtained by minimizing
the total energy, which, in GST, is expressed as a set of
evolution equations of {¢Ef), G.3, Fo3}  in imaginary
time 7 =1it.

To write out these equations in compact forms, we

(c)
1

(c)
9
Gy G Fy F
matrices G :( I ”) and FZ( " “) in the spin

m(2)
n,(2)

eXpress {gf)g), Gap, Fop} into a vector ¢l©) = and two

space. Additionally, we introduce the vector 1 =

with
1@ = @97 + Lt [11060
+FsE 295 @F + Gz, z)¢§§')(z)]
+gi/z { [nﬁ(z)”W'(Z) + 2Re Fy, (p, 205 ()6 ()

2%
+2Gys,(z, 205 @*09 @) + |F3, (2, )P

16, @ DP |09 + 2| Gustz, n, (2)
o @ D F @ O + Goo (2 Gz 2 | 69@)
+2[ Rz 91, @) + Fr 2. G . 2)

+Goy (2, 2) P (2, z)] ¢ () }
(12)

Enz ) &
and two matrices &z, 7)) = 1z 2) &z, 2) ind
&1z 7)) &z 7)
Az, 7)) Api(z, 7
Az, 7)) = s Z/) 11z Z/)
Az, ) AL 2)
Ew(z, Z’) = [hd(Z) -+ ga'yn"/(z)] ug‘d&(z _ Z’)
"
12,5 [#9@69 OF + Gastz. 9|6 — 2
+8,6(z — 7))

with

!

x> {Z [%nq @ny (@) + ¢9@¢Y @*G,y (2, 2)
"
+Re ¢>§‘,‘)(Z)¢£’f})(z)F;¢(z, 2) + %|G77/(Z, 2
+%|F~,~,/<z, Sle ] B + 1D 69 @65 @
+G,5(z, z)]
+¢9 (@65 (2)*Gar (2, 2)
+0 () @*Gys(z, 2) + 69 @@ Fz 2)
+05 @ ¢ @)*Fr (2, 2)
+Gor (2, 2) Gy (2, 2) + Fay (2, D F5 (2, z)}
13)
and
Anpz, ') = 8,56z — z’)[qﬁﬁf’(zwfg")(z) + Fop(z, z)]
486~ DY 1060069 @ + R 2 |
.
+69 (@0 () Gy (2, D) + 6L @ (D) Gy (2, 2)
+[#9@6 @ + Gun(2, ) | Fin(z, 9

#9080 @ + Gz 0 | Rz 0}
(14)

Now, using the matrix notations, the imaginary-time evol-
ution equations for {¢£§'), G,5, F,3} can be expressed as

0:90'9 = —n — 2(Gn + Fn®), (15)
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0,G =—[EG + AFT + (G + AFTY ]

—2(GEG + FAN'G + GAFT + FETFY), (16)

0,F = =\ — [ EF + AG* + (EF + AGHT ]
—2(GEF + FAF + GAG* + FETGH). a7
Here, similar to the notations adopted in [39], gb(”) and 7

should be understood as vectors in both spin and coordinate
spaces whose elements are, e.g. (;Sﬁfz) = ¢£f)(z). In addition, G,
F, £, and A are understood as matrices in both spin and
coordinate spaces with elements, e.g. G, s/ = Ga5(z, ).
Then the matrix products in equations (15)-(17) should be
summed over the repeated indices in the spin space and
integrated over the repeated coordinates in the spatial
space [39].

Finally, for the real-time dynamics, the equations of
motion take the form [41]

10,0 =, (13)
i0,G = EG + AFT — (G + AFY, (19)
i0,F = A + EF + AG* + (EF + AG™Y. (20)

In section 4, we shall use these equations to study the
dynamical generating of the macroscopic squeezing.

2.3. Natures of the quantum states

The normal and anomalous Green functions can be diag-
onalized simultaneously by a set of orthonormal functions

(8"} 137, 391, iie.

[o.¢]
N — @70 N[ 760, T

6.2 =N @57 [ 1)
.

Feo =y Woarrnifeldo]. @

’ — J J J J ’

=
(5)

where &;‘Y) = qbZY)T is the mode function for the jth squeezed
Jl

mode  which satisfies the orthnormal conditions

f dz[d_%(s)(z)]%f)(z) = & and N{ is the occupation number
in mode (ZS;S).

Once the squeezed modes are determined, we may fur-
ther factorize the Gaussian state wave function as [37, 39]

IGS) = eV (E-¢) 1‘[ r5(57-)|0),

(23)

where N9=Jdzn'“(z) is the atom number in the coherent state
with 19 (z) = [¢©(2)]T¢'“)(z) being the coherent-state density

and ¢ = [dz[3O@N D@ with 39@) = ¢© @)/ VNO
being the normalized mode function for the coherent state. In the
squeezing operators, §; = f dz[éj(s) (z)]*fp(z) is the annihilation
operator for the jth squeezed mode and sinh§; = |/N; )
thermore, the total number of atoms in the squeezed state is
N©® = > NJ(S) and the total squeezed-state density is

n9(2) = S NO16" @)

. Fur-

For convenience of characterizing the squeezing states,
we always assume that N}S) are sorted in descending order
with respect to the index j. And numerically, it is found that in
many situations N; decreases quickly with the increase of j.
Therefore, only those modes that are notably populated, say
NJ(»X) /N ) > 0.1%, are important [37]. We may also define the
quantity S as the number of notably populated squeezed
modes (NNPSM), which, as shall be shown, is an important
quantity for determining the quantum phases of a droplet.

The quantum nature of the condensate can now be
characterized as follows. A conventional condensate that is
described as a CS should satisfy N“ /N~ 1 and N¥/N < 1,
for which the squeezed atoms are the quantum depletion. In
the opposite limit with N®/N~ 1, N9/N~0, and
N (Y)l / N = 0, the condensate is in a macroscopic single-mode
squeezed vacuum state, i.e. SVS, which, as shown previously
[36, 37, 39], possesses completely different statistical prop-
erties compared to CS. Finally, for the intermediate case, both

3 and &1@ are macroscopically occupied, the condensate is
in SCS.

3. Ground-state properties

Following the experiment setup [9], we study, in this section,
the ground-state properties of the binary droplet trapped by an
axially symmetric harmonic potential. To be specific, we
choose the control based on the experimental setups. The
radial trap frequency is w,/(2m) =109 Hz. The scattering
lengths a,s are taken as those of the ¥K atom and are
determined by the magnetic field B [8]. For convenience,
we also introduce the reduced scattering length da =
ay, + Japay)- As to the 3B couphng strength, we use the
value g3 =6.65 x 107>° im®s~! fitted in an earlier work of
ours [39]. Below, we shall first examine the optimal spin
composition, under which the condensates are completely
self-bound [9]. Then by assuming that the condensates are
prepared under the optimal spin composition, we study the
ground-state properties of the binary quantum droplets.

3.1. Number of the self-bound atoms

To start, let us first explore the relation between the atom
number in the self-bound droplet, N, and the number ratio of
the spin-1 to -| atoms, N;/N,. In figure 1(a), we plot the
density profiles for the spin-T and -| components with the
atom number ratios N;/N| = r,y for a condensate with total
N=7000 atoms at the magnetic B=156.35G. Here 7, =
Jaj/ay is the so-called optimal spin composition under
which all atoms are in the self-bound droplet and the density
profiles of both spin components overlap with each other
completely [see figure 1(a)]. We point out that this optimal
spin composition was first analytically predicted for a
coherent condensate by minimizing the interaction energy
[25]. It is further shown that the optimal number ratio still
holds even in the presence of the 3B interaction and the
macroscopic squeezed state [39].
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Figure 1. Density profiles for spin-T (solid lines) and -| (dashed
lines) atoms with number ratios Ny/N| = ryy (a) and 0.1 (b) for

N =7000 and B = 56.35 G (6a = — 5.42 a,). The horizontal dotted
line in (b) denotes the background density of the spin-| atoms. (c)
Fraction of the self-bound atom versus atom number ratio. The solid
line is from the theoretical calculations and A’s denote the
experimental data from [9].

When the atom number ratio deviates from 7y, not all
atoms in the spin species with excessive atoms being
unbound. In this case, we have to introduce the periodic
boundary condition for the untrapped z direction in order to
obtain a stable solution in numerical calculations. Figure 1(b)
shows the density profiles for the spin-T and -| components
with the atom number ratios N;/N| =0.1. The atom number
density n| at the boundary of the gas defines the background
density which, after integrating over the whole space, gives
rise to the number of unbound atoms. The number of the self-
bound atoms in the spin-| component can then be obtained by
subtracted from N, the background atom number.

In figure 1(c), we present the self-bound atom number
Ng/N as a function of atom number ratio N;/N| for N = 7000
and B =156.35G. Under these conditions, the optimal spin
composition is 7op = 1.4. As can be seen, with our definition
for the self-bound atoms, the numerical results are in fair
agreement with the experimental data.

3.2. Quantum phases of the self-bound droplets

With the optimal spin composition, we numerically find that
the coherent fraction Né”)/Na are independent of the spin
species, in analogy to that in [39]. This allows us to define a
single coherent fraction

N©
N

e

to characterize the quantum phases of a condensate, instead of
considering the coherent fraction of individual spin component.

— N W Rk

POCOOCO0O00O0COO60O 606 600 © ¢

-10 -8 -6
da (units of ay)

Figure 2. Distributions of the coherent fraction (a) and the peak
density (b) on the da-N parameter plane. The dashed line and ‘o’
denote, respectively, the analytically and numerically obtained
boundaries between the SVS and SCS phases. The dotted lines mark
the boundary between S = 1 and 2.

In figure 2(a), we map out the coherent fraction f,. on the
da-N plane. As can be seen, the self-bound droplet is in the
SVS phase for small N where the density is small such that
the 3B repulsion is small compared to the 2B attractive
interactions (see figure 3(b)). Then as N increases, the system
enters the SCS phase when the 3B repulsion takes effect. By
carefully analyzing the energy of the system, it is found that
the transition between the SVS and SCS phases is of third
order, similar to that in the quasi-2D system [39]. As N is
further increased to around 4 x 10*, the coherent fraction is
over 99%, which clearly indicates that the system is in the CS
phase. Figure 2(b) shows the distribution of the condensate
peak density npea on the da-N plane. Depending on the atom
number and the reduced scattering length, typical peak den-
sity ranges from 10%° to 10*' m™, in agreement with the
experimental measurements. In addition, the behavior of
Npeak(6a, N) also in rough agreement with that of f.(6a, N).
Namely, the lower (higher) density regime is dominant by the
squeezed (coherent) atoms.

To unveil more details on the quantum phases, we plot,
in figure 3(a), the N dependence of f, and S for N = 7000 and
bda=—11.78 ag. As can be seen, S becomes larger than unit
when N 2 2.6 x 10*. Furthermore, we plot the N dependence
of the energy contributions ey, = Eyin/N, €23 = E.p/N,
eap = E3p/N, and the total energy &= ey, + cxp+€3p in
figure 3(b). Here the correctness of the energy calculation is
checked by the virial relation 2ey;, + €25 + 2635 =0. Sur-
prisingly, unlike the first-order transition from the SVS to
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Figure 3. (a) f, versus N for éa = —11.78 a. (b) N dependence of the

Exin» |€28], €35, and ¢ with the same da. The left vertical lines mark
the boundary between SVS and SCS phases. The right vertical lines
represent the boundary between S = 1 and 2.

SCS phases in quasi-2D binary droplets [39], € and its deri-
vatives does not have any discontinuity around the boundary
between S = 1 and 2. Therefore, the transition from the SVS
to SCS phases is of a crossover type.

Interestingly, for the SVS-SCS transition, we may obtain
an analytic condition for the transition boundary. To this end,
we first introduce a fact found in numerical calculations.
Namely, in the vicinity of the phase boundary, the normalized
density profiles satisfy 7i(z) = i (z) = 2(z). Then from
equations (10) and (11), the 2B and 3B interaction energies
can be evaluated as

Eyp = wyp(N©O? + 6NON® 4 3N©2), (24)
Ezp = wig(N©3 + 15N©O2NG) 1 45N N2
+ 15N©®3), (25)
where w,p = 6g/(27'raf) fdzﬁ(z)z with
2 arra
_ 4r/i*ba Jarap| 26)

M (Jar + yap)?

and wsp = g3’ / 3! f dzi(z). To proceed, let us assume that
the system is at the SVS-SCS transition boundary with all for
atoms in the SVS phase. As a result, the total energy

E(N) = &N + 3wpN? + 15w3N>. 27)

Now if we add 6N atoms into the system, the energy with 6N
atoms occupying the squeezed mode must be larger than that
with 6N atoms occupying the coherent mode. This observa-
tion then leads to the critical condition for the SVS-SCS
transition, i.e.

N(x10%)

Figure 4. (a) Distribution of the axial size on the da-N parameter
plane. (b)The dashed lines denote the boundary between the SVS
and SCS phases.

—E»p = 3E;3p, (28)

which is numerically verified in figure 3(b).

3.3. Axial width of the droplets

As the directly measurable quantities, the widths of the
droplet are of great importance. In particular, for the radially
trapped system, we are interested in droplet’s axial width, i.e.
o, = [ZN*1 f dzz2n(2) ]1/2. Figure 2(a) plot the distribution
of o, on the da-N plane. As can be seen, the typical value of
o0, is several micrometers, which confirms that the axial size is
experimentally accessible through in sifu measurement. In
addition, nontrivial structures also developed in figure 2(a), in
analogy to that observed in the two-dimensional binary
droplets [39].
To gain more sight into the droplet’s axial width, we plot,
in figure 4(b), the numerically obtained o, as a function of N
(solid line) for éa =—-11.78 ay. In accordance with the struc-
ture in figure 2(a), the o,-N curve is of the W shape. Fol-
lowing [39], we analyze o, using a simple variational method.
To this end, we note that, quite generally, the total energy per
atom, e = E/N, can be expressed as
5 5 N2
€0w,) o 1 + &N | &N

2 2
z W, Wy

(29)

where w, is the width along the axial direction and g, (<0)
and & (>0) are two reduced strengths associated with the
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two- and three-body interactions, respectively. Clearly, g,
(<0) and g depend on the density profile of the droplets.
Then by minimizing equation (29), one finds the equilibrium
axial width,

28;N? + 2
—&N
Apparently, o.(N) goes to oo for both limits N — 0 and oco. In
addition, o_(N) is minimum at N = g, 172 Therefore, o(N) is
always a V-shaped curve. Interestingly, the critical atom
number is zero for the quasi-1D droplets, indicating that, in
the presence of attractive interaction, a self-bound state

always forms for 1D geometry.

To make quantitative comparisons between the varia-
tional and numerical results, we assume that all density pro-
files are proportional to a Gaussian function

1

7l /2WZ

o:(N) = (30)

e

n(z) = (€29)
Then for the CS and SVS states, we obtain two sets of reduced
interaction strengths (g, 2\“) and (g, 1), respectively,
where g\ = 46g/[(2m)*%at], ¢ = 32g,/(9n\3a}), &Y =
38, and g = 15g“. In figure 2(b), the dashed and dash-
dotted lines are the plots of equation (30) using the reduced
interaction parameters (g2(°'>, gg")) and (gz(”, g3“>), respectively.
As can be seen, 0" agrees very well with o, around the left dip
where the condensate is a SVS. This agreement is supported by
the fact that the density profile of a SVS is well approximated by
Gaussian functions. Around the right dip, the quantum state of
the condensate is a SCS, instead of a pure coherent state.
Therefore, o' only exhibits a rough agreement with ‘5T for
large N where the quantum state is dominated by coherent
component. In addition, the density profile of the coherent state
is significantly deviated from a Gaussian function in the strong
interaction regime, which leads to more discrepancy. Never-
theless, similar to that in the 2D binary droplets [39], the
W-shaped o.-N curve provides a strong evidence for the mul-
tiple quantum phases emerged in the self-bound droplets.

Interestingly, using these reduced interaction parameters,
we may analytically derive from equation (28) that the SVS-
SCS transition occurs at N = 2 / g3(°'>. As shown in figure 2,
this analytic critical condition is very good agreement with
the numerical results.

4. Dynamical generation of macroscopic squeezing

Here we study the dynamical generation of macroscopic
squeezing by tuning the scattering lengths. For the Feshbach
resonance used in the experiment [9], a;; and aq| are barely
changed. Therefore, we shall only allow a;, to vary in our
simulations. Specifically, the scattering length a, | is swept by

following the function
a(t) = ae”"'", (32)

where a; is the initial scattering length, 7, is the sweeping
time, and r = In(a;/a;) with a being the final scattering

length. We point out that although other function forms for
ay | (?) have also been tried for a given set of (a;, as; 7,), only
quantitative differences on the macroscopic squeezing are
found. Consequently, we shall only present the simulation
results using the sweeping function equation (32).

Our numerical simulations start with a ground state wave
function under the magnetic field B =56.86 G with various
atom number N’s. Correspondingly, the initial scattering
length is a; = 85.1ay which gives rise to a positive reduced
scattering length 6a; = 0.04ay. As a result, the condensate is
initially in a coherent state. To efficiently generate macro-
scopic squeezing, the target scattering length ay is so chosen
that the final reduced scattering length is negative, i.e. da,< 0.
Finally, it should be note that, unlike the self-bound ground
states, the atomic gas may significantly expand along the axial
direction, which poses an effective challenge to numerical
simulations. To circumvent this difficulty, we introduce a
harmonic confinement along the z direction with frequency
w,/@2m) = 10*Hz. Accordingly, to make the quasi-1D
assumption still hold, we radial trap frequency is increased to
w, /@2m) =10’ Hz.

Figure 5 present the main results for the dynamical
generating of the macroscopic squeezing. The general
observation is that, by simply tuning the scattering length, a
large fraction of coherent atoms are transferred into the
macroscopic squeezing, which is in striking contrast to the
single component case [40]. Specifically, we compare, in
figure 5(a), the relative macroscopic squeezing corresp-
onding to different sweeping times. As can be seen, dif-
ferent 7,’s give rise to similar dynamical behavior such that
the largest Nl(s)/N ’s achieved in simulations are also close
to each other. We can therefore say that the dynamics is
rather insensitive to the variation of the sweeping time. In
figure 5(b), we further compare Nl(s)(t)/N ’s corresponding
to different total atom numbers, which unsurprisingly
shows that larger N leads to larger Nl("') /N . The underlying
reason is clearly due to that the attractive interaction is
enhanced by higher density. For the similar reason, it is
seen from figure 5(c) that smaller a, (equivalently, larger
|6a,) generates more macroscopic squeezing. Particularly,
the largest N*)/N for each simulations is rather sensitive
to ay.

To gain more insight into the origin of the macroscopic
squeezing, we plot, in figure 6, the quench dynamics of the
fraction of the macroscopic squeezing Nl(”/N and the peak
condensate density 7pe.. As can be seen, for the initial stage
of the dynamics (t <2 ms), N/N is peaked at roughly the
local maximum of 71,c,, Which suggests that the macroscopic
squeezing is generated when condensate shrinks due to the
attractive interaction. However, this observation does not hold
for the long-time dynamics. In fact, for large 7, multiple peaks
may develop in the density profile, among which the lower
peaks may contribute significantly to the macroscopic
squeezing. Consequently, the dynamics of N*'/N becomes
out of synchronization to that of 7pe..
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Figure 5. N*'/N versus ¢ for (a) different sweeping times with
N=10>and ar=8.51 ag; (b) different atom numbers with 7, = 1 ms
and as= 8.51 ap; (c) different target scattering lengths with N = 10°
and 7, = 1 ms.
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Figure 6. Quench dynamics of Nl(s) /N (solid line) and 7peqi (dash-
dotted line) for N = 10* and a;=8.51 ay.

5. Conclusion

In summary, we have systematically studied the ground-state
properties and the dynamics of a quasi-1D binary Bose con-
densates using the Gaussian state theory. For the ground
states of the droplets, we have found that three distinct
quantum phases, including SVS, SCS, and CS. In particular,
it was found that the transition between the SCS and CS
phases is of a crossover type, in striking contrast to the first
order transition in quasi-2D binary droplets. As to the
dynamics, we show that up to 60% of the total atom can be
converted from a coherent state to the macroscopic squeezed
state by tuning the reduced scattering length to a negative
value, which suggests that macroscopic squeezing can be
more efficiently generated in two-component condensates as
compared to the single-component ones.

Acknowledgments

This work was supported by NSFC (Grants No. 12135018,
No. 11974363, and No. 12047503), by NKRDPC (Grant
No. 2021YFA0718304), and by the Strategic Priority
Research Program of CAS (Grant No. XDB28000000).
JP acknowledges support by the Youth Innovation Promo-
tion Association CAS.

References

[1] Guo M and Pfau T 2021 A new state of matter of quantum
droplets Front. Phys. 16 32202

[2] Luo Z-H, Pang W, Liu B, Li Y-Y and Malomed B A 2021 A
new form of liquid matter: quantum droplets Front. Phys. 16
32201

[3] Bottcher F, Schmidt J-N, Hertkorn J, Ng K, Graham S, Guo M,
Langen T and Pfau T 2021 New states of matter with fine-
tuned interactions: quantum droplets and dipolar supersolids
Rep. Prog. Phys. 84 012403

[4] Kadau H, Schmitt M, Wenzel M, Wink C, Maier T,
FerrierBarbut I and Pfau T 2016 Observing the Rosensweig
instability of a quantum ferrofluid Nature 530 194

[5] Schmitt M, Wenzel M, Bottcher F, Ferrier-Barbut I and Pfau T
2016 Self-bound droplets of a dilute magnetic quantum
liquid Nature 539 259

[6] Chomaz L, Baier S, Petter D, Mark M J, Wichtler F,
Santos L and Ferlaino F 2016 Quantum-fluctuation-driven
crossover from a dilute Bose—Einstein condensate to a
macrodroplet in a dipolar quantum fluid Phys. Rev. X 6
041039

[7] Bottcher F et al 2019 Dilute dipolar quantum droplets beyond
the extended Gross—Pitaevskii equation Phys. Rev. Res. 1
033088

[8] Cabrera C R, Tanzi L, Sanz J, Naylor B, Thomas P,
Cheiney P and Tarruell L 2018 Quantum liquid droplets in a
mixture of Bose—Einstein condensates Science 359 301

[9] Cheiney P, Cabrera C R, Sanz J, Naylor B, Tanzi L and
Tarruell L 2018 Bright soliton to quantum droplet transition
in a mixture of Bose—Einstein condensates Phys. Rev. Lett.
120 135301

[10] Semeghini G, Ferioli G, Masi L, Mazzinghi C, Wolswijk L,

Minardi F, Modugno M, Modugno G, Inguscio M and


https://doi.org/10.1007/s11467-020-1035-8
https://doi.org/10.1007/s11467-020-1020-2
https://doi.org/10.1007/s11467-020-1020-2
https://doi.org/10.1088/1361-6633/abc9ab
https://doi.org/10.1038/nature16485
https://doi.org/10.1038/nature20126
https://doi.org/10.1103/PhysRevX.6.041039
https://doi.org/10.1103/PhysRevX.6.041039
https://doi.org/10.1103/PhysRevResearch.1.033088
https://doi.org/10.1103/PhysRevResearch.1.033088
https://doi.org/10.1126/science.aao5686
https://doi.org/10.1103/PhysRevLett.120.135301

Commun. Theor. Phys. 75 (2023) 125501

Y Tian et al

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

(21]

[22]

(23]
[24]

[25]

Fattori M 2018 Self-bound quantum droplets of atomic
mixtures in free space Phys. Rev. Lett. 120 235301

D’Errico C, Burchianti A, Prevedelli M, Salasnich L,
Ancilotto F, Modugno M, Minardi F and Fort C 2019
Observation of quantum droplets in a heteronuclear bosonic
mixture Phys. Rev. Res. 1 033155

Burchianti A, D’Errico C, Prevedelli M, Salasnich L,
Ancilotto F, Modugno M, Minardi F and Fort C 2020 A
dual-species Bose—Einstein condensate with attractive
interspecies interactions Condens. Matter 5 21

Guo Z, Jia F, Li L, Ma Y, Hutson J M, Cui X and Wang D
2021 Lee—Huang—Yang effects in the ultracold mixture of
ZNa and *’Rb with attractive interspecies interactions Phys.
Rev. Res. 3 033247

Ferioli G, Semeghini G, Masi L, Giusti G, Modugno G,
Inguscio M, Gallemi A, Recati A and Fattori M 2019
Collisions of self-bound quantum droplets Phys. Rev. Lett.
122 090401

Natale G, van Bijnen R M W, Patscheider A, Petter D,
Mark M J, Chomaz L and Ferlaino F 2019 Excitation
spectrum of a trapped dipolar supersolid and its
experimental evidence Phys. Rev. Lett. 123 050402

Tanzi L, Roccuzzo S, Lucioni E, Fama F, Fioretti A,
Gabbanini C, Modugno G, Recati A and Stringari S 2019
Supersolid symmetry breaking from compressional
oscillations in a dipolar quantum gas Nature 574 382

Bottcher F, Schmidt J-N, Wenzel M, Hertkorn J, Guo M,
Langen T and Pfau T 2019 Transient supersolid properties in
an array of dipolar quantum droplets Phys. Rev. X 9 011051

Tanzi L, Lucioni E, Fama F, Catani J, Fioretti A, Gabbanini C,
Bisset R N, Santos L and Modugno G 2019 Observation of a
dipolar quantum gas with metastable supersolid properties
Phys. Rev. Lett. 122 130405

Chomaz L et al 2019 Long-lived and transient supersolid
behaviors in dipolar quantum gases Phys. Rev. X 9 021012

Guo M, Bottcher F, Hertkorn J, Schmidt J-N, Wenzel M,
Biichler H P, Langen T and Pfau T 2019 The low-energy
Goldstone mode in a trapped dipolar supersolid Nature
574 386

Lee T D, Huang K and Yang C N 1957 Eigenvalues and
eigenfunctions of a Bose system of hard spheres and its low-
temperature properties Phys. Rev. 106 1135

Schiitzhold R, Uhlmann M, Xu Y and Fischer U R 2006 Mean-
field expansion in Bose—Einstein condensates with finite-
range interactions Int. J. Mod. Phys. B 20 3555

Lima A R P and Pelster A 2011 Quantum fluctuations in
dipolar Bose gases Phys. Rev. A 84 041604(R)

Lima A R P and Pelster A 2012 Beyond mean-field low-lying
excitations of dipolar Bose gases Phys. Rev. A 86 063609

Petrov D S 2015 Quantum mechanical stabilization of a
collapsing Bose—Bose mixture Phys. Rev. Lett. 115 155302

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]
[39]

[40]

[41]

[42]

[43]

Ota M and Astrakharchik G E 2020 Beyond Lee—Huang—Yang
description of self-bound Bose mixtures SciPost Phys. 9 020

Boudjemaa A and Guebli N 2020 Quantum correlations in
dipolar droplets: Time-dependent Hartree—Fock—Bogoliubov
theory Phys. Rev. A 102 023302

Hu H, Wang J and Liu X-J 2020 Microscopic pairing theory of
a binary Bose mixture with interspecies attractions: bosonic
BEC-BCS crossover and ultradilute low-dimensional
quantum droplets Phys. Rev. A 102 043301

Hu H and Liu X-J 2020 Consistent theory of self-bound
quantum droplets with bosonic pairing Phys. Rev. Lett. 125
195302

Gu Q and Yin L 2020 Phonon stability and sound velocity of
quantum droplets in a boson mixture Phys. Rev. B 102
220503(R)

Saito H 2016 Path-integral Monte Carlo study on a droplet of a
dipolar Bose—Einstein condensate stabilized by quantum
fluctuation J. Phys. Soc. Jpn. 85 053001

Macia A, Sanchez-Baena J, Boronat J and Mazzanti F 2016
Droplets of trapped quantum dipolar bosons Phys. Rev. Lett.
117 205301

Cinti F, Cappellaro A, Salasnich L and Macri T 2017
Superfluid filaments of dipolar bosons in free space Phys.
Rev. Lett. 119 215302

Bombin R, Boronat J and Mazzanti F 2017 Dipolar Bose
supersolid stripes Phys. Rev. Lett. 119 250402

Cikojevi¢ V, Marki¢ L V, Astrakharchik G E and Boronat J
2019 Universality in ultradilute liquid Bose-Bose mixtures
Phys. Rev. A 99 023618

Shi T, Pan J and Yi S 2019 Trapped Bose-Einstein
condensates with attractive s-wave interaction arXiv:19009.
02432

Wang Y, Guo L, Yi S and Shi T 2020 Theory for self-bound
states of dipolar Bose—Einstein condensates Phys. Rev. Res.
2 043074

Wang Y, Shi T and Yi S 2021 Self-bound droplets in quasi-
two-dimensional dipolar condensates arXiv:2112.09314

Pan J, Yi S and Shi T 2022 Quantum phases of self-bound
droplets of Bose—Bose mixtures Phys. Rev. Res. 4 043018

Pan J, Wang Y, Shi T and Yi S 2022 Fluctuation assisted
collapses of Bose—Einstein condensates Commun. Theor.
Phys. 74 095701

Shi T, Demler E and Cirac J I 2018 Variational study of
fermionic and bosonic systems with non-Gaussian states:
theory and applications Ann. Phys. 390 245

Guaita T, Hackl L, Shi T, Hubig C, Demler E and Cirac J I
2019 Gaussian time-dependent variational principle for the
Bose—Hubbard model Phys. Rev. B 100 094529

Hackl L, Guaita T, Shi T, Haegeman J, Demler E and Cirac J [
2020 Geometry of variational methods: dynamics of closed
quantum systems SciPost Phys. 9 048


https://doi.org/10.1103/PhysRevLett.120.235301
https://doi.org/10.1103/PhysRevResearch.1.033155
https://doi.org/10.3390/condmat5010021
https://doi.org/10.1103/PhysRevResearch.3.033247
https://doi.org/10.1103/PhysRevLett.122.090401
https://doi.org/10.1103/PhysRevLett.123.050402
https://doi.org/10.1038/s41586-019-1568-6
https://doi.org/10.1103/PhysRevX.9.011051
https://doi.org/10.1103/PhysRevLett.122.130405
https://doi.org/10.1103/PhysRevX.9.021012
https://doi.org/10.1038/s41586-019-1569-5
https://doi.org/10.1103/PhysRev.106.1135
https://doi.org/10.1142/S0217979206035631
https://doi.org/10.1103/PhysRevA.84.041604
https://doi.org/10.1103/PhysRevA.86.063609
https://doi.org/10.1103/PhysRevLett.115.155302
https://doi.org/10.21468/SciPostPhys.9.2.020
https://doi.org/10.1103/PhysRevA.102.023302
https://doi.org/10.1103/PhysRevA.102.043301
https://doi.org/10.1103/PhysRevLett.125.195302
https://doi.org/10.1103/PhysRevLett.125.195302
https://doi.org/10.1103/PhysRevB.102.220503
https://doi.org/10.1103/PhysRevB.102.220503
https://doi.org/10.7566/JPSJ.85.053001
https://doi.org/10.1103/PhysRevLett.117.205301
https://doi.org/10.1103/PhysRevLett.119.215302
https://doi.org/10.1103/PhysRevLett.119.250402
https://doi.org/10.1103/PhysRevA.99.023618
http://arxiv.org/abs/1909.02432
http://arxiv.org/abs/1909.02432
https://doi.org/10.1103/PhysRevResearch.2.043074
http://arxiv.org/abs/2112.09314
https://doi.org/10.1103/PhysRevResearch.4.043018
https://doi.org/10.1088/1572-9494/ac60fb
https://doi.org/10.1016/j.aop.2017.11.014
https://doi.org/10.1103/PhysRevB.100.094529
https://doi.org/10.21468/SciPostPhys.9.4.048

	1. Introduction
	2. Formulation
	2.1. Model
	2.2. GST for the ground states and dynamics of the condensates
	2.3. Natures of the quantum states

	3. Ground-state properties
	3.1. Number of the self-bound atoms
	3.2. Quantum phases of the self-bound droplets
	3.3. Axial width of the droplets

	4. Dynamical generation of macroscopic squeezing
	5. Conclusion
	Acknowledgments
	References



