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Abstract
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The recent stochastic signal observed jointly by NANOGrav, parkes pulsar timing array,
European pulsar timing array, and Chinese pulsar timing array can be accounted for by scalar-
induced gravitational waves (SIGWs). The source of the SIGWs is from the primordial curvature
perturbations, and the main contribution to the SIGWs is from the peak of the primordial
curvature power spectrum. To effectively model this peak, we apply the Taylor expansion to
parameterize it. With the Taylor expansion parameterization, we apply Bayesian methods to
constrain the primordial curvature power spectrum based on the NANOGrav 15 year data set.
The constraint on the primordial curvature power spectrum possesses a degree of generality, as
the Taylor expansion can effectively approximate a wide range of function profiles.

Keywords: pulsar timing array, scalar-induced gravitational waves, inflation

(Some figures may appear in colour only in the online journal)

1. Introduction

The detection of gravitational waves (GWs) from compact
binary mergers [1-3] by LIGO-Virgo-KAGRA has provided
valuable insights into the properties of the population of GW
sources [4—16]. The next crucial milestone in GW detection is
the observation of stochastic GW backgrounds that would
provide valuable information about astrophysical and cos-
mological processes, such as the early universe, dark matter
[17-19], and modified gravity [20-24]. Recently, the north
American nanohertz observatory for gravitational Waves
(NANOGrav) [25, 26], parkes pulsar timing array (PPTA)
[27, 28], European pulsar timing array (EPTA) together with
Indian pulsar timing array (InPTA) [29, 30], and Chinese
pulsar timing array (CPTA) [31], have jointly detected a
common-spectrum process exhibiting the Hellings-Downs
angular correlation feature inherent in gravitational waves
(GWs). Characterized by a fiducial f ~2/3 characteristic-strain
spectrum, this signal is attributed to an ensemble of binary
supermassive black hole inspirals, with a strain amplitude of
approximately ~107'> at a reference frequency of 1yr~'
[25, 28, 30, 31]. Besides the supermassive black hole binary
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(SMBHB) scenario, other hypotheses are also proposed
[32-55]. Among these hypotheses, scalar-induced gravita-
tional waves (SIGWs) are a strong candidate, offering a more
robust explanation than the supermassive black hole binary
(SMBHB) model by Bayesian analysis [32, 34]. This paper
focuses on exploring the observed PTA signal explained by
SIGWs. For further physical processes contributing to the
pulsar timing array (PTA) band, please refer to [56-71].
The scalar-induced gravitational waves are induced by
the large scalar perturbations seeded from primordial curva-
ture perturbations generated during the inflationary epoch
[72-74]. Accompanying the formation of SIGWs, the large
scalar perturbations can produce primordial black holes
(PBHs) [5, 6, 8, 10, 11, 15, 75-110]. To produce detectable
SIGWs, the power spectrum amplitude of primordial curva-
ture perturbations, denoted as -AC’ must be on the order of
A¢ ~ O(0.01), while the constraints from cosmic microwave
background (CMB) anisotropy observations at large scales
are A = 2.1 x 107° [111]. Therefore, the significant SIGW's
require the power spectrum amplitude of primordial curvature
perturbations seven orders of magnitude larger than the con-
straints at large scales. Generating such a large enhancement
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in the primordial curvature power spectrum is hard to achieve
in traditional slow-roll inflation models;instead, ultra-slow-
roll inflationary scenarios may be able to achieve this purpose
[112-154].

The energy density of SIGWs is mainly determined by
the peak structure of the primordial curvature power spec-
trum. In this study, we adopt a polynomial representation to
characterize the peak profile of the primordial curvature
power spectrum. This polynomial form can be understood as
a Taylor expansion capable of effectively describing various
peak shapes. By employing this polynomial parameterization,
we can derive the most data-favored peak profile of the pri-
mordial curvature power spectrum by the Bayes analysis. The
organization of this paper is as follows. Section 2 gives the
energy density of the SIGWs. Section 3 overviews the para-
meterization of the primordial curvature power spectrum and
presents the constraints on it. Finally, the conclusions are
drawn in section 4.

2. The scalar-induced gravitational waves

If the scalar perturbation resulting from the primordial cur-
vature perturbations created during inflation reaches a notable
level, the secondary order of linear scalar perturbations may
act as a source to induce GWs. In this section, we explore a
detailed analysis of the energy density of the SIGWs during
the radiation dominated. The perturbed metric within the
Newtonian gauge can be expressed as follows:

ds? = a®>(n[—(1 + 2®)dn?
—|—{(1 — 2®)0; + %h,;,- }dxidxf]. (1

Here, ® is the Bardeen potential, and &;; represents the tensor
perturbation, satisfying the transverse-traceless gauge condi-
tion 'y = hi = 0. In the Fourier space, the tensor pertur-
bation is denoted by:
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where el»j+ (k) and e;(k) are the plus and cross-polarization
tensors,

e (k) = %[ei(k)e,(k) — a0z ®),
1
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Here ¢;(k) and ¢;(k) are the normalized basis vectors ortho-
gonal to the wave vector k, withe -¢ =e-k=¢€¢ -k =0.

In Fourier space and neglecting anisotropic stress, the
equation of motion for tensor perturbations with either
polarization can be expressed as:

he () + 2Hhy () + k2 () = 4Sk(n), )

where 7 represents the conformal time, dn=dt/a, H = a’/a
is the conformal Hubble parameter. The source term from the

linear scalar perturbations is denoted by:

&k il ogod,
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where @, denotes the Bardeen potential in the Fourier space,
which can be related to the primordial curvature perturbations
by
3+ 3w
P = T (k) G (6)
k= S (D
and the transfer function 7(x) can be expressed as
sin(x/v3) — (v/V3)cos(x/3)
x/3)?

By using the Green’s function method, we can obtain the
solution for Ay (n),

T(x) = 3[ 7
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with the Green function

sin [k (1 — ﬁ)].

Gr(n, M) = (&)
k
The definition of the power spectrum of SIGWs, P, is
3 272
(he(mhyp() = 6 (k +p)F7’h(k, 7). (10)

Combining the above relations, we can obtain [72-74,
155-157]

Putko )y =4 [~ dv [ du

o« [4\/27 (1 — 12 + v?)? ]2

4uy
X Igp(u, v, x) Pe(kv) Pe(ku). (11)

Here, the new variables are u = |k — k|/k, v = |k|/k,
x=kn, and P is the power spectrum of the primordial cur-
vature. Furthermore, we have

Ip (i, v, x) = fo " dy ysinG — ) (3T wy) T (vy)
+ y[T(wy)uT'(uy) + vI'(vy)T (uy)]
+ yzuvT’(uy) T'(vy)}. (12)

By using the definition of the energy density parameter of
GWs

1k Vo
Qcwk, n) = —| — | Pulk, n). 13
aw(k, 1) 24(aH) (ks 1) (13)
and equations (11), we can obtain [155, 157]
1 k2 o 1+v
Qowlk. ) = ¢(Z) o7 av [ du
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X [ duv ]
X I, v, x)Pe(kv) Pa(ku), (14)
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Table 1. The priors, maximum posterior values, 1-o credible interval bounds of posteriors for the parameters in the primordial curvature
power spectrum parameterization (20) by using NANOGrav 15 years data set and Bayesian methods.

Parameters  log,(k,/Mpc~!) log,, Ao log,, A log,, A3
prior Ui, 10) Uu-4,1) U-10,2) U(-5,5)
posterior 7757558 —1.6380%  —6.7473%  —0.077%8

where % is the oscillation time average of I3p. After the
horizon reentry and at late time x — oo, L%, becomes [74]

1 (32 +v2—3))
ot 0 = 5 =)
A2 w? +v2 = 320 + u — 3)
_ 2 1Y
—(4uv — @+ 2 — 3)n % ) } (15)

The evolution of GW energy density is the same as that of
radiation. By using this characteristic, we can get the present
energy density of GWs:

Qaw(k, 1n9) = Q. 0Qcw(k, 10), (16)

where €2, is the energy density parameter of radiation at
present.

3. Methodology and results

The contribution to the energy density of SIGWs is mainly
from the peak region of the primordial curvature power
spectrum. In this paper, we focus on the peak region of the
primordial curvature power spectrum and parameterize it as

log)o Pe(k) = > (ogpAy) - x', —1<x<1, (17)

i=0

where x = log,(k /k,), and k,, is the peak scale of primordial
curvature power spectrum. The peak can be well described
by the polynomial as long as the polynomial term is large
enough. The Taylor expansion converges at the condition
|x| < 1. Because larger polynomial terms will cost larger
computing resources, for the sake of simplification, in this
paper, we only consider n =3. To ensure that the peak of
the power spectrum is located at the scale k,, the derivatives
of power spectrum must satisfy dP/dx=0 and
d?P/dx? < 0 at x = 0. Furthermore, to ensure that the peak
at scale k), is the only peak, the first derivative should satisfy
dP/dx > 0 for x<0 and d7/dx < 0 for x> 0. For the
parameterization considered in this paper, these conditions
are equivalent to
log,y Al = 0,

logy A2 < —1.5[log,As]. (18)

For other scales, we use the near-scale-invariance
power-law form to parameterize the primordial curvature
power spectrum,

ng—1
P(k) A*(ki) , x<-lorx>1,

*

19)

where k, =0.05Mpc™!, A, =2.1x10"7, and n,=0.965
[111]. Therefore, the parameterization is

> dogyA;) - x', —-l<x<1,

i=0

loglOP((k) = k ng—1
loglo[A*(k—) l, x<—-lorx>1.

*

(20)

There are steps present at x=-1 and x=1 in this para-
meterization. These steps in the power spectrum of the
primordial curvature power spectrum can be found in var-
ious inflationary mechanisms, such as parametric amplifi-
cation [86] and sound speed resonance [158]. Hence, the
inclusion of steps in the parameterization (20) is considered
acceptable. For the parameterization given by (20), when
|x| < 1, if the spectrum obtained from parameterization (17)
is smaller than the spectrum obtained from parameterization
(19), we use the latter. In the following, we use the para-
meterization described by equation (20) and apply Bayesian
methods to the NANOGrav 15 years data to obtain the
constraint on the amplitude of the primordial curvature
power spectrum. Our analysis utilizes data from 14 fre-
quency bins in the NANOGrav 15 year data set [25, 32] to
infer the posterior distributions of the parameters in para-
meterization (20). The computations were performed using
the Bilby code [159], implementing the dynesty algo-
rithm for nested sampling [160]. We formed the log-like-
lihood function by evaluating the energy density of SIGWs
at the 14 specific frequency intervals. Afterward, we com-
puted the sum of the logarithms of probability density
functions obtained from 14 independent kernel density
estimates [36, 40, 43, 44, 161, 162]. Consequently, we can
represent the likelihood function as

14
InL(A) =) InLi(Qew(f, N)), (21

i=1
where A denotes all the parameters in the parameterization
given by equation (20), and the prior for the parameters are
listed in table 1. The function I/ denotes the uniform dis-
tribution. In this study, we incorporate constraints stemming
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Figure 1. The posterior of the parameters in parameterization (20) using the NANOGrav 15 years data set with Bayesian methods.
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Figure 2. The primordial power spectrum of the parameterization
(20) by choosing the 1-o value listed in table. 1. The green, orange,
and blue regions are the constraints from the Planck data [111], p-
distortion of CMB [165], and the effect on the ratio between neutron
and proton during the Big Bang nucleosynthesis (BBN) [166],
respectively.

from baryon acoustic oscillation and cosmic microwave
background (CMB) data [163]. Specifically, we impose
a restriction on the integrated energy-density fraction,
given by fkoc W?Qcw.ok), dInk < 2.9 x 1077 [164], where
h=Hoy/(100km, s, Mpc™')=0.674 [163] is the dimen-
sionless Hubble constant.

The posterior distributions of the parameters in the
parameterization (20) are displayed in figure 1, and the
maximum posterior values, 1-o credible interval bounds of
posteriors are listed in table 1. The maximum posterior of the
peak scale is k, = 5.6 x 10’Mpc ™", which is consistent with
the Gauss model given in the NANOGrav paper [32]. By
choosing the values in the 1-o credible interval bounds of the
parameters listed in table 1, we calculate the primordial cur-
vature power spectrum shown in figure 2 and denoted by the
red line; the corresponding SIGW are displayed in the figure 3
and denoted by the blue line. Figure 3 shows that the energy
density of the SIGWs is consistent with the NANOGrav
15 years data set.
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Figure 3. The corresponding energy density of the SIGWs denoted
by the blue line. The red violins are the NANOGrav 15 years
data set.

4. Conclusion

The stochastic signal detected by the NANOGrav, PPTA,
EPTA, and CPTA collaborations can be explained by SIGWs,
where the source of the GWs is from the primordial curvature
perturbations. The main contribution to the energy density of
the SIGWs is from the peak of the primordial curvature power
spectrum. In this paper, we focus on the peak region and
parameterize the primordial curvature power spectrum near the
peak by the Taylor expansion with four terms to characterize
the peak behavior. The posterior of the parameters are:
log,o(k,/Mpc~) =7.757053, log,y Ag = — 1.637073, logy A2 =
—6.741318 log,,A; = —0.07738. Because the Taylor expan-
sion can describe most function profiles, our constraint on the
primordial curvature power spectrum possesses a degree of
generality.
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