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In this paper, two different methods for calculating the conservation laws are used, these are the
direct construction of conservation laws and the conservation theorem proposed by Ibragimov.
Using these two methods, we obtain the conservation laws of the Gardner equation, Landau—

Ginzburg-Higgs equation and Hirota—Satsuma equation, respectively.

Keywords: conservation laws, Landau—Ginzburg-Higgs equation, Hirota—Satsuma equation,

Gardner equation

1. Introduction

Nonlinear science runs through physics, mathematics,
astronomy, and other scientific fields and is a bridge con-
necting mathematics and other disciplines [1-4]. It is another
major development in natural science after quantum
mechanics and relativity. Nonlinear differential equations
transform physical phenomena into mathematical language,
so it is of practical significance to study nonlinear equations.
The concept of conservation law plays an important role in
the study of differential equations and many applications. The
mathematical concept of conservation law is derived from
familiar representations of physical laws such as energy [5],
momentum [6], and angular momentum [7]. In the jet pro-
blem [8], the conserved quantity plays an important role in the
solution process, which is used to determine the unknown
index in the similar solution that cannot be obtained under
homogeneous boundary conditions. In addition, we can see
that many results, such as the existence, uniqueness, and
stability of rational solutions, are determined by conservation
law [9-11].

The well-known method of constructing conservation
laws is the Noether theorem [12], which will produce all the
conservation laws of the partial differential equation system
with a Lagrangian. Specifically, every nontrivial conserva-
tion law is generated by some variational symmetries, but
not necessarily variational point symmetries. The application

0253-6102,/24,/055004+9$33.00

of the Noether theorem depends on the appropriate
Lagrangian formulation. In fact, many equations do not have
it, so we look for additional methods to find the conservation
laws. The first method is that Anco and Bluman proposed an
algorithm to obtain the field equations for any system of
local conservation laws in [13, 14], regardless of whether the
system has a Lagrangian formulation. The algorithm is
based on the conservation law multiplier to obtain the con-
servation law of the equation system by using the formula.
The second method is that Ibragimov introduced the concept
of adjoint equations of differential equations and took the
new differential equations composed of given equations and
their adjoint equations as the research object [15]. Using the
adjoint variational principle [16] proposed by Atherton et al.
, the Lagrangian formulation of the new differential
equations was obtained, and the theorem of finding con-
servation laws was given. Furthermore, there are many ways
to construct conservation laws, such as the variational
approach [17], the partial Noether approach [18], and so on
[19-21].

The outline of this paper is as follows: In section 2, the
method of directly constructing conservation laws is
reviewed. Section 3 applies the method of directly con-
structing conservation laws to the Gardner equation, the
Landau-Ginzburg-Higgs (LGH) equation, and the Hirota—
Satsuma equation; the conservation laws are obtained.
In section 4, we discuss the nonlinear self-adjointness of
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the above three equations and obtain new conserved quan-
tities by using the conservation theorem proposed by
Ibragimov.

2. Direct construction method for conservation laws
of partial differential equations

2.1. Gardner equation

We first consider the Gardner equation

G = u, + 6uu, — 61Pu, + Uy, = 0. 2.1)

The equation is widely used in various branches of physics,
such as plasma physics, fluid physics, and quantum field
theory [22-24]. It also describes various wave phenomena
in plasma and solid [33, 34]. Its symmetries with infinite-
simal generator Xu =1 [25, 26] satisfy the determining
equation

0 = Dyn + 6u,n + 6uD,n — 12uu,n

—6u’Dyn + D31 when G =0, (2.2)
where D, = 0, + u,0, + uy 0y, + uy0y, + -+ and D, =
Or + u 0y + uy 0, + uy 0, + --- are total derivative

operators with respect to ¢ and x. The adjoint of the sym-
metry equation (2.2) is the determining equation for adjoint
symmetries G’'*(w)|, = 0, where ¢ will denote the solution
space of the equation (2.1). Therefore, the adjoint of the
equation (2.2) is given by

0 = —D,w — 6uDw + 6u*Dyw — D3w

when G =0, 2.3)

which is the determining equation for the adjoint symme-
tries w of the Gardner equation. Next, we consider local
conservation laws D,®" + D,®* =0 on all solutions u(¢, x)
of the equation (2.1). All nontrivial conservation laws'
conserved densities in this form can be constructed from
multipliers A on the Gardner equation, analogous to inte-
grating factors, where A depends only on ¢, x, u, u, and u,,.
In particular, by moving off the Gardner equation solution
space, we have

D,®" + D, ®* = (u; + 6uu, — 61U, + U)o

+D,(u; + 6uu, — 6u%u, + )N+, 2.4)

for some expression Ag, Ay, ... with no dependence on u, or
differential consequence. This yields the multiplier

D,® + D(®* — T
=(u; + 6uu, — 6ulu, + Upy)A,
A= AO — DxAl+"',

where I' =0 when u is restricted to be a Gardner equation
solution.

The definition for multipliers A(z, x, u, u,, u,,) is that
(u; + 6uu, — 6u*u, + u,,)A must be a divergence expression
for all functions u(t, x). The determining condition is

(2.5)

expressed by

0=E,(GA) = E,((u; + 6uuy — 6121, + ty)N)
= —D,A — 6uDA + 6u*D,A — DA

+ GA, — D.(GA,) + D(GA,,), (2.6)

where E, = 0, — D;0,, — D,0,, + D;D,0,, + D} 0, + -
is the standard Euler operator which annihilates divergence
expressions.

By calculation, we can get the general form of the mul-
tiplier of the Gardner equation as follows (see appendix A):

A= cl[(2u3 —3u? + u — u )t — % + %xu]

+ e[ —2u3 + 3u? + uy] + c3u + cq, 2.7

where ¢y, ¢, ¢3 and ¢4 are arbitrary constants. So for the
Gardner equation, here are some multipliers

A= Qu? — 3u® + u — uy)t — % + %xu,

A = =213 + 3u? + uy,,

A3 =Uu, A4 = 1. (28)

For the multiplier A} = 2u3 — 3u? + u — uy )t — % + %xu,
according  to  the  definition  of  multiplier
MG = D,(®) + D, (P}), we have the following conserved
vector:

ol = t(lu“ —ud + lu2 — uguy + luf)
2 2 2

X X 5
— —=u + —u”,
6

6
OF = r(—2u® + 6w’ — 6u* + 2u® + 2utu,,

— 3uluy, + Ul — luf)
2

2 _ 2y

6

+ lux + ixuum — ﬁuf — uu,. 2.9)
6 3 2

— St o —
2 2

Similarly, for the multiplier Ay = — 21 4+ 3u® + 1, A3 =1u
and A, =1, we have
o = flu“ +u - luz
2 2

X

®F =2ub — 6u’ + L + 1
2 2

+ 3ulu,, — 20l + ucu,, (2.10)
1

@g = 5”2,

X 3 4 3 1 2
O3 = ——u” 4+ 2u’ — —u; + uuy,, 2.11)
2 2
and

D) =u,
&F = 3u? — 2u3 + uy,. (2.12)
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2.2. Landau—-Ginzburg—Higgs equation

Consider the LGH equation

G=uy — uyx + g2l =0, (2.13)

where N is an integer and g denotes an arbitrary constant. The
LGH equation was introduced by Lev Devidovich Landau
and Vitaly Lazarevich Ginzburg in [27], and has a very wide
range of applications in radially inhomogeneous plasmas with
a constant phase relation of ion-cyclotron waves [28]. It
proves the superconductivity and unidirectional wave propa-
gation in nonlinear media [29].

Symmetries of the LGH equation with infinitesimal
generator Xu = 1 [25, 26] satisfy the determining equation

D1 — Din+ Ng*u~'np =0

when G = 0. (2.14)

Obviously, equation (2.14) is self-adjointed. For any local
conservation laws

D,®' + D, ®* = 0, (2.15)

by moving off the LGH equation solution space, we have

Dth)t + qu)x = (uy — Uy + gzuN)AO

+D,(y — g + gPuMYA -, (2.16)

for some expressions Ag, Aj, ... with no dependence on u,
and differential consequences. This yields the multiplier
D;®" 4 D (®* —T') = (uy —
A=Ay — DA+,

MXX + gZuN)’
(2.17)

where ['=0 when u is restricted to be a LGH equation
solution. Multipliers A are defined by the condition that
Uy — Uy + gzuN)A is a divergence expression for all func-
tions u(z, x). We restrict attention to A of first-order,
depending on ¢, x, u, u;, u,. This leads to the necessary and
sufficient determining condition

0=E,((uy — pe — m*u + g2u3)A)
= DA — DA + Ng2uM-'A
+ (g — e + 2uMA,
= Dy(Ay(uy — tye + gzuN))

— Dy (N, (uy — uye + g2u™)). (2.18)

By solving equations (2.18), we can obtain the general form
of the multiplier of the Hirota—Satsuma equation as follows
(see appendix B) :

A =a(uy — ) + ax(u, + uy) + cuy, (2.19)

where a;, a, and ¢, are arbitrary constants. For the LGH
equation, here are some multipliers

N =u +u, A =u. (2.20)

A= uy — uy,

For the multiplier A; = u, + u,, according to the definition of
multiplier AiG = D,(®}) + D, (P7), we have the following

conserved vector:

' 2 I, g2 N+1
Pl =wuu, — —u; — —u; — u T,
2 2 N+1
x 1 2 1 2 82 N+1
O =uu, — —uS — —u; + u T, 2.21)
2 2 N+ 1

Similarly, for the multiplier A, =u, and A3 = u,, we have

2
D) = u,u, + lutz + luf + & ulV+1
2 2 N+1

2
g N+1

2 u ,

lut — luxz +
2

D = —uu;, —
: ' 2 N+ 1

(2.22)

and

(2.23)

2.3. Hirota—Satsuma equation

Consider the Hirota—Satsuma (HS) equation
G'=u, — 6puu, + rvv, — pu,,, =0, (224)
G* = v, + 3puv, + pv,, =0,

where p and r are arbitrary constants. The HS equation
describes the interaction of two long waves with different
dispersion relations. It is related to most types of weak dis-
persive long waves, internal waves, acoustic waves, and
planetary waves in geophysical hydrodynamics [30-32].

the linearized

Next, we consider

equations (2.24)

equation of

(LiV' = —6pu, V' — 6puD, V' — pD} V',
(LiV' =3py, V,
(LAV? =2 V2 + rvD, V2,

(%)3V? =3puD,V? + pD} V2. (2.25)
And the adjoint system of system (2.25) is given by

(LW = 6puD W, + pD} Wi,

(LDTWa = 3py Wi,

(LW =—rvD W,

(L3Wa = =3pu,Ws — 3puD Wy — pD}Ws,  (2.26)

here £, and EZ: denote a linearization operator defined as
follows:

O0A, OA

P — P D. VP ...
(ag)j\)(rpv ou’ Ve + auip DlV +
WMo p. o D,V 2.27)
ou/f !

iy
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and
oA, oA
(L0 W = LW — D[ —LWe |4 -
ou’ auia
oA,
+(=1)PDy, --- D we l. (2.28)
814,':7...1'”

Let %, = 0, — (8'0, + g%, + --), where g' = — 6puu, +
TV, — Plyry, and g2 =3puv, + pv.. For multipliers of the
form A(x, t, u, u,, u,,) and u means u, v we have

0= E,s(u + g'A + vy + g2As)
= _DIA(T + (gir()gAp + (gz)ap(utp + gp)’

c=1,2. (2.29)

By solving equations (2.29), we can obtain the general form
of the multiplier of the HS equation as follows (see
appendix C):

A = ity — —av? + 3au® + ki,
4p

A= —Lalvxx - ZLaluv, (2.30)

2p P

where a; and k; are arbitrary constants. So for the HS
equation, here are some multipliers

Aii=1, Ap=0,
Mot = thyy — —v2 + 3u?,
4p
r r
Ny = —v,, — —uv. 2.31
22 2p xXx 2p ( )

For the multiplier A; = (1, 0), according to the definition of
multiplier A;G' = D,(®}) + D;(®{), we have the following
conserved vector:

D =u,

OF = —3pu? + %vz — pu,,. (2.32)

Similarly, for the multiplier A, = (un — IV 3, L — iuv),
we also have the following conserved vector:

d) = luum — Luv2 +ud— —vy, — Luv R
2 12p 4p 6p
P = 21—4(7216pzu4 + 36pru*v? — 3rivt

— 312p%uPu,, — 32pruvv,,
+ 34prviu + 6prugv: — 34prvv.u,
— 24p% Ul — 24p2u$x
— 12prvv, + 12p1v, v — 12prvfx + PP U lyy).
(2.33)
Anco et al consider the construction of conservation laws in
some special cases [35], and here we will consider the con-

servation laws constructed by the more general case of
equations (2.24).

3. Nonlinear self-adjointhess and conservation laws

In this section, we consider the nonlinear self-adjointness and
the conservation laws of equations (2.1) and (2.24) by the
method proposed by Ibragimov [15]. We know that this
method cannot produce any new conservation laws unless
they are already derived from multipliers. In particular, the
multiplier method is complete, that is to say, every nontrivial
conservation law comes from a multiplier. This section is
mainly to supplement the conservation law that may be
missed when the multiplier method is used to find the con-
servation law.
Firstly, we introduce a general form of systems

Fa(x, u, u(l),...,u(,)) = 0, o = 1, 2,~~,m, (31)

where x = (xl, xz, ...,x") denotes n independent variables,

u—= (ul, uz,...,u'") represents m dependent variables, and u,,
is a class of the partial derivatives of r-th order of u. Then an
adjoint system of (3.1) is given by

Fr;k(xs u,v, u(l)3 V(l),...,u(r), v(r)) = 0, a = 13 2a“',ma
3.2)
with
oL
F(f(x, u, v, Uiy, Vay---Uy)» V(r)) =—=0,
Su®
a=1,2,--m. 3.3)

Here £ = Y% v’F; is a Lagrangian form of (3.1), with

y=(@',...,v"™) being new dependent variables. We use % for
the Euler—Lagrange operator

6 0 0 0
=2 D=L 4 DD -
bu® ou® Ou;! Ou;,
(1) DDy, - Dy (3.4)
ou’

iin- iy

Next, the definition of nonlinear self-adjointness and the
theorem of conservation laws are given in [15].

Definition 1. The systems of m differential equations (3.1)
are said to be nonlinearly self-adjointed if the adjoint
equations (3.3) are satisfied for all solutions # of the original
system (3.1) upon a substitution

Ve = Y*(x, u),

such that ¥ (x, u) = 0.

a=1,-m, (3.5)

Theorem 1. Let the system of differential equations (3.1) be
nonlinearly self-adjoint. Specifically, let the adjoint system
(3.3) to (3.1) be satisfied for all solutions of equations (3.1)
upon a substitution (3.5). Then any Lie point, contact or Lie-
Bdcklund symmetry

. o ) 0
X=¢&x,u, um,...)@ + nl(x, u, u(l)"")ﬁ’ (3.6)

as well as a nonlocal symmetry of equations (3.1) leads to a
conservation law D;C'|y1) = O constructed by the following
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formulas:
) . oL oL oL
Cl = z£+W(1 — D: + D;Dy|] — |— ---
¢ ou J(@uif) ! k[au,ﬁ) }
oL oL
+QOW{ — — Di( a>+ml+aDuWﬂ
Ou Uik
X 8 o —_— e s
ik (.7
where
We = n® — £yf, (3.8)

and L is the formal Lagrangian for the system (3.1).
Proposition 1. The Gardner equation is nonlinearly self-

adjoint.

Proof. Taking the multiplier y = % so that for

l(u, + 6un, — 61Uy + Uyy) = 0. 3.9
u

Then, the adjoint system of equation (3.9) is obtained as
follows:

E = —%(u, + 6un, — 6y + Upy) — Dt(g)
ou u u
— Dy(6w) + 61, L — 12u,w + Dy (6uw) — Q&(ﬂ),
" "7 (3.10)
with the formal Lagrangian
L= 2 + 6u, — 612, + ). (3.11)
u
Substituting w = u into (3.4), one has
1
% = ——(u; + 6uny, — 61Uy + Uger). (3.12)
ou u

By comparing (3.12) and (3.9), we find that equation (2.1) is
strictly self-adjoint. Thus, the Gardner equation is nonlinearly
self-adjoint.The Gardner equation admits three infinitesimal
generators as follows:

= g, X = i,
ot Ox

x\ 0 0 u 1) 0
X=[r+Z|=+r=+|-=+=|—.
’ (+3)6x+8t+(3+6)8u

The conservation laws of symmetry (3.13) have forms as
follows:

Xi

(3.13)

[D,C" + D, Cl) = O, (3.14)

where the conserved vector C = (C’, C¥) is given by (3.7).
For the generator X, the corresponding Lie characteristic
function is given by W = — u,. Thus, formulas (3.7) yield the

following conserved vector:

e ] ]

Ou;
=v(u, + 6uu, — 61U, + ) — Uy,
oL oL
C-=&L+W + D} ——
¢ [ Ouy OUssx ]
+DXW[—DX oL ] +DXZW[£]
Uncr Oty
= —u,(6uv — 6LV + Vi) + UpVy — Up V. (3.15)
Similarly, for the generator X,, we have W= — u,. Thus,
formulas (3.7) yield the following conserved vector
C'=—u,v,
C* =v(u; + 6un, — 61U, + Uyy)
— 1w, (6uv — 6UPV + V) + UV — UgeV.  (3.16)
For the generator X;, we have W= —% + % -

(t + %)ux — tu,. According to formula (3.7), we have the
conservation vector of the Gardner equation as follows:

C'=1t(u, + 6uu, — 612U, + )V
u 1 ( x)
— = — =+ |t+ = Jux + tu v,
3 6 3

C* = (t + %)v(u, + 6un, — 61U, + Upy)

u 1 X
+|—=+—=—t+ = |u. — tu, |(buy
3 6 3

— 66UV + vy) — (—%ux — (t + %)um — tu,x)vx

X
+ (_Mxx - (t + g)uxxx - tutxx)v-

For the generators X; and X,, the translational symmetry
yields trivial conservation laws. Compared with the con-
servation law obtained by the multiplier method, there is in
fact no new conservation law, but it may be useful for us to
study the problem later.

3.17)

For the LGH equation, it is easy to prove that it is not
nonlinearly self-adjoint. According to Theorem 3, it cannot be
obtained by formula (3.7). For the HS equation, let r = 3p,
and then equation (2.24) becomes the following form:

G'=u; — 6puu, + 3pw, — =0,
{ u; — 6pun, + 3pvy, — pu,,, (3.18)

G? = v, + 3puy, + pv,, = 0.

Proposition 2. The HS equation is nonlinearly self-adjoint.
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Proof. The formal Lagrangian of the HS equation (3.18) can
be written as

L = w'(u, — 6puu, + 3pw, — pu,,)

+w? (v + 3puv, + pv,)- (3.19)
Then, one has
i‘_ﬁ = —w; + 6puw; + pwiy, — 3y,
u
oL 1 2 2 2 2
o 3pvw, — w; + 3pu,w” + 3puwy — pwi,. (3.20)
v

Substituting w! = u and w? = v into equation (3.20), we have

% = —(u; — 6pun, + 3pvv, — pu,,.),

bu

oL

= = —(v; + 3puv, + pv,..). (3.21)

Hence, the special HS equation is nonlinearly self-adjoint.[]
The special HS equation admits three infinitesimal generators
as follows:

0 2 0 2 0
—|—t5 — Eua — EVE (3.22)
The corresponding conservation law is limited by
[D,;C" + D, C*]|a21) = 0, (3.23)

where C = (C’, C*) denotes the conserved vector of (3.7). For
the generator, the corresponding Lie characteristic function is
given by W' = — u,, W? = — v,. One can find the conservation
vector of equation (3.18) given by

C! :gtﬁ + Wl[g_ﬁ] + WZ[a_E]

u; o,
= wl(u; — 6puu, + 3pw, — pu,,,)

+ w? (v, + 3puv, + pv) — wwy — viws,

oL oL
C-=&L+ W —+D;]
¢ [ Oty Oy ]

oL

MJCXJC

oL oL
+ W2 —= + D}
[ O, OV ]

] L p2w 2L

uXJ(X

+ DXW‘[—DX

oL

VXXX

] + DXZW2£

VXXJC

+ waz[—Dx

= u,(6puw' + pw!) — pu,w' + pu,,w'
— v Bpvw! — 3puw? + pwt)

+ py,w? — py, W2 (3.24)

For the generator X,, we have wW=— Uy, W2 =— V.. Thus,

formulas (3.7) yield the following conserved vector
C'=—uw' — vw?,
C* = w'(u, — 6puu, + 3pw, — pu,) + w?
X (v + 3puv, + pv,,) + u(6puw’ + pwix)
— pu W+ pu W' — v Bpyw' — 3puw? + pwi)
+ py, Wi — py W2
(3.25)

For  the generator X3, we  have W!'=—
1

2 X 2t 2 2 X 2
(gu + Jue + ?u,), W= = _(EV + n + ?v,). Thus, for-
mulas (3.7) yield the following conserved vector

C' = t{w!'(u, — 6puu, + 3pvv, — pu,..)
+ w? (v + 3puv, + pv)l

(2 X 2t )1
— | =u + —ux + —u; |w
3 3

3
(2 X 2t ) )
—|=zv+ own+ = |w,
3 3 3
Cr = %[wl(u, — 6puu, + 3pvv, — pu,,.)

+ w? (v + 3puv, + pv)]

2 X 2t
—Zu + Zuy + =up |(—6puw' + put,
(3 3 3 z)( P PWi)

— (u +£u +ztu )wl
P X 3x 3 x X

(4 x 2 ) | (2 X
— | TUn + DU F U W — | TV
3 3 3 3 3

+ %vt)(?)pvwl — 3puw? + pw?)

+ (v —&—iv —&—gv )wz— (iv
px 3)05 3rx X p3xx

X 2t ) )
+ — Ve + — Vi W7
3 3
(3.26)

According to the above calculation, we can find that the
Gardner equation has infinite polynomial conservation laws,
while the HS equation has only three conservation laws,
whether using the above method or other methods.

4. Conclusion and discussion

In this paper, we use two methods to calculate the conservation
laws, the direct construction of conservation laws and the
conservation theorem method proposed by Ibragimov, and
construct the conservation laws of the Gardner equation, the
LGH equation, and the Hirota—Satsuma equation. The con-
servation theorem method is more widely used than the Noe-
ther theorem. It does not require the equation system to have a
Lagrangian function, but it does require it to be nonlinearly
self-adjoint. The direct construction conservation law method
has no requirement for the equation system, but the calculation
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of its multiplier is more complicated. Compared with the
Noether theorem, the multiplier method is complete. In fact,
every conservation law is generated by multipliers. In contrast,
the use of symmetric, adjoint symmetric formulas, partial
Lagrangians, and other methods is usually incomplete. They
either do not apply to every partial differential equations sys-
tem, or do not necessarily produce all conservation laws. The
multiplier method generates all conservation laws for any
partial differential equations system, regardless of whether the
system has a Lagrangian function.
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Appendix A

By comparing the coefficient G and D,g of equation (2.6), it

is found that the system consists of the adjoint symmetry
determining equations on A

~ I\ — 6uD A + 6u*D,A — DA =0, (A1)

and extra determining equations on A,
—D.A,, + DA, =0, (A2)
Ay, — DAy, =0, (A3)

where 7, = 9, — (6uu, — 6uu, + )0, — (Buit, — 6UUy + Uy )y
Oy, + -+ is the total derivative operator, which expresses ¢
derivatives of u through the Gardner equation. By expanding
equation (A3), we find that the highest order derivative term

is Uy Ay, u,,» and hence uy Ay, = 0, so that
AN =a(, x, u, u)uy, + b(t, x, u, uy). (A4)
Substitute A in the above formula into (A3), we can get
by, — ayu, — a, = 0. (AS)

By comparing the coefficients ., Uy and so on in
equation (A1), we can get the following equations

3, + Sty + 3Dy, =0,

61 A v, + 32N, + 30, + 3Acu, + 3ue Ay, =0,
A, — (buuy — 612u)A, — (18uuty — 1203

—36uu u)A,, + (6u — 6u>) (A + uA,)

—(6u? — 12uu>)A,y, + 3wt Ny + 1M

+3uee N + 3 A + 1 N + A = 0.

By solving the above equations and equations (A4) and (AS),
we can obtain the general form of A as follows:

A =[Qu? —3u? + u — uy)t
—% + %xu] + o[ —2u? + 3u? + uyl + czu + ca,
(A6)

where c;, ¢y, c3 and ¢4 are arbitrary constants.

Appendix B

Equation (2.18) leads to a split system of two determining
equations for A(, x, u, u,, u,), consisting of

P2\ — DA 4+ Ng2uV-'A = 0, (B1)

which is the symmetry determining equation (2.14) on A, and

2A, + 2\, — DA, =0, (B2)
which is an extra determining equation on A. Here
Dt = az + utau + foaul + (Mtt — Uy + gzuN)au, + - is
the total derivative operator which expresses t derivatives

through the LGH equation. And from equation (B2), we can
get

2Au + Atu, + utAuu, + (u)oc - gzuN)Amm

A, = e, — Uy, = 0. (B3)
Since A does not contain u,,, we have
A, = Ny (B4)
2N, + A, + wh, — g2uNAy, — Ay, — uxAyy, = 0.
(B3)

We next consider equation (B1), comparison coefficient u,,,

we can get

—2u Ny, — 205, + 2A4, + 2u\y,, — 2g2uNAu,u, =0.
(B6)

Combining equations (B5) and (B6), we have
4A, = 0. B7)

Compare the coefficients of u,, in equation (B1), we have

—2A 4, + 2A4, — 28%uMA,,,, = 0. (B3)
By solving equations (B4), (B5), (B7) and (BS8), we can get
the general form of multiplier is

A= (uy —u) it — x)

+u + u) B+ x) + au + F(x, 1), (B9)

where F(x 4+ f) is an arbitrary function of x + ¢, F,(¢) is an
arbitrary function of t, F;3 is only related to x, t. Substitute
equations (B9) into (B1), we can get

— (U + u)Fiy + (U + u) oy + F3y
+ (_ut + ux)lex - (ut + MX)FZ)UC
= By + (ur + u) B+ (e + u) B

+ cu; + F3)Ng?uV-1 =0, (B10)
Equation (B10) separates into
F/ =0, F =0, F=0, B11)
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so we can obtain F| = a; = constant, F, = a, = constant and

F3=0. Therefore, we can get the specific form of multipliers
A = a(ue — u) + ar(u, + wy) + cuy, (B12)

where a;, a, and ¢; are arbitrary constants.

Appendix C

Substitute equations (2.26) into (2.29) when o is 1, 2,
respectively. We have

— DAy + 6puD, Ay + pD,x3A; + 3pv, Ay
[ PG p [P
Ou aux

N (8A2
+ D} + | =2G? - D,
(auxx )) Ou

x (%Gz) + D2(8A2 )) =0, (Ch
U Oy
— DAy — rvDy Ay — 3pAy — 3puD Ay — ijAz
+ [ p g
ov avx
8A1 8A2 aAZ
+ D} +| =262 - D, G?
(8vxx )) ( ov (8vx )
4 02(‘91‘2 )) o, )
Ovyy

Consequently, the non-leading terms in equation (2.29) are
given by

— 9\ + 6puD, Ay + pD.x3A; + 3pv, Ay = 0, (C3)
— Ay — rvDAy — 3pAy — 3puD, Ny — pDA; = 0. (C4)

Comparing the coefficients of derivatives of G and G, we can
get the leading term in equation (2.29)

o\ oA,
-4 =0, Cs
Ovee  Ouy ©)
XA fzpﬂzo, 20 fw%:o, (C6)
Oty Ollyr Ovy Oy
AV SR ) VN
Ovy Ouy Oty
«ha  OM_op Oy, (e)
Ou, Ovy OVyy
D, oA n D2 o\ —0. b, oA, n D2 V) _o.
Ouy Oty Ovy OV
(C8)
_ON Oy 0N e Ohe
v du Ou, Oty
—%+%—D 9N D28A2 =0. (C9)
Ou Ov Ov, Ovyy

Consider equation (C6). Its highest-order term is uy, Ay,

ox Uy

and vy Mgy, ., hence Ay, , = 0 and Ay, , = 0. Similarly,
we have A, , = 0 and uy Ay, from equation (C7). This
means that A; and A, are linear with respect to u,, and v,,,
combining equation (C5), we have the general form of A, and
As

A =a(t, x, u, u)uy + bi(t, X, U, W) Vi

+ alt, x, u, uy),
Ny =bi(t, x, u, w)uy + ba(t, X, U, W) vy,

+ 62(t9 x’ u’ uX)9 (Clo)

Then the remaining terms in equation (C6), after some can-
cellations,

bluxvxx + Clu, — (alx + ap iy + apy vy + alv,cvxx) - O»
(b2x + b2uux + b2vvx + b2uxuxx) =0.

(C11)

blvxvxx + Coy, —

According to the coefficients of u,,, and v, of

equations (C3) and (C4), we have

Aly, Uxx + blvxvx_)c + Cly, = 0,

bluxu)cx + b2uxuxx + cu, = 0. (C12)

Clearly, equation (C12) separates into
apy, = blvx = Cly, = 0’ blux = b2ux = Cu, = 0. (C13)
Hence ai,=a;,=a,=0, by=>by,=b,=0 from
equation (C1D). Similarly, we have
a,, = by = by, = by, = by, = 0. That is to say, a;, b; and

b, are independent of x, u, u,, equation (C10) becomes

A= ai(Oue + bi(O)vee + ar(t, x, u),

Next, we solve the concrete forms of ay, by, b,, ¢, ¢3. The
coefficient of u,,,, from equation (C3), we have

2pb,(t) =0, (C15)

hence b,(f)=0. Comparing the coefficient v, in
equation (C3) with the coefficient u,,, in equation (C4), we
have

2pcy, + rvai(t) =0, 2pcy, + rvay(t) = 0. (€16)
It yields that
o= —évzal(t) + ki(x, 1, u),
(C17)

€2 = ——uvay(t) + h(x, 1, v).
2p

Furthermore, by comparing the coefficients of u,, u,,, and
constant terms in equations (C3) and (C4), we can obtain the
following equations:

—a'|(t) — 18a;(t)pu, + 3pu, i + 3pcy,, =0, (C18)
%al(t) + pb, (1) = 0, (C19)

b'5(t) — 3pb, (1) + 3pc,,, =0, (C20)

9puc,, + rvey, + 3pc, =0, (C21)

—c'i(t) + 6puc,, + pci =0, (C22)
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¢y + e + 3pucy, + peyy =0, (C23)
Clav = Coxu = Copy = 0. (C24)
Simultaneous equations (C17)—(C24), we can get
= 7L01V2 + 3(11142 + k],
4p
r r
= —galuv, by, = —gal, (C25)

where a; and k, are arbitrary constants. Therefore, we can get
the specific form of multipliers

A1 = AUy, — Lalvz + 3(111/[2 + k],
4p

r r
A= ——avy, — 2—a1uv,

(C26)
2p P

where a; and k; are arbitrary constants.
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