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Abstract
In recent years, researchers have investigated the evaporation of Schwarzschild black holes using
various forms of the generalized uncertainty principle (GUP), metric quantum correction, and non-
commutative geometry, respectively. However, there are differences between the GUP correction
and the other two methods in terms of describing the later stages of black hole evaporation.
Furthermore, some studies argue that the GUP with a negative parameter cannot effectively correct
black hole evaporation, while others contend that the positivity or negativity of the GUP parameters
should not affect the correction results. Taking the above into consideration, we reconsider black
hole evaporation with the generalized uncertainty principle including a linear term (LGUP), and
examine the case of negative parameters. The results indicate that the evaporation behavior of both

Schwarzschild black holes and Reissner—Nordstrom black holes, under LGUP correction, is
consistent with the results of metric quantum correction and non-commutative geometry.
Additionally, the negative parameter LGUP can also effectively correct for black hole evaporation.
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1. Introduction

In the 1930s, with the emergence of quantum field theory,
attention was drawn to the possible existence of a minimum
length. By the mid-1970s, the study of black hole thermo-
dynamics [1, 2] provided an important theoretical basis for
widely recognizing the possible existence of a minimum
observable length. Later, with rapid developments in string
theory [3, 4], black hole physics [5], non-commutative geo-
metry [6], and other theories, this perspective became deeply
ingrained in people’s minds. People have also modified the
traditional Heisenberg uncertainty principle, which contradicts
the existence of a minimum length, and proposed the gen-
eralized uncertainty principle (GUP). After its proposal, the
GUP was quickly applied to various areas of physics such as
gravitational corrections for quantum systems [7-10], correc-
tions to the thermodynamics of black holes [11-17], and
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cosmology [18, 19]. Additionally, the positive and negative
GUP parameters have sparked numerous discussions: rainbow
gravity corrections to the black hole information flux and
Hawking radiation sparsity [20], the modification of special
relativity [21], and the negative parameter of the GUP to
recover the Chandrasekhar’s limit [22], etc., argue that the
negative parameter is applicable to a specific model. However,
others contend that the existence of the minimum length should
be universal, meaning that both positive and negative GUP
parameters should not be limited by a specific model [23, 24].

In 1975, Hawking proposed Hawking radiation in [25],
which demonstrates that black holes not only absorb objects
but also emit energy outward. However, during this process,
the temperature of the black hole becomes infinitely high.
Later on, GUP was developed and applied to black hole
thermodynamics, indicating that instead of being infinite the
temperature reaches a non-zero finite value [26]. Although
GUP can correct for Hawking radiation, the obtained results
still differ from those of metric quantum correction [27] and
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non-commutative geometry [28], which also reflect the
minimum lengths. In recent years, researchers have made
continuous efforts and proposed several revised models, such
as EUP [29], EGUP [30, 31], LGUP [32, 33], in order to
achieve a consensus.

The LGUP proposed in literature [33], which is con-
sistent with string theory, double special relativity, and black
hole physics, has caught our attention among the various
options available. Although the literature [34] has calculated
black hole evaporation using LGUP, it does not provide
thermodynamic images. Therefore, based on the results of the
literature [34], we have drawn corresponding images. How-
ever, we have discovered that its description of black hole
evaporation is inaccurate. Furthermore, recent literature [35]
has identified deficiencies in the current method used to cal-
culate the corrected thermodynamic quantities of black holes
[26, 36], and proposed an improved method. Literature [37]
successfully reproduced GUP from the modified entropy
obtained by this improved method and demonstrated its rea-
sonability and effectiveness. Inspired by these studies, we
have investigated the thermodynamic properties of black
holes under LGUP using this improved method and plotted
thermodynamic images for comparison with the existing
studies while considering the negative parameter problem
of LGUP.

The structure of this paper is as follows: in section 2, we
provide a brief introduction to LGUP. In section 3, we cal-
culate the temperature, entropy, heat capacity, evaporation
rate, and sparsity of Hawking’s radiation as functions of
evaporated mass for LGUP corrections with positive and
negative parameters. We also plot thermodynamic images to
compare with existing studies. In section 4, we calculate the
functions of each thermodynamic quantity and the mass of the
RN black hole with both positive and negative parameters of
LGUP. Furthermore, we investigate the influence of charge O
on the thermodynamic properties of RN black holes. Finally,
our findings are summarized in section 5.

2. The generalized uncertainty principle including a
linear term (LGUP)

Firstly, the line element of Schwarzschild black hole space-
time is given.

ds? = —c2(1 — 2GTM)dt2

c’r
-1
—|—(1 - ZGTM) dr? + r2(do?
cr
+sin® 0dy?), (1)

where G is the gravitational constant, M is the mass of the
Schwarzschild black hole, and r is the distance to its center.

2GM
=5 @

is Schwarzschild radius.

The literature [33] presents the generalized uncertainty
principle including a linear term (LGUP) as follows:
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less constant.
Taking the 1-dimensional form of equation (3) can get:
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use relational expression (Ap)? = (p?) — (p)?, and take
(p) = 0, equation (4) can be changed to:

Axp > L1 - aldp + 4a*(Bp)). (5)
with equation (5),we can get:
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Because the right-hand part of equation (6) can be sim-
plified into the Heisenberg uncertainty principle as o — 0,
while the left-hand part cannot, we take:

Ax ho
Ap > 1+ —
P 4ha2[ 2Ax
2.2

_h ﬁ_a _ 15h°a 7
Ax  4(Ax)?

3. Thermodynamics of a Schwarzschild black hole

3.1. The functions of each thermodynamic quantity and the
mass of a black hole

Literature [25] has shown that black holes possess thermo-
dynamic properties, indicating the existence of a relationship
among their mass, energy, entropy, and temperature. Among
these properties, mass is the most fundamental and crucial one
for a black hole as it determines its ability to attract sur-
rounding matter, the greater the mass, the stronger its grav-
itational pull. Furthermore, by comparing the first law of
black hole thermodynamics dM = ;—ﬂdA + QdJ + vdQ with
the first law of thermodynamics for a rotating object
dU = TdS + QdJ + VdQ, it can be observed that the surface
gravity x corresponds to the temperature 7, the area of the
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event horizon A corresponds to the entropy S, and the mass M
of the black hole corresponds to the internal energy U of a
thermodynamic system. The mass of a black hole is closely
related to its energy. According to the mass-energy relation
E =mc?, changes in mass correspond to changes in energy.
Therefore, the mass of a black hole can be considered as its
thermodynamic energy [38].

We associate the mass of the black hole with other
thermodynamic quantities in order to describe the evaporation
behavior of the black hole accurately. First, we calculate the
functions of temperature, entropy, heat capacity and other
thermodynamic quantities as well as the mass of the black
hole respectively.

Take the minimum value of equation (7):

Ax [] ha
4ha? 2Ax
ha  15h2a2
b I
Ax 4(Ax)?

and use the subscript L to represent the physical quantities of
the LGUP correction calculated by this method.

Under the geometric background near the horizon of a
Schwarzschild black hole, the position uncertainty of particles
should be proportional to the Schwarzschild radius [39], then:

(ApL )min =

) ®)

Ax >~ ury = w, &)
c
where p is a scale factor ry is the Schwarzschild radius.
Therefore,
uwGM hoc?
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where M, = %C = CZGL", M,, is the Planck length, L, is the
Planck length.

Heisenberg uncertainty principle AxAp > % gives an
uncorrected minimum momentum uncertainty:

h he? Mje

A min — ~ = s 11
(&p) 2Ax  4uGM  4uM (b
area of black hole horizon A for:
B ) 167G*M?
A =drry = — (12)
)
2
dA = 32”3 M am, (13)

327G*M

AA = :

AM. (14)

Cc

According to the change in energy when a black hole
absorbs or releases particles, we have:

AM ~ cAp. (15)
Substituting equation (15) into equation (14) gives:
2
Aa =~ 2TGM A, (16)
C

According to the definition of differential, an approx-
imate modified differential area dA; can be obtained:

~ (AAL)mindA
(AA)min
327GM
R (AP )min A min
e Py (BPUmin (17)
32772; M (Ap)min (Ap)min
Substituting equations (10), (11) and (13) into
equation (17) gives:
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According to Bekenstein-Hawking area law S = L the
P
differential expression of entropy can be obtained:
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Substitute equation (19) into the expression T = ©

Tds
the corrected temperature 77 can be obtained:
c2M? acM?
TL = Czdﬂ ~ P 1+ P
dSL 16’/TkBM 4,UM
oszg 150&262M§
+./1 4+ — (20)
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Then we consider o« — 0 situation, at this time
csz2
L= ) (21)
87TkBM

find the simplified temperature 77 is the same as the semi-
classical Hawking temperature. At the same time, since there
is no scale factor p in the temperature expression obtained
when « — 0, regardless of the value of u, the temperature
expression can be simplified to the semi-classical Hawking
temperature without considering quantum correction. For
convenience, according to [34] take:
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©w=2m, (22)
therefore,
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Integrate equation (24), an expression S for entropy in
logarithmic form is obtained:
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We observe that there are logarithmic terms in the
expression of entropy, which is consistent with numerous
studies [11, 13, 26, 29, 34-36, 39].

By definition, the heat capacity of a black hole is
C= CZ%, which reflects the relationship between changes in
mass(energy) and changes in temperature. From the per-
spective of thermal balance, positive and negative heat
capacity reflect the stability of the thermodynamic system.
When the heat capacity is negative, the thermodynamic sys-
tem is unstable: a black hole loses mass(energy) through the
process of evaporation in an attempt to cool down. However,
during this process, due to the negative heat capacity, the
temperature of the black hole increases, leading to further
disruption of the thermal balance of the system. When the
heat capacity is zero, dM/dT becomes zero, indicating that the
black hole mass(energy) no longer changes with temperature
and a remnant remains after the evaporation of the black hole.
When the heat capacity is positive, it corresponds to the
stability of the thermodynamic system: as the black hole

undergoes evaporation and loses mass (energy), its temper-
ature also decreases, leading the thermodynamic system
towards thermal equilibrium.

The derivative of equation (23) with respect to M is

2242 achz 1506262Ml;1
dn. _ ¢ M, " 4 3207
dm 167I'kBM2 2\/1 acMg ISQZCZM:
T o T e
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WU e T e
27
The thermal evolution of an asymptotically flat

Schwarzschild black hole is:

dM

— 28
& (28)

= —poaT?,

where a is the radiation constant, essentially o is the area (in
geometrical optics approximation, it is the photon capture
cross section o = 277M?), p is a gray body factor. Because we
just want to make a general and qualitative analysis of evol-
ution, we will consider a simple case [40]:

dM

== = _oT%
dr

(29)

Substitute equation (23) into equation (29) to get the
evaporation rate (%)L for:
(dﬁ ) o 27¢5M
dr Ju 1647 3% M

osz; oszg
+ + 41 + —
8TM 47M

[1

15 ozzclest
647iM?

(30)

In addition, studies have shown that the sparsity of
Hawking radiation will affect the evaporation of black holes
[40, 41]. Therefore, we calculate the dimensionless ratio 1
that characterizes sparsity with the LGUP correction:

/\2
n=—, (3D
(2
where \ = 27”, therefore
1024k3 73
T]L - 2 2 2 4 2 ’
4144 ach (yc‘Mp 15a C2Mp
27c Mp[l +%ar T \/1 Yot " ame | G2
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In order to facilitate the subsequent generation of thermo-
dynamic images and compare our results with those of previous
studies, we perform an equivalent transformation on the rela-
tionship between thermodynamic quantity and mass described in
[34], using the subscript E to represent the calculated physical
quantities. Take the expression for temperature in [34]:

1
T'= —[(ao + M)
285
— (o + MY — 433], (33)
where 7" = %, M = %, o = 2ayp, substituting o = % =

L. .
a‘; ® into equation (33):

.
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= —|—+
B SaZlkB
_ 6471M? +
ki M)

Therefore, entropy, heat capacity, evaporation rate, and 70
are respectively:
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Figure 1. The relationship between black hole temperature and mass
is given by equation (23) and equation (34).
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3.2. Comparison and analysis

To better reflect the variation of each thermodynamic quantity
with the black hole mass, we draw thermodynamic images and
set G=c=h=kg=m=1 in the drawings. In addition, sev-
eral studies have indicated that the positive or negative values
of parameter « in the generalized uncertainty principle has an
impact on black hole evaporation [40]. Although, the current
research mostly focuses on o > 0 [30, 32, 41, 42], but reference
[43] indicates that o < 0 can be obtained through the deformed
Schwarzschild metric. Reference [22] also shows that o < 0 is
meaningful in certain cases. Therefore, we have also considered
the case of a <0 and taken |a| = 8. We plotted thermo-
dynamic images to compare this study with the existing study,
for both cases of & >0 and o < 0.

In figure 1, it can be observed that the remnants were left
after the evaporation of the black hole. When « > 0, both the
temperature 77 calculated in this study and the temperature Tg
calculated from the existing study increase as a result of black
hole evaporation within a certain mass range. When the mass of
the black hole approaches the residual mass, their behaviors
begin to differ: 7 begins to decline after reaching a maximum,
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Figure 2. The relationship between black hole entropy and mass is
given by equation (25) and equation (35).

C
40r

20+ — C.,a>0

— Cg,a>0

10 15 C.,a<0

Ce, a<0

—40b

Figure 3. The relationship between black hole heat capacity and
mass is given by equation (27) and equation (36).

and T continues to rise until it reaches its peak. Both 71 and Tg
eventually converge to non-zero finite temperatures, which
resolves the issue of temperature divergence in the later stages
of black hole evaporation [44]. However, an increasing number
of studies have demonstrated that the temperature changes
during black hole evaporation should align with the findings of
this study: the temperature begins to decrease as it approaches
residual mass rather than maintaining a constant upward trend
[27, 28]. When a <0, unlike the previous study [35], the
quantum correction does not fail. The image of negative «
maintains the same trend as that of positive «, and negative «
increases the residual mass of black hole evaporation.

In figure 2, both S and Sg tend to decrease as M
decreases. The difference is that S; eventually becomes a
non-zero finite positive value, which is consistent with the
research results [45]. However, as M decreases, Sg gradually
approaches zero and eventually becomes a negative value, but
negative entropy holds no physical significance. The area of a
black hole’s event horizon cannot have a negative value, and
acknowledging the correctness of Bekenstein—-Hawking area
law implies that the entropy of a black hole cannot be
negative either. Therefore, we believe that the changing trend
of Si is more convincing than that of Sg.

In figure 3, the heat capacity Cy is divided into positive and
negative parts, and it diverges when the temperature reaches its
peak. In the initial phase of evaporation, C_ starts with a negative
value and gradually converges towards zero as M decreases; in
the subsequent stage of evaporation, Cy is positive and rapidly

— ()L, @0

— (e a0

, (@ e, a<o

I L L M
0 5 10 15 20

Figure 4. The relationship between black hole evaporation rate and
mass is given by equation (30) and equation (37).

— M, a>0

— Mg, a>0

M, , a<0

Mg, a<0

I I I 1 L I I
t
0 20000 40000 60000 80000 100000 120000 140000

Figure 5. The relationship between black hole mass and evaporation
time is given by equation (30) and equation (37).

approaches zero as M further decreases. The change in Cp
directly corresponds to the change in temperature 77, and lit-
erature [29] also indicates that the symbol for heat capacity
changes with varying temperatures. Cg continues to rise towards
evaporation and remains negative throughout the process. The
heat capacity symbol serves as an indicator of the thermodynamic
system’s stability. The presence of a negative heat capacity
indicates the thermodynamic system’s instability, while a positive
heat capacity signifies its stability [46]. When the mass of a black
hole approaches the residual mass, a positive heat capacity is
more favorable for the formation of remnants of black holes.

In figure 4, (dM/dr), initially increases as M decreases.
The evaporation of black holes is suppressed as M approaches
the residual mass [47], leading to a decrease in (dM/dr).
(dM/dr)g continues to increase throughout the entire evapora-
tion process. For an evaporation process, it is often more rea-
sonable for the evaporation rate to gradually decline in the later
period until reaching the residual mass, rather than continuously
rising and abruptly stopping. In addition, the decreasing eva-
poration rate is also more appropriate for describing black hole
remnants that require a significant amount of time, or even an
infinite amount of time, to be radiated away [48, 49].

In figure 5, the decline trend of M| gradually slows down
over time, indicating a decreasing rate of decay for the black
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hole mass. This corresponds to the gradual decrease in eva-
poration rate during the late stages of evaporation. The
change trend of Mg is opposite to that of My, and the rate of
decay in black hole mass accelerates progressively, ultimately
expediting the entire evaporation process.

In figure 6, 1 gradually increases as M decreases, while
ne gradually decreases as M decreases. The references [50]
and [51] demonstrate that an increase in sparsity 1 will slow
down the frequency of radiation. By combining the image of
1 with other thermodynamic images, it can be observed that
nr. gradually increases, sparsity increases, evaporation rate
decreases, and the mass attenuation of the black hole slows
down. On the other hand, ng gradually decreases, sparsity
decreases, evaporation rate increases, and black hole mass
decay becomes more rapid.

In summary, we find that the literature [34] describes the
late stage of evaporation as having high temperatures, high
rates of evaporation, negative entropy, negative heat capacity,
and ultimately an extremely unstable black hole remnant,
which is inconsistent with much of the current research. Our
research suggests that the later stage of evaporation is char-
acterized by low temperature, low rates of evaporation,
positive entropy, and positive heat capacity and ultimately
results in the formation of a relatively stable black hole
remnant. Furthermore, literature [52] argues that entropy
should be zero at the end of evaporation. However, since the
entropy we obtained is a positive value, we believe that
evaporation is highly likely to continue under certain condi-
tions. If evaporation continues, the decreasing rate of eva-
poration will result in a longer time required to evaporate the
remaining mass. Literature [53] believed that when the eva-
poration reaches the Planck scale, the black hole will tunnel
into the white hole, and then it will take a longer time to
complete evaporation. Our research findings offer a suitable
depiction of this phenomenon. Our images are consistent with
those obtained from calculations of metric quantum correction
[27] and non-commutative geometry [28].

For a <0, the quantum correction remains valid, and
negative « also increases the black hole’s residual mass
compared to positive a.

In addition, it has been demonstrated that the linear term
in LGUP impacts the residual mass of the black hole [54].
Therefore, to investigate the influence of linear terms in
LGUP on the residual mass of the black hole, we calculate the
residual mass under GUP and LGUP corrections when o > 0.
According to the definition of heat capacity, when the black
hole ceases radiation, its heat capacity should be zero.
Therefore, the residual mass can be determined by setting
C=0. By utilizing equation (27) and the heat capacity
expression provided in literature [35], we can obtain:

n
50
401
— N, a0
30 — neg,a>0
, a<0
20f [ ¢
ne, a<0
10F
. L M
0 5 10 15

Figure 6. The relationship between black hole mass and 7 is given by
equation (32) and equation (38).

2
Mgup
M,
Mg 2
. UP @
( Mp ) i

2 -2
Mgup 11— Mgup
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Solve the equation to get:

=0.

167’(’](3 (40)

—1+

2
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v
M, -Jao
>Mgup = p4 ,

M gup =

(41)

where Mp=c=7m=1, a=8.

Therefore, the presence of a linear term (o > 0) in LGUP
leads to an increase in the residual mass of the black hole,
which is consistent with the discovery [54]. Furthermore,
a < 0 further enhances the residual mass, building upon the
foundation of « > 0.

The literature [52] suggests that the parameter « of the
generalized uncertainty principle has an impact on the process
of black hole evaporation. Therefore, we also plot the temp-
erature and evaporation rate for various values of para-
meter «.

Figure 7 and figure 8 above demonstrate that a decrease
in || leads to an increase in the peak value of temperature
and evaporation rate, while simultaneously reducing the
residual mass of the black hole. These findings are consistent
with those reported in the existing literature [52]. The smaller
the value of ||, which leads to an increased evaporation rate,
the higher the temperature of the black hole and the lesser

2
167TkBMLGUP
acM} 1502c2M
M2 ATMLGUP — 327°MPGup |1+ achz
P 2\/1+ acM} 15022, 4nMyicup

4TMLGUP  6472MPp

=0, 39)

acM? 1502c2M}
+ Jl + L — L

4nMyGup 6472 M Gup
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o 24 s s 0w
Figure 7. The figure illustrates the correlation between black hole

temperature and mass, while considering different values of
parameter a.

M

dt

Figure 8. The figure illustrates the correlation between black hole
evaporation rate and mass, while considering different values of
parameter a.

amount of residual mass that remains. However, the impact of
parameter o on temperature, evaporation rate, and residual
mass is limited. First, |a| cannot gradually decrease to zero;
otherwise, the generalized uncertainty principle will degen-
erate into the traditional Heisenbergs uncertainty principle.
Similarly, |« | cannot indefinitely increase to reduce the peak
value of black hole temperature and evaporation rate while
simultaneously increasing the residual mass. The literature
[54] suggests that an upper bound for the parameter |a| can be
determined by setting the maximum mass of the black hole.

Similarly, we can set the mass of a black hole and then use the
r}cM}f ISryzczM: S O
2uM 16p2m2 = 77

thereby obtaining the range of values for the parameter c.

expression (Ap; )min to ensure that 1 +

4. Thermodynamics of a Reissner-Nordstréom
black hole

In this part, we will use the same method as in section 3 to
calculate the function of each thermodynamic quantity and
the mass of a Reissner—Nordstrom (RN) black hole, and study
the influence of charge Q on the thermodynamic properties of
an RN black hole. The line element of an RN black hole in a

natural system of units is:

2
ds? = (1 el Q—z)dﬂ

r r
2\—1
(-2 2) e
r r

+r2(df? + sin? Odp?), (42)
where M and Q are the mass and charge of the RN black hole
[55].

(43)

=M+ M> - 02,

are the radius of the inner and outer event horizon of the RN
black hole.

Considering that when Q =0, r. should degenerate to
the Schwarzschild radius, so take the outer event horizon

radius r, = M + JM? — Q. To ensure the completeness of
the calculation, the outer event horizon radius of the RN black
hole is restored to the ordinary system of units, then:

_ G+ M- 0%
- . ,

the position uncertainty is:

gy _ NGr _ AGM A+ yM?* — Q%) 45)
c? ’

FRN _ Gry
-2
c

(44)

Ax >~ RN =

where ~y is a scale factor.
Also, take the minimum value of equation (7):

Ax
(ApMN)min = ol
ha ha 15h2a2
+—— 1+ = - , 46
2Ax \/ Ax  4(Ax)? (46)

and use the subscript RN to represent the physical quantities
of the RN black hole.
Substituting equation (45) into equation (46):

RN yM + \IMZ_QZ)

(Ap min ~ W[l
p
‘ oszs
T
29M + M2 — Q%)
2 4

\/1 acM; 15a%¢*M,

+ - .
M+ MP— Q%) 4P+ [MP — Q2)?

Obtained by AxAp > 2

(47)

h
A RN min —
(Ap™™) TAx

hc?

C2GM + M2 — Q?)

2
Mpc

oMt M- Q)

(48)
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The area of the horizon obtained from A = 4772 is:
ARN — 47T(VRN)2

_AnG(M + M? — 0?7
- ' :
C

(49)

SO
dARN
871G (M + M? — Q?)? a
A — 02 ’
87G>(M + M? — Q?)?
AARN — AM
C4 IMZ _ QZ
81G(M + yM? — Q°) |
~ D,
C3 IMZ _ QZ

where AM ~ cAp is used in the calculation.
According to the definition of differential:

RN (AAI]}N)min RN

- (AARN)min

871G (M + W)Z(A RNy
N CSW L /min
8rGAM + JFQZ)Z(A RN

cVFQZ P min

~ (APSN)min RN

(APRN)min

(50)

&1y

dARN

(52)

Substituting equation  (46), (48) and

equation (50) into equation (52):

aaps . 4TCPM IMT =y
()42()6M; M2 — QZ
acM]f

1 . S—
X[ RN )
—J1+

According to S =

equation

acMg ISOZCZMS

— dMm.
VM 4 M= 0% APM + M? - Q) ]

(53)

kA .
L
41

dSRN ~ ﬂ'kBF)/z(M‘i' \IMZ - Q2)4
L~

azczMs JMZ —0?
oszs
[l + ——m———
29(M + M?* — Q%)
achz ISQZCZM:
— |1+ — dm.
VM + (M= 0% 4P+ MP - Q%)

The temperature expression is obtained from 7 =

(54)

c2dMm
ds

TRN _ 2 am CQMgVszQZ
- AN T dmkp(M + M2 — Q2P

acM?
x[l P

[T —
2yM + M? — Q?)

oszs ISOzZCZMp4

+ 1+ -
J VM + MP = Q%) AM + M — 0%)

]. (53)

When aa=0, Q= 0:
(ecMp)*(Mr — Q%)
2mkpr?

is the same semi-classical Hawking temperature as the RN
black hole.
When aa=0, 0=0:

RN __
TL -

, (56)

2142
ch

RN _
8mkgM’

L (57)

degenerates to the semi-classical Hawking temperature of the
Schwarzschild black hole. At the same time, because the
value of the scale factor v does not affect the final degradation
of TN to the semi-classical Hawking temperature, in order to
maintain consistency with the literature [56], we take:

Y= p=12m, (58)

SO
3 2 2 2
. M2 M2 - 0
4mkg(M + [M?* — Q?)?

2
ach

X[l + —m————
[ dn(M + (M? — Q%)
acM; 15a%c*M;)
+ 1+ -
20(M + M2 — Q%) 16m*(M + [M? — Q%)
ASRN ~ A3 (M + M?* — Q)*
- ozzcszs\/M2 - Q?

acM?
x[l P

+ F
dn (M + JM? — 0?)

(59)

acM? 1502c2mt
P P a,  (60)

— 1+ —
2r(M + M2 — Q%) 1672(M + JM? — Q2)?
_ 2dM .
use C = ¢ o lo get:

arN M yM? — Q2
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15a22m 3| 1 + M
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M
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drkg JM? — Q2(M + M2 — Q*)}
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x(l P
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4r(M + JM? — Q%)

+J1 +

oszlf IS(XQCzM; ) 61)

wM + (M2 — Q%) 16mM + M2 — Q) |
1

dTRN
M

N =2 (62)
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— a>0, Q=1

— a>0,Q=3
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M
12

Figure 9. The relationship between the temperature and mass of an
RN black hole is given by equation (59).

— a>0, Q=1

— a>0,Q=3
— a>0,Q=5

a<0, Q=5

Figure 10. Equation (60) is integrated to obtain the relationship
between the entropy and mass of an RN black hole.

From ¥ — _ 574 and o = 277M?, the evaporation rate

) dr
1S

(dM )RN —2708M§M2(M2 _ Q2)2
di )y 256mkiM + M2 — Q2
achf

X[l * arM + M2 — 0?)
+J 1+
Next, we set G=c=h=kg=7m=1 and |a| = 8 and
plot thermodynamic images of an RN black hole with dif-
ferent Q values.

Figures 9-12 clearly demonstrate that, as the charge
value Q increases for the same parameter «, both the temp-
erature and evaporation rate curves slow down and their peaks
decrease. The larger the value of Q, the greater the residual
mass of the RN black hole and the higher the extreme values
of both positive and negative heat capacities. When the mass
is the same, a higher Q value corresponds to a lower entropy
value. The pattern of variation in the thermodynamic quantity
of the RN black hole with Q that we obtained is consistent
with the literature [56]. The difference with the literature [56]
is that: when comparing it to the image of the Schwarzschild

black hole, we observe that in our study, the thermodynamic
images of both black holes are similar and consistent with

acMg 15 azclef

wM + (M2 — Q%) 167°(M + M — Q°)

(63)

10

2001

100 — a>0, Q=1
— a>0,Q=3
o JJ A
2 4( r 8 T 12— — a>0,Q=5
a<0, Q=5
-100F

-200-

Figure 11. The relationship between the heat capacity and mass of an
RN black hole is given by equation (62).

— a>0, Q=1
— a>0,Q=3
— a>0,Q=5

a<0, Q=5

Figure 12. The relationship between the evaporation rate and mass of
an RN black hole is given by equation (63).

metric quantum correction [27] and non-commutative geo-
metry [28]. While the Schwarzschild black hole in the late
stages of evaporation, as described in the literature [56], still
has a high temperature and negative heat capacity.

5. Conclusion

In this paper, we successively calculate the functions of
thermodynamic quantities and masses for a Schwarzschild
black hole and an RN black hole with the LGUP modifica-
tion. We then plot the thermodynamic graphics to compare
them with previous studies. Our findings are as follows:

1. The scale factors p and v, which are introduced in the
calculation of particle position uncertainty, no longer
need to take a fixed value. Especially for RN black holes,
~ instead of v = Mr%zy This not only simplifies the
7T)‘2

Mr— Q%

. For a<0, the quantum correction remains valid,
satisfying the requirement that the quantum correction
should not be affected by specific conditions. Compared
to positive «, negative « increases the extreme value of
residual mass, entropy, and heat capacity of the black
hole while decreasing the peak value of temperature and

calculation but also yields the same result as v =
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evaporation rate. If evaporation continues, a negative o
will prolong the time required for complete evaporation.

. The evaporation of the black hole is influenced by the

value of parameter . The smaller the ||, which leads to
a faster rate of evaporation, the higher the temperature of
the black hole and the smaller the residual mass
remaining after its evaporation. However, it should be
noted that there exist limitations on the range of values
for parameter a.

. The thermodynamic images suggest that an increase in

sparsity 1 results in a deceleration of evaporation during the
later stages. The reduced evaporation rate and positive heat
capacity enable us to obtain a relatively stable remnant of
the black hole. The non-zero entropy implies a high
likelihood of continued evaporation, and if this occurs, the
black hole will tunnel into the white hole and then
complete the evaporation after a longer period of time.

To sum up, LGUP increases the residual mass of the black hole
and is better suited for describing the remnants of a black hole
that takes a long time, or even an infinite amount of time, to be
radiated away. Both positive and negative parameters of LGUP
can effectively correct the black hole evaporation, allowing the
quantum correction to be unrestricted by a specific model.
Furthermore, the thermodynamic images we obtained are
consistent with those obtained through metric quantum
correction and non-commutative geometry as well. At the end
of the manuscript, we hope that further research can be
conducted on the negative parameters of LGUP in the future.

Acknowledgments

This study is supported by the National Natural Science
Foundation of China (Grant No. 12265007).

References

(1]
(2]
(3]
(4]

(5]

(6]

(71
(8]

(9]

Hawking S W 1971 Gravitational radiation from colliding
black holes Phys. Rev. Lett. 26 1344-6

Bekenstein J D 1973 Black holes and entropy Phys. Rev. D 7
2333-46

Martin S P 1987 BRST current algebra anomalies in string
theory Phys. Lett. B 191 814

Konishi K, Paffuti G and Provero P 1990 Minimum physical
length and the generalized uncertainty principle in string
theory Phys. Lett. B 234 276-84

Scardigli F and Casadio R 2003 Generalized uncertainty
principle, extra dimensions and holography Class. Quant.
Grav. 20 3915-26

Capozziello S, Lambiase G and Scarpetta G 2000 Generalized
uncertainty principle from quantum geometry Int. J. Theor.
Phys. 39 15-22

Das S and Vagenas E C 2008 Universality of quantum gravity
corrections Phys. Rev. Lett. 101 221301

Das S and Vagenas E C 2010 Reply to ‘comment on
‘universality of quantum gravity corrections Phys. Rev. Lett.
104 119002

Das S and Vagenas E C 2009 Phenomenological implications
of the generalized uncertainty principle Can. J. Phys. 87
233-40

11

[10]

(1]

[12]

[13]

[14]

[15]

[16]

(7]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

Das S, Vagenas E C and Ali A F 2010 Discreteness of space
from gup ii: relativistic wave equations Phys. Lett.B 690
407-12

Zhao R, Zhang L C, Wu Y Q and Li H F 2009 Generalized
uncertainty relation and Hawking radiation of the black hole
Int. J. Theor. Phys. 48 3220-7

Li G Q and Mo J X 2011 The generalized uncertainty principle
and the thermodynamic quantities near a black hole
Astrophys. Space Sci. 336 441-5

Dehghani M 2011 Corrected black hole’s thermodynamics and
tunneling radiation with generalized uncertainty principle
and modified dispersion relation Int. J. Theor. Phys. 50
618-24

Banerjee R and Ghosh S 2010 Generalised uncertainty
principle, remnant mass and singularity problem in black
hole thermodynamics Phys. Lett. B 688 224-9

Wang B Q and Wu S R 2023 Thermodynamic properties of the
Euler-Heisenberg-AdS black hole under new higher order
generalized uncertainty principle Indian J. Phys. 97
313341

Barman H, Jha S K and Rahaman A 2022 Impact of the
generalized uncertainty principle on the thermodynamic
characteristics of Schwarzschild black hole veiled with
quintessence matter Eur. Phys. J. Plus 137 1270

Hamil B and Liitfiioglu B C 2021 The effect of higher-order
extended uncertainty principle on the black hole
thermodynamics EPL 134 50007

Basilakos S, Das S and Vagenas E C 2010 Quantum
gravity corrections and entropy at the planck time JCAP
1009 027

Chemissany W, Das S, Ali A F and Vagenas E C 2011 Effect
of the generalized uncertainty principle on post-inflation
preheating JCAP 1112 017

Feng Z W, Zhou X, Zhou S Q and Feng D D 2020 Rainbow
gravity corrections to the information flux of a black hole
and the sparsity of Hawking radiation Annals Phys. 416
168144

Magueijo J and Smolin L 2002 Lorentz invariance with an
invariant energy scale Phys. Rev. Lett. 88 190403

Ong Y C 2018 Generalized uncertainty principle, black holes,
and white dwarfs: a tale of two infinities JCAP 09 015

Garay L J 1995 Quantum gravity and minimum length Inz. J.
Mod. Phys. A 10 145-66

Calmet X, Graesser M and Hsu S D H 2004 Minimum length
from quantum mechanics and classical general relativity
Phys. Rev. Lett. 93 211101

Hawking S W 1975 Particle creation by black holes Commun.
Math. Phys. 43 199-220

Adler R J, Chen P and Santiago D I 2001 The Generalized
uncertainty principle and black hole remnants Gen. Rel.
Grav. 33 2101-8

Ali A F and Khalil M M 2016 Black Hole with Quantum
Potential Nucl. Phys. B 909 173-85

Nozari K and Hamid Mehdipour S 2009 Failure of standard
thermodynamics in Planck scale black hole system Chaos.
Soliton. Fract. 39 956-70

Chung W S and Hassanabadi H 2019 Black hole temperature
and Unruh effect from the extended uncertainty principle
Phys. Lett. B 793 451-6

Hassanabadi H, Maghsoodi E, Chung W S and de Montigny M
2019 Thermodynamics of the Schwarzschild and Reissner—
Nordstrom black holes under the Snyder—de Sitter model
Eur. Phys. J.C79 936

Hassanabadi H, Farahani N, Chung W S and Liitfiioglu B C
2020 Investigation of Unruh temperature of black holes by
using the EGUP formalism EPL 130 40001

Giardino S and Salzano V 2021 Cosmological constraints
on GUP from modified Friedmann equations Eur. Phys. J. C
81110


https://doi.org/10.1103/PhysRevLett.26.1344
https://doi.org/10.1103/PhysRevLett.26.1344
https://doi.org/10.1103/PhysRevLett.26.1344
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1016/0370-2693(87)91325-6
https://doi.org/10.1016/0370-2693(87)91325-6
https://doi.org/10.1016/0370-2693(87)91325-6
https://doi.org/10.1016/0370-2693(90)91927-4
https://doi.org/10.1016/0370-2693(90)91927-4
https://doi.org/10.1016/0370-2693(90)91927-4
https://doi.org/10.1088/0264-9381/20/18/305
https://doi.org/10.1088/0264-9381/20/18/305
https://doi.org/10.1088/0264-9381/20/18/305
https://doi.org/10.1023/A:1003634814685
https://doi.org/10.1023/A:1003634814685
https://doi.org/10.1023/A:1003634814685
https://doi.org/10.1103/PhysRevLett.101.221301
https://doi.org/10.1103/PhysRevLett.104.119002
https://doi.org/10.1139/P08-105
https://doi.org/10.1139/P08-105
https://doi.org/10.1139/P08-105
https://doi.org/10.1139/P08-105
https://doi.org/10.1016/j.physletb.2010.05.052
https://doi.org/10.1016/j.physletb.2010.05.052
https://doi.org/10.1016/j.physletb.2010.05.052
https://doi.org/10.1016/j.physletb.2010.05.052
https://doi.org/10.1007/s10773-009-0123-x
https://doi.org/10.1007/s10773-009-0123-x
https://doi.org/10.1007/s10773-009-0123-x
https://doi.org/10.1007/s10509-011-0784-9
https://doi.org/10.1007/s10509-011-0784-9
https://doi.org/10.1007/s10509-011-0784-9
https://doi.org/10.1007/s10773-010-0584-y
https://doi.org/10.1007/s10773-010-0584-y
https://doi.org/10.1007/s10773-010-0584-y
https://doi.org/10.1007/s10773-010-0584-y
https://doi.org/10.1016/j.physletb.2010.04.008
https://doi.org/10.1016/j.physletb.2010.04.008
https://doi.org/10.1016/j.physletb.2010.04.008
https://doi.org/10.1007/s12648-023-02659-2
https://doi.org/10.1007/s12648-023-02659-2
https://doi.org/10.1007/s12648-023-02659-2
https://doi.org/10.1007/s12648-023-02659-2
https://doi.org/10.1140/epjp/s13360-022-03444-6
https://doi.org/10.1209/0295-5075/134/50007
https://doi.org/10.1088/1475-7516/2010/09/027
https://doi.org/10.1088/1475-7516/2011/12/017
https://doi.org/10.1016/j.aop.2020.168144
https://doi.org/10.1016/j.aop.2020.168144
https://doi.org/10.1103/PhysRevLett.88.190403
https://doi.org/10.1088/1475-7516/2018/09/015
https://doi.org/10.1142/S0217751X95000085
https://doi.org/10.1142/S0217751X95000085
https://doi.org/10.1142/S0217751X95000085
https://doi.org/10.1103/PhysRevLett.93.211101
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1023/A:1015281430411
https://doi.org/10.1023/A:1015281430411
https://doi.org/10.1023/A:1015281430411
https://doi.org/10.1016/j.nuclphysb.2016.05.005
https://doi.org/10.1016/j.nuclphysb.2016.05.005
https://doi.org/10.1016/j.nuclphysb.2016.05.005
https://doi.org/10.1016/j.chaos.2007.02.018
https://doi.org/10.1016/j.chaos.2007.02.018
https://doi.org/10.1016/j.chaos.2007.02.018
https://doi.org/10.1016/j.physletb.2019.04.063
https://doi.org/10.1016/j.physletb.2019.04.063
https://doi.org/10.1016/j.physletb.2019.04.063
https://doi.org/10.1140/epjc/s10052-019-7463-3
https://doi.org/10.1209/0295-5075/130/40001
https://doi.org/10.1140/epjc/s10052-021-08914-2

Commun. Theor. Phys. 76 (2024) 025404

B Yu and Z-w Long

(33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

(44]

Ali A F, Das S and Vagenas E C 2009 Discreteness of space
from the generalized uncertainty principle Phys. Lett. B 678
497-9

Dutta A and Gangopadhyay S 2014 Remnant mass and entropy
of black holes and modified uncertainty principle Gen. Rel.
Grav. 46 1747

Du X D and Long C Y 2022 The influence of approximation in
generalized uncertainty principle on black hole evaporation
J. Cosmol. Astropart. Phys. 04 031

Gangopadhyay S, Dutta A and Saha A 2014 Generalized
uncertainty principle and black hole thermodynamics Gen.
Rel. Grav. 46 1661

Du X D and Long C Y 2022 New generalized uncertainty
principle with parameter adaptability for the minimum
length J. High Energy Phys. JHEP10(2022)063

Azreg-Ainou M and Rodrigues M E 2013 Thermodynamical,
geometrical and Poincaré methods for charged black holes in
presence of quintessence J. High Energy Phys. JHEPO9
(2013)146

Medved A J M and Vagenas E C 2004 When conceptual
worlds collide: The generalized uncertainty principle and the
Bekenstein—Hawking entropy Phys. Rev.D 70 124021

Ong Y C 2018 An effective black hole remnant via infinite
evaporation time due to generalized uncertainty principle
J. High Energy Phys. JHEP10(2018)195

Alonso Serrano A, Dabrowski M P and Gohar H 2018
Generalized uncertainty principle impact onto the black
holes information flux and the sparsity of Hawking radiation
Phys. Rev. D 97 044029

Chen P, Ong Y C and Yeom D H 2014 Generalized uncertainty
principle: implications for black hole complementarity
J. High Energy Phys. JHEP12(2014)021

Scardigli F and Casadio R 2015 Gravitational tests of the
generalized uncertainty principle Eur. Phys. J. C 75 425

Tawfik A 2013 Impacts of generalized uncertainty principle on
black hole thermodynamics and salecker-wigner inequalities
J. Cosmol. Astropart. Phys. 07 040

12

[45]

[46]

[47]

(48]

[49]

(501

[51]

[52]

[53]

[54]

[55]

[56]

Alonso Serrano A, Dabrowski M P and Gohar H 2021
Nonextensive black hole entropy and quantum gravity
effects at the last stages of evaporation Phys. Rev. D 103
026021

Akbar M, Salem N and Hussein S A 2012 Thermodynamics of
the bardeen regular black hole Chinese Phys. Lett. 29
070401

Koch B, Bleicher M and Hossenfelder S 2005 Black hole
remnants at the LHC J. High Energy Phys. JHEP10
(2005)053

Carlitz R D and Willey R S 1987 Lifetime of a Black Hole
Phys. Rev.D 36 2336

Myung Y S, Kim Y W and Park Y J 2007 Quantum cooling
evaporation process in regular black holes Phys. Lett. B 656
221-5

Gray F, Schuster S, Van Brunt A and Visser M 2016 The
Hawking cascade from a black hole is extremely sparse
Class. Quant. Grav. 33 115003

Miick W 2016 Hawking radiation is corpuscular Eur. Phys. J.
C 176 374

Nouicer K 2007 Quantum-corrected black hole
thermodynamics to all orders in the Planck length Phys. Lett.
B 646 63-71

Bianchi E, Christodoulou M, D’ Ambrosio F, Haggard H M and
Rovelli C 2018 White holes as remnants: a surprising
scenario for the end of a black hole Classical Quantum
Gravity 35 225003

Su H and Long C Y 2022 Thermodynamics of the black holes
under the extended generalized uncertainty principle with
linear terms Commun. Theor. Phys. 74 055401

Reissner H 1916 Uber die eigengravitation des elektrischen
feldes nach der einsteinschen theorie Ann. Phys. 355 106-20

Hassanabadi S, K¥iz J, Chung W S, Liitfiioglu B C,
Maghsoodi E and Hassanabadi H 2021 Thermodynamics of
the Schwarzschild and Reissner—Nordstrom black holes
under higher-order generalized uncertainty principle Eur.
Phys. J. Plus 136 918


https://doi.org/10.1016/j.physletb.2009.06.061
https://doi.org/10.1016/j.physletb.2009.06.061
https://doi.org/10.1016/j.physletb.2009.06.061
https://doi.org/10.1016/j.physletb.2009.06.061
https://doi.org/10.1007/s10714-014-1747-6
https://doi.org/10.1088/1475-7516/2022/04/031
https://doi.org/10.1007/s10714-013-1661-3
https://doi.org/10.1007/JHEP10(2022)063
https://doi.org/10.1007/JHEP09(2013)146
https://doi.org/10.1007/JHEP09(2013)146
https://doi.org/10.1103/PhysRevD.70.124021
https://doi.org/10.1007/JHEP10(2018)195
https://doi.org/10.1103/PhysRevD.97.044029
https://doi.org/10.1007/JHEP12(2014)021
https://doi.org/10.1140/epjc/s10052-015-3635-y
https://doi.org/10.1088/1475-7516/2013/07/040
https://doi.org/10.1103/PhysRevD.103.026021
https://doi.org/10.1103/PhysRevD.103.026021
https://doi.org/10.1088/0256-307X/29/7/070401
https://doi.org/10.1088/0256-307X/29/7/070401
https://doi.org/10.1088/1126-6708/2005/10/053
https://doi.org/10.1088/1126-6708/2005/10/053
https://doi.org/10.1103/PhysRevD.36.2336
https://doi.org/10.1016/j.physletb.2007.09.056
https://doi.org/10.1016/j.physletb.2007.09.056
https://doi.org/10.1016/j.physletb.2007.09.056
https://doi.org/10.1016/j.physletb.2007.09.056
https://doi.org/10.1088/0264-9381/33/11/115003
https://doi.org/10.1140/epjc/s10052-016-4233-3
https://doi.org/10.1016/j.physletb.2006.12.072
https://doi.org/10.1016/j.physletb.2006.12.072
https://doi.org/10.1016/j.physletb.2006.12.072
https://doi.org/10.1088/1361-6382/aae550
https://doi.org/10.1088/1572-9494/ac624c
https://doi.org/10.1002/andp.19163550905
https://doi.org/10.1002/andp.19163550905
https://doi.org/10.1002/andp.19163550905
https://doi.org/10.1140/epjp/s13360-021-01933-8

	1. Introduction
	2. The generalized uncertainty principle including a linear term (LGUP)
	3. Thermodynamics of a Schwarzschild black hole
	3.1. The functions of each thermodynamic quantity and the mass of a black hole
	3.2. Comparison and analysis

	4. Thermodynamics of a Reissner–Nordström black hole
	5. Conclusion
	Acknowledgments
	References



