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Abstract
A new type of symmetry, ren-symmetry, describing anyon physics and corresponding topological
physics, is proposed. Ren-symmetry is a generalization of super-symmetry which is widely applied
in super-symmetric physics such as super-symmetric quantum mechanics, super-symmetric
gravity, super-symmetric string theory, super-symmetric integrable systems and so on. Super-
symmetry and Grassmann numbers are, in some sense, dual conceptions, and it turns out that these
conceptions coincide for the ren situation, that is, a similar conception of ren-number (R-number)
is devised for ren-symmetry. In particular, some basic results of the R-number and ren-symmetry
are exposed which allow one to derive, in principle, some new types of integrable systems
including ren-integrable models and ren-symmetric integrable systems. Training examples of ren-

integrable KdV-type systems and ren-symmetric KdV equations are explicitly given.

Keywords: symmetries, integrable systems, anyon physics, extended supersymmetry, ren-

symmetry

1. Introduction

The idea of symmetry originates in natural scientific fields,
and its importance there is well known [1-9]. Symmetry
considerations belong to the most universal and astonishing
methods by which scientists have successfully solved pro-
blems in building new solutions from known ones [10-12],
performing dimensional reductions of nonlinear partial diff-
erential equations [13-18], getting new integrable systems
[19-23] and even constructing all solutions for certain non-
linear systems [24, 25].

By using the SU(3) x SU(2) x U(1) symmetry, three
fundamental interactions, the strong, weak and electromagnetic
interactions, have been unified into the so-called standard
model. However, in order to unify the gravitational interaction
to the standard model, one has to introduce a new type of
symmetry, say the super-symmetry between bosons and fer-
mions. New areas of physical fields, including super-symmetric
gravity [26, 27], super-symmetric quantum mechanics [28],
super-symmetric string theory [29] and super-symmetric
integrable systems [30-35], have been developed which are
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highly motivated by super-symmetries, in the belief that they
possess a high potential for future development.

In super-symmetry theory, it is essential to introduce the
Grassmann variable 6 [36, 37] and the super-symmetric
derivative D with the properties

0> =0, 0,0, = —0,0,, (D
D = 9y + 00,, D* = d,. 2

The super-symmetric derivative D is invariant under the
super-symmetric transformation

0—0+nx—x—0n 3)

Recently, unlike bosons and fermions, anyons with
fractional charges, spin and statistics in two dimensions have
attracted the attention of many scientists [38—41]. Anyons can
be used to describe some kinds of quasi-particles (the low-
energy excitations in Hamiltonian systems) including the
fractional quantum Hall states [42], vortices in topological
superconductors [43] and Majorana zero modes in semi-
conductors proximitized by superconductors [44]. By analogy
with the fermion case in which fermions can be described by
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Grassmann fields, some new fields are endowed to describe
anyons, which we call anyon-fields and/or ren-fields. We
shall use the adjective ‘ren’ to stress the arbitrary nature of «
and to avoid confusion with ‘arbitrary symmetry’ or ‘any
symmetry’. ‘Ren’ means ‘arbitrary’ in Chinese.

A comparison of the Grassmann number (G-number)
0= \/6 and the super-symmetric derivative D = \/@ s
corresponding to the ren point of view, suggests that one
should use, as the ren-number (R-number) and the ren-sym-
metric derivative, respectively, the following radical gen-
eralization of the formulae

0,=0=10, R=23/0,.

with a being arbitrary.

The introduction of the G-number and the super-symmetric
derivative yields some significant novel mathematical and phy-
sical fields such as Grassmann algebra [36], super-symmetric
quantum mechanics [28], super-symmetric string theory [29],
super-symmetric gravity [26], super-/Kuper-integrable systems
[45-51] and super-symmetric integrable theories [30-35].
Therefore, we hope that the introduction of the R-number and
the ren-symmetric derivative may successfully create some dif-
ferent mathematical and physical fields such as ren-algebra, ren-
calculus, ren-integrable models and ren-symmetric integrable
systems. The usual G-number, G-algebra, super-symmetric
theory, super-integrable systems and super-symmetric integrable
systems just correspond to the ren-case for o = 2.

In Section 2 of this paper, the concept of the R-number 6 for
an arbitrary positive integer « is defined with the aim of deriving
ren-algebra, ren-derivative and ren-symmetric derivative. Then,
we deal in Section 3 with the problem of finding some types of
ren-integrable systems by coupling the usual boson fields and the
anyon-fields. When « is fixed to o = 2, the ren-integrable system
is just the known super- or Kuper-integrable systems [45]. By
means of the ren-symmetric derivative, we study the ren-sym-
metric integrable systems in Section 4, and the ren-symmetric
KdV systems for o =3, 4 are explicitly given. The well-known
super-symmetric integrable systems are just the special cases of
the ren-symmetric integrable systems with o = 2. The last section
includes a short summary and some discussions.

2. Ren-algebra, ren-derivative and ren-symmetric
derivative

Definition 1. An R-number 0 = 6, is defined as a number
possessing the properties

0°=0,00=0,i=1,2,....a — 1, 4)

where « is an arbitrary positive integer.

That is, an R-number can be spelled out as a non-zero « root
of zero

0 =¢0 =0. 3)

It is clear that there are o — 1 solutions of (5), {6,
6%,...,0° '}, Such a definition exists in one important special
case, o = 2, and the usual G-number 0 = 6,.

For o =2, we know that if a and b are G-numbers then
the combination is still a G-number when the anti-commu-
nication relation

ab = —ba, (6)

holds.
Similarly, for a > 2, if a and b are R-numbers with the g-
commutation relation (i = +/—1),

o : 2
ab = qua, q; = 1, g, = q’, q = exp(j),

J€ Jo=1{1,2,....a — 1}/{nup, < a}, (@)
then so is the combination a+b of a and b, where
{n,pm < a} is a set with p,,, m=1,..., M being the prime
factors of « and n,,, = 1,..., N,, being integers with N,,p,, < a.
For =3, 4,..., 10, we have

J=1{1,2}, Ja={1,3}, 5= {1, 2, 3,4},

Jo = {1, 5}, Jr={1,2,....6},

Js=1{1,3,5,7} Jo={1,2,4,5,7, 8},

Jo=1{1,3,7,9}. (8)
From the expression of g given in (7), we know that the

usual number (boson number) is related to o = oo and the
G-number (fermion number) corresponds to o = 2.

Definition 2. The degree, 8 (mod(«)), of an R-number ~ is
defined as
10 = q°0, ©)

where the degree of 6 is always fixed as one in this paper.  in
(9) is also said to be a 3 order R-number.

If the R-numbers ~; and -, possess the degrees [3; and
(>, respectively, then we have the commutation relation
Y172 = %Py, (10)
which is consistent with (9) when 5, =1 and 3,6, =0.
Definition 3. Ren-derivative, ;_0’ is a derivative with respect to
the ren-variable 6,

ar® _ f) —f©)
dé 0,—0

_O) ~fh)
1 —-q0

(1)

0,— 0

Similar to the Grassmann case, because the definition of
the R-number (4), an arbitrary function of the ren-
variable, f(), can be written as

a—1

a—1
fO) =3 0= 10"
i=0 i=0

If f(0) is a B order R-number, then f; and g; in (12) are §— i
order R-numbers with f = ¢/#~g.

According to the property (12), it is enough to find all the
possible ren-derivatives for an arbitrary ren-function f(6) by

calculating

12)

do’
dé

,i=1,2,..,a0 - 1.
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Based on the commutation relation (7) and the definition
of the ren-derivative (11), it is readily proven that
o = -

=3 ki1 = l1-g¢ 01 =i 01,
o = 1—¢q

13)

where i, is defined as i, =1 +¢g+ --- + g !, say, 2,=1+aq,
3,=1 + g+ ¢* and so on.
Thus, for the ren-function f(#) with degree (3, we have
IO N
aa 1:20 0"

a=l ( B-i _ 8 a=1

o aq )fieiq _ Z qd—iiqﬁgi—l_ (14)

-9 i=0

Ren-integration may be defined as an inverse operator of the
ren-derivative for 9k, k< a— 1, however, for %! the inverse
operator of the ren-derivative is not well defined. A different
integration operator can be defined [52]. For a = 2, the Berezin
integral has been defined [53, 54]. In this paper, we will not
discuss this problem, though the similar Berezin integral may be
introduced under the requirement of translation invariance [52].

Definition 4. A ren-symmetric derivative R = R, is defined
as an « root of the usual space derivative d,, i.e.,

R = 0, R = /0.

It is interesting that in terms of the R-number 6, the ren-
symmetric derivative R can be explicitly written as

15)

R =0y + ;9“’1&6, (16)
[(a — D!,
where [n!], is defined as
T l-d
', =1] - =[ig=1,-2, (n— 1y - ng
i=1 q i=1 (17)

whose particular case g =1 is the usual n!.

It is reasonable that the ren-symmetric derivative (16)
will reduce back to the known super-symmetric derivative
R, =D = 0y + 00, when a=2. The ren-symmetric deri-
vatives for « =3, 4, 5, 6 and 7 are given by the formulae as a
straightforward computation,

1

R3 = 86 + 928}( = 89 - q02a)n q = e(27ri/3)
[2'],
:%(ﬁ =,
1 1
Ras= 0y + 30, = 9y — =(1 + ¢)0%0,,
4=y B, b 2( q)0°0,
g = emi/h —
. YT q° .
Rs= 0y + 94(9)( =0y + —2946X,
[4', a+q
q= e(2ﬁi/5)’
Re= 0y + ——0%, = 9, + Lo%,,
(51, 6

g =<0 = 201 + 3,

1 en q° .
0%, = 9y — -L_050,,
[6!, [3';

g = eCmi/D,

R7=0 +

(18)

It is not difficult to prove that the ren-symmetric deri-
vative R possesses the following ren-symmetric transforma-
tion

0—0+nx—x—f(0,n, (19)
with
a—1 1
f=r@.n=> ——— 0~k (20)

k=1 [k!]q [(a — k)!]q

With the stress on the first few f, say, « =2, 3, 4, 5 and 6, we
have

f=0n a=2,
_ 1 2 2 _
f= 21, On* + 6°m), a =3,
1 3, 30400 3
f:[3'] on +2—917 + &nl, a=4,
g q
1 44 44
f=—|0n*+ 202> + 2L+ 0% ], a =5,
[4, 24 24
5 5,4 5
f= ! 0’ + =202 + 21033 + Lo + 05|, a = 6.
1 1 ] 1 1
[5', 2, 3,2, 2,

2D

3. Ren-integrable systems

In the limit o =2, ren-integrable models are just the known
super- or Kuper-integrable models which were first proposed
by Kupershmidt in [45]. It is known that the usual bosonic
KdV equation,

Ur = (_uxx + 3u2)x’ (22)

is determined as a compatibility condition [L, S]=LS —
SL =0 of equations from a Lax pair

Yoo — (U + N = Ly =0,
U — 3up — 6uy + 4y = St = 0.

Usually, the spectral function 1) is considered as a boson
function. In fact, because the Lax pair (23) is linear, the
spectral function 1) may be a fermion function and even a ren-
function.

It is known that if o is a symmetry of an integrable
evolution equation

(23)

u, = K(u), (24
i.e., a solution of
0, = K'oc =1im0.K(u + eo), (25)
e=0
then
u, = K(u) + o, (26)

is also an integrable model.
Furthermore, if 0 = o(¢)), where ) is a spectral function
of the Lax pair,

Ly =0, Sy =0, 27
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of (24), then the first type of source equation

up = K@) + o),

Ly =0, (28)
and the second type of source equation

up = K@) + o),

Sy =0, (29)

may all be integrable [55-63].

Usually, the spectral functions v studied in the integrable
models are restricted as bosonic functions. For instance, for
the KdV equation (22) the first and second types of integrable
bosonic source equations possess the forms

W= it + 302 (010D, (610) =0 0%

O —u—N)g; =0, i=1,2,..n, . (30)
and

= (=t + 3% + (9ld))s,

(O + 403 — 6ud, — 3u), =0, i=1,2,..n, (31)

respectively.

Now, if we extend the spectral function of the Lax pair
(23) to a ren-function, &, then we have a trivial symmetry,
o=£“""¢,.. Applying this symmetry to the second type of
source equation, we can find some coupled ren systems

k
Uy = (—ty + 3u2)x + Z<§?iil|§i,xx>’
i=1

(6 M) = 226 e

j=1
(0; + 40} — 6ud, — 3u)&; =0,

J= L 2 i = 1,2,k £ =0, (32)

with one boson field u and k X n; ren-fields ;, where k, n; and
«; are all arbitrary integers.

The integrability of (32) with ; =2 forall i=1, 2,..., k
is known because the models reduce back to the so-called
super-/Kuper-integrable systems [45-48]. Before studying
the integrability of (32) with «; =2 for some 2 <i <k, we
directly write down a more general nontrivial symmetry of the
KdV equation (22),

o= (§& — §:&xs (33)

where &; and &, are ren-spectral functions of the usual KdV
equation with the same spectral parameter A= A\; = ), but
with different degrees, 5 and « — (3, respectively.

The simplest second type of source equation related to
(33) possesses the form

Uy = [3”2 — Uy + 12(5152,»( - £1x§2)]x’

(O + 403 — 6ud, — 3u)&;=0,i = 1,2. (34)

Theorem. The model (34) is Lax integrable with the Lax pair

Yo — (U + DY + (f§|¢dx)§2 _ 51(]‘ §2wdx)

=Ly =0,
(at + 481 - 6Max - 3“,\)11)
=8y = 0. (35)

Proof. To complete the proof of the theorem, it suffices to
prove that the compatibility condition

L, S1f = (LS — SLyf,
is valid for arbitrary f if (34) is satisfied.

(36)

Expanding the expression (36) with the operators L and S
defined in (35),

([ eurav)ouy, + 36u, — 46, — &)
€ + Ay — 60, — 360 [ & fdx
6 [ €uf — 46t + 6608+ 360 - 86— 4601, |

[ € - a6+ o5+ 3
78§Ixxf7 4‘£le>¢]£2

+(u; — 6uu, + uy)f = 0,
(37)

and simplifying the result with the formulae of integration by
parts

[ &ty = & fe = &y + &S — [ G,
[ utax = gur — [ fwg

(37) is changed to

s 6uty, + 36u, - 46,

7521) + (glr + 451,\;0(
—6ugy, — 3¢ u) [ & fdx
6 [ (€t 4 — b0y, — 36uarde | [ 6+ 4

—6u&; — 3§ u)fdx]§,
= buny, + ug + 128§, — 1266, 0 = 0.

(38)

(39

Because of the arbitrariness of f, (39) is correct only after
joining it to equation (34). The theorem is proved.

Remark. From the proof procedure of the theorem, it is
known that we have not used any commutation relation on &;
and &. That means (34) is Lax integrable no matter whether
the fields &; and &, are boson fields, fermion fields and/or ren-
fields with arbitrary a.

4. Ren-symmetric integrable systems

In Section 2 of this paper, we defined the ren-symmetric
derivative R. By means of the ren-symmetric derivative, the
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usual bosonic integrable systems can be extended to ren-
symmetric integrable ones. Before discussing ren-symmetric
integrable systems, we list some special cases for o =2, i.e.,
the super-symmetric integrable models.

4.1. Super-symmetric integrable KdV systems

The most general N=1 symmetric form of the KdV
equation (22) is generated by the fermionic super-field ¢ with
an arbitrary constant a,

P + Py + a(DP)P + (6 — a)(DD)D, = 0.

Mathieu had proven that the super-symmetric KdV
equation (40) is Painlevé integrable only for a = 0 and 3 [64].
Although the super-symmetric KdV system (40) is not
Painlevé integrable for arbitrary a, it does possess multiple
soliton solutions [65]. In (40), the super-field ® =¢ + Ou is a
fermionic super-field with a fermion field & and a boson
field u.

For the coupled KdV equation, we have an interacting
model between a super-symmetric boson field U and a super-
symmetric fermion field ¢

P, = (=B, + 30DD + 6UD),,
U = (=Uy + 3U? + 30DU),,

(40)

(41)

which is Lax integrable. Incorporating U =0, (41) readily
reduces back to (40) with a = 3. For ® =0, (41) becomes a
quite trivial extension of the original KdV equation (22)
by u — U.

The component form of (41) reads

Ve = (=vi + 307 + 3¢ (4 6uv + 660,
U = (_uxx + 3u? + 3C§)X7
§ = (=& + 6ul + 3vE + 3uc O,
Ct = (_Cxx + 6MC + 3v<)x’
with U=u+ 0¢ and ® = (+ v, where u and v are boson
components and ¢ and ( are fermion components.
The Lax pair of (41) can be written as
Yy = DY + (U + V)Y,
U = —40,, + 6UY, + 3U,V + 60DY, + 30, DU.
(43)

(42)

4.2. Ren-symmetric integrable KdV systems

Analogous to (40), the general ren-symmetric KdV equation
is expressible in the form

[6]
D, + Dy + Z ai(RiCI))(RaJrﬁii(I)) =0,
i=0

/3:0,1,2,...,a—1,f3150‘;ﬁ,

(44)

where [ (3] is the integer part of 3y, a;, i =0, 1, 2,..., [(1], are
arbitrary bosonic constants and 3 is the degree of the ren-field
b= P(x, 1, ).

As in the super-symmetric (o« =2) case, one may find
some possible integrable cases by fixing the constants a; of
the ren-symmetric KdV equation (44). For instance, the Lax
integrable systems,

B + D — 3ROI(RIG)? + p; = 0, Rip, = 0,

=0, L — 1, 45)
with p; = 0 possessing Lax pair of

T, — (RIG; + MU =0,

U, + 4%y — 3(RIP)T — 6(R/P)T, = 0, (46)

are just the special cases of (44). The degrees of ®; and p; in
(45) are j.

For a=3, the ren-symmetric KdV equation (44)
becomes

Po; + Poxr + aPoPor + b(RPp)(R?*Py) =0, R

=0p — q0°0;, 47)
(I)lt + (I)lxxx + aq)l(R(blx) + b(R(bl)q)lx
+c(R?®)? = 0, (48)
Doy + Popee + aP2(R*P2y) + b(RP2)(RP2y)
+¢(R*®,)(P2) = 0, 49)

where a, b and ¢ are arbitrary constants and ®y, ¢, and o, are
the ren-fields with degrees 0, 1 and 2, respectively.

The special integrable case (45) for {a =3, j=0} is
related to (47) with b =0 up to a re-scaling. (48) with {a =0,
c=>} is equivalent to the integrable case (45) for {a =3,
j=1}. Taking {a=b=0} in (49) leads to the equivalent
special integrable ren-symmetric KdV equation (45) with
{a=3,j=2}.

Incorporating the explicit forms for

Qo =u+ 0+ 0%, & =&+ Ou+ 02C, Dy = ( + 0¢ + 0%,

and the consistent commutation relations

€0 = qb¢, 0 = ¢*0¢, £C = 46, (G, = 96, G i = 986
(50)

leads to the coupled component forms of (47), (48) and (49)

U + Uy + auu, — g*¢ - £ =0,
C)f + Cxxx + a(Cu)x + bCuX + bqu = O’

&+ & t @)y + (@ —b)(, - (=0, (€29)
&+ & + aluy + bué, + cqC? =0,
Ur + e + (@ + byuu, — aq?C, - € — 2cq® + b)
£ -¢=0,
G+ o T (@ — bg — cq®) Cu,
+(b — agu¢, — agé, - £+ qlc = HE =0,  (52)

and
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Ct + C,nxx - aqzcux + bf : gx - cqzuCX = O’
U + e — qlaq + cq — b)uuy + (ag — b)& - ¢, — (bg*> + cq — o), - ¢, — agé,, - (=0,
&+ Epe — (g + D), — (b + ) qué, + aly, - (+ 3 =0, (53)

respectively. u in (51)—(53) is a bosonic field and ¢ and ( are
ren-fields with degrees 1 and 2, respectively.

The known special integrable ren-symmetric KdV sys-
tems of (51) and (52) read

Uy + U — 6un, = 0,
&+ o — O6UE) — 6C, - (=0,
Gt G — 6(CQu)y =0, (54)
and
Up + Uy — U, — 6g(1 — q)§, - (=0,
5[ + gxx_x - 6”5}( - 6‘142 == O,
G+ G — 0(Q0)x =0, (55)

respectively. The special integrable ren-symmetric KdV system
of (53) is equivalent to that of (52) by the transformation (, — (.

oo a—1
U= |32 — e+ (Ple) + 1230 3 ((§
a=203,=0
(at + 482 - 6uax - 3MX)I¢> = 0’
0, + 463 — 6ud, — 3”){)'5 {3} > =0,
(at + 483 — 6ud, — 3Mx)|<a a—p, > =0,

The choicea =4, g =1, R = 0p — HT‘]938X leads ren-
symmetric KdV equation (44) straightforwardly to

Do, + Popr + aPo Py, + b(R‘I’())(R3‘I’()) + C‘(’]QZ(I)())2 =0,

(56)
D + Dy + a® RO + b(RP) Dy,
+c(R*®) (RP®)) = 0, (57
Dy + Popx + APy R2Dy, + b(RP,)(RDyy)
+c(R2®y) (P2,) + d(R3®,)?* = 0, (58)
D3y + D3 + aP3RID3, + b(RP3) (R*®3,)
+c(R*®3) (RP3,) + dP3, R®5 = 0, (59

where &y, ¢, P, and P; are the ren-fields with degrees 0, 1, 2
and 3, respectively.

5. Summary and discussions

In retrospect, the usual Grassmann number and the super-
symmetric derivative have been straightforwardly extended to
more general forms, the R-number and the ren-symmetric
derivatives, to be applicable to describe physically important
quasi-particles, anyons. Applying the R-numbers and ren-
symmetric derivatives to integrable theory, we have extended
the super-integrable and super-symmetric integrable systems
to ren-integrable and ren-symmetric integrable systems.

It is interesting that the ren-integrable KdV system (34)
possesses completely the same form for arbitrary a even for
the boson case (o« = o0 ) and fermion case (o = 2). The only
difference is that the degrees of the ren-fields &; and &, should
be complementary, say, 5 and o — 3, such that £;£, becomes
a boson.

The ren-integrable system (34) can be further extended to

<£a3 Kaa 5.} >)

§la60 1 Claa-p00) —

(60)

where |¢) is a boson vector field, [¢;, ;) is a 3, order ren-
vector field and [, ,, - ﬂn}> is an a — G, order ren-vector field.
The general ren-integrable KdV-type system (60) is still a Lax
integrable model.

Although the number of papers produced so far on the
construction of solutions is incredibly large, it is necessary to
develop some novel methods, one of which may be the so-
called bosonization method [37], to construct special solu-
tions of the ren-integrable KdV system (34) (or more gen-
erally (60)) and the ren-symmetric KdV system (44).

R-numbers may also be used to find other types of
integrable models such as dark equations and integrable
couplings [66, 67]. The concept of dark equations was first
introduced by Kupershmidt in [68—70] where many types of
dark KdV systems are given. The modified dark KdV
equations are studied in [71]. The bosonization procedure of
the super-symmetric systems have offered some new types of
dark integrable systems [37]. The super-symmetric dark
systems have also been proposed in a preprint paper [72]. The
bosonization of ren-symmetric integrable models may yield
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further dark integrable equations. In fact, applying the boso-
nization assumptions

E=np, (=g, (61)

with the {x, t}-independent R-number 7 and the {x, ¢}-
dependent boson fields p and g on the integrable systems (54)
and/or (55) yields the same standard dark equation system,

Uy + Uy — 6un, = 0,
)2 +pm - 6(“P)x - O’

9 + Qe — 6(uq)x =0, (62)

because 773 =0. From (62), we know that the ren-integrable
systems (54) and (55) possess special types of exact solutions
with u being an arbitrary solution of the usual KdV equation
and £ and ( being given by (61) while p and ¢ are arbitrary
symmetries of the usual KdV equation.

The dark systems can also be considered as some special
type of integrable couplings [72-74]. More about the ren-
integrable, ren-symmetric integrable and dark integrable
systems should be further studied later.
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