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In this work, we have investigated the rotating effect on the thermodynamic properties of a 2D
quantum ring. Accordingly, we have considered the radial potential of a 2D quantum ring and
solved the Schrodinger equation in the presence of the Aharonov—Bohm effect and a uniform
magnetic field for the considered potential. According to the solution of the equation, we
calculated the eigenvalues and eigenfunctions of the considered system. Using the calculated
energy spectrum, we obtained the partition function and thermodynamic properties of the
system, such as the mean energy, specific heat, entropy and free energy. Our results show that
the rotating effect has a significant influence on the thermophysical properties of a 2D quantum
ring. We also study other effects of the rotating term: (1) the effect of different values of rotating

parameters, and (2) the effect of negative rotation on the thermodynamic properties of the

system. Our results are discussed in detail.

Keywords: Schrodinger equation, quantum ring, rotation effect, thermophysical properties

(Some figures may appear in colour only in the online journal)

1. Introduction

In recent years, the treatment of 2D quantum rings at the
nanoscale has been studied under various conditions, such as
specific types of confinement potential, the Aharonov—-Bohm
effect and external fields. These conditions cause different
physical phenomena that affect the thermodynamic properties
of the considered system. Notably, the influence of a radial
potential modifies the Landau levels, resulting in an
enhancement in magnetization and the persistent current
[1, 2]. Furthermore, quantum rings exhibit thermodynamic
properties, as demonstrated through determination of the
partition function and other properties, such as the mean
energy, entropy and specific heat. These properties can be
affected by many factors, such as the confinement potential
and external fields [3-10]. Quantum rings have been sig-
nificantly considered by many scientists due to their physical
background and industrial applications. These subjects con-
tain the study of quantum rings. Tamborenea et al [11] stu-
died the dynamics of the angular momentum in narrow
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quantum rings under the Rashba and Dresselhaus spin—orbit
interaction. They indicated that the different angular
momentum states are coupled. Gonzalez et al [12] considered
magnetic field and topological defects, and described spin—
orbit and Zeeman effects on the electronic properties of
quantum rings. They showed that the absorption intensity for
the considered transitions reduces compared to when the
interactions are absent. Hashemi et al [13] investigated the
effect of polarons on harmonic generation of a tuned quantum
ring. They revealed that the electron—phonon interaction has a
great effect on the second and third harmonic generation of
quantum rings. Also, quantum rings have wide utilization in
nano-flash memories [14], photonic devices [15], qubits for
spintronic quantum computing [16, 17], magnetic random
access memory, recording mediums and other spintronic
devices [18]. For more information, the readers can refer to
[19-25].

The study of rotational effects in quantum mechanics
has a long history and many researchers have shown an
interest in this topic [26-28]. In this regard, the Coriolis
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force in a rotating frame is analogous to the Lorentz force
inserted on a charged particle due to a magnetic field [29].
Tsai and Neilson [30] demonstrated that the quantum
interference effect is analogous to the explicit Aharonov—
Bohm effect [31]. Deep understanding of how rotation
effects quantum systems offers substantial insights into the
fundamental treatment of particles. However, the study of
rotational effects in quantum rings is an interesting recent
subject. In this regard, the rotational effects in a quantum
ring system have been analytically studied [32, 33].
Furthermore, recent numerical calculations have demon-
strated important rotational effects on electronic states, the
persistent current and magnetization in quantum rings
[17, 34]. Altogether, the influence of rotation in the
description of quantum rings has significant consequences
on the energy levels and quantum behavior of the system.
Therefore, the study of the spatial distribution of particles
and the thermodynamic properties of quantum rings under
rotational effects is still an open context.

From this viewpoint, this study illustrated the influence
of rotation on the thermodynamic properties of quantum rings
by explicitly considering the Aharonov—Bohm effect and a
uniform magnetic field. In this work, we obtained the radial
equation to illustrate the system. For this goal, we use the
Schrodinger equation with minimal coupling, where rotation
effects are incorporated by inserting the momentum factor
with an effective four-parameter. In the considered equation,
we insert a radial potential term that is related to the radius of
a ring. It is worth noting that we limited the considered sys-
tem into 2D motion and neglected the degree of freedom in
the z-direction. Also, the probability distribution is illustrated
for different values of the rotational quantities. Furthermore,
using analytical analysis, we investigated the rotational
effects on the energy levels, partition function and thermo-
dynamic properties, such as the mean energy, entropy, spe-
cific heat and free energy. In this regard, this paper is
organized as follows: in section 2, we present an in-depth
description of the equation of motion and provide its math-
ematical computations and illustrate the concepts of the
quantum ring. Also, this section shows the effects of rotation
on the energy levels and thermodynamic properties of the
system. In section 3, we discuss our results in detail. Finally,
in section 4, we present our conclusions according to our
findings and highlight the importance of the studied rotation
effects in quantum mechanics.

2. Mathematical framework

In this section, we describe the quantum motion of a charged
particle in a rotating state in the presence of the Aharonov—
Bohm effect and a uniform magnetic field. Also, we neglect
the particle spin effect. In this regard, we calculate the
equation of motion and, correspondingly, the radial equation

of motion. Accordingly, we obtain the particle wavefunctions
and eigenenergies. Following the model indicated in chapter
17 of [35], we consider the Schrodinger equation with mini-
mal coupling. We substitute the rotational and electro-
magnetic effects in the Schrodinger equation as

pr — p’ — pAg (v =0, 1,2, 3), ey

where the effective four-potential A consists of the electro-
magnetic four-potential A}, and the gauge field for the rotating
state AY, = (A, Ar). Here, A4, = (AS., Ace = A1 +
A,) represents the electromagnetic four-potential. As mentioned
below, the effective vector potential A, stands for the Ahar-
onov—-Bohm potential. Also, it shows the potential related to a
uniform magnetic field in the z-direction, with V e A, = 0
and A, = 0. We introduce the magnetic flux tube for the

ele
Aharonov—Bohm field as

Ay = (o, _¥, 0), eB, = (0, 0, —@M). )
P P
The parameter p = ;—q; = % is due to the Aharonov—Bohm
u 0
flux, in which ® indicates the magnetic flux and ®;, = g denotes
the quantum of magnetic flux. The potential vector causes the

uniform magnetic field in the z-direction and is defined as
4 = (0. 389.0), B2 = 0.0, ) )

Moreover, the third configuration that specifies the gauge field
for the rotating frame is

Al = (—%(Q x )2, Q x r), 4)

where (2 is the angular velocity. We suppose that 2 has only the
z-direction; thus, the coordinate vector is r = pp in cylindrical
coordinates and consequently we indicate 2 x r = Qpd. Fur-
thermore, it is clear that the Aharonov—Bohm flux has transla-
tional invariance in the z-direction; therefore, we can eliminate
this direction by considering p, = z = 0 [36-38]. Therefore, we
constrain the motion of electrons only in the plane. Thus, we
must consider the combined effects, including the rotation 2, the
potential A; and A,, and the field B,. Ultimately, the equation of
motion is defined as

ﬁ(p — eAge — QL X 1)V

_ %M(Q X r)Z\II + V)V =EV, ©)

where V (r) shows the radial potential of a 2D ring represented
by

2 22
V(p) = £X (p - p—o) : (6)
8 p

where p,, indicates the average radius of the ring and also shows
the minimum point of the potential (figure 1 represents the
potential V (p)). Also, the parameter w, defines the strength of
the transverse confinement. It is worth mentioning that the radial
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Figure 1. The radial potential illustrating a ring of average radius
po = 20 nm and 7wy = 40 meV.

potential, equation (6), illustrates a localized ring of finite width
and provides a theoretical subject to describe electronic states, as
well as their relation to the magnetic field in a 2D ring [1, 2]. By
substituting the field and potential forms in equation (5), we
deduce

2 2.2 4
1
pOp\" Op P2 \idp 4n?

2(/142&}3 . 12w, n #zw%)\l’ i &6_\11 2#95_\11

412 12 412 h idp  h idy

2 2
_ 2/”’9@\1, _ /iwcSO\I/ + 'uzwop()\:[j — _2/'LE
h h 2h? n?
We suppose the eigenfunctions have the following form [39]
U(p, @) = f(p)e?, (8)

where m = 0, &1, £2, £3, ... is the angular momentum
quantum number. Via some abbreviations and mathematical
calculations, we obtain the radial equation as

v, @)

12
1df8F) Ly 0 o — o, 9)
pdp\ dp p? 4n?
2wipt . .
where L2 = \/ (m— ) +1* 4h°2p° is the effective angular

momentum, 7 = /w? + 4Qu,. + w3 is the effective cyclotron

1
exp| —| —[4(m — )* +
p 4\/ (m — ) TS

W, = Ll is
R
k2= W + ifz’(" wing + Ep). By solving

equation (9), we calculate the elgenvalues and eigenfunctions as

1 T+ Lyt 1) (ﬁ)l""
A\ 2Lmtl DL, + DPPr \A

frequency, the cyclotron frequency and

\Ijnm(p’ 99) =

2
Xeimwe‘:?Fl( noL,+ 1, 2A,), (10)
Eun = 3@ + Ly + 1)
*—(29 + w)(m + ) — —wopo, (11)

where A = [ is the effective magnetic length renormalization
i

by the rotation. We rewrite this more precisely as
1 12wipy
Enm - (n + E\/(m - @)2 + 4h02 2

1
2)
xhyw? 4+ 40w, + w

—*(2Q +w)(m — ¢) — iy, 12)

We obtain the eigenenergy in the absence of rotating effects as
follows

Eun = (n + %\/(m - ) + M:;zp“ + 2)

flw,
xhyw? + w) — 2(m — @) — —wopo

As expected, the above equation recovers the result in [1].
According to the calculated eigenvalues, we obtain the partition
function and thermodynamic properties of the considered sys-
tem. The partition function is deduced by summation over all
possible states of the system as below

00
Q = Z eiﬁEn’
n=0

13)

(14)

kg is the Boltzmann constant and 7' is the

temperature. With the help of equations (12) and (14), the par-
tition function of the system is deduced as

where 3 = 7
B

2,2 |
H 0% + 5 h \/wg + 4Qw, + w(z) + %(ZQ + we)(m — @) — ﬁw%pé /T

4

Q:_
—1+

I (15)

exp (%wﬁ + 4Quw, + w%)
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Figure 2. Probability distribution functions for positive rotations: (a) for n = 0, m = 0 and (b) forn =2, m = 1.
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Figure 3. Probability distribution functions considering negative rotations with: (a) n = 0, m = 0 and (b) n =2, m = 1.

Furthermore, the thermodynamic properties of the system can be
obtained using the following relations:

9l (Q)
a3

* Entropy S = kgIn(Q) — kBﬁ%-
» Specific heat C = —kBﬁ2gZ.
* Free energy F = —éln Q).

* Mean energy U =

3. Results and discussion

In this section, we numerically study the calculated results in
section 2 for a 2D quantum ring with Awy = 40 meV and
radius of p, = 20 nm. We apply a 2D GaAs heterostructure
due to the ease of finding its data. In this regard, we investigate
the impact of rotation on the thermodynamic properties of an
electron in a 2D quantum ring. To perform the obtained results,
we take p = 0.0674,, where y, = 9.1094 x 10731eV/c? is
the electron mass [1, 40].

We calculated the probability distribution of particles in
various states n and m using the normalized eigenfunction,
equation (10). This subject allows us to illustrate the behavior
of the system and realize its properties in-depth. Figure 2
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Figure 4. The energy spectrum as a function of rotation quantities for
different values of 7 and m when ¢ = 0.5(h/e) and B = 15T.

shows the probability distribution changes according to
positive rotation values for the states with (n = 0, m = 0)
and (n = 2, m = 1). As seen in the figure, by enhancing (2,
the distribution shifts toward lower values. It means that for
higher rotations, the particle can be found closer to the inner
radius of the ring (inner edge). Also, we can deduce that the
probability amplitude becomes more dependent with less
spacing among adjacent values as (2 increases. Furthermore,
the eigenfunction occupies the edges of the ring by increasing
m values and causes a centrifugal effect. Therefore, the
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100 — 110
90 - 100 R
8ol | (a) 9 [ (b)
[ —~ 80|
s "l Y
N ay 70 |
60 - . -
ol —— presence of rotating effect Z e
5 sF | absence of rotating effect S
g b = 50
O 40} Q
g .t e sop ;
é’ or g wf —— presence of rotating effect
20 o wl T absence of rotating effect
10+ w0l i
0 L \\*r ~~~~~ ! ! 0L i I I I ! ! ! !
0 100 200 300 400 500 600 180 195 210 225 240 255 270 285 300
Temperature (K) Temperature (K)
100 300
90 - 225 |- .

; N . ff —— presence of rotating effect
or o presence o rota.tmg effect sl N e absence of rotating effect
oF i absence of rotating effect —

~~ | =)
M ~ 75
: 60 - >
; 50 |- %D 0
% 40 - E 75 | (d)
8 )
o 30+ o
m o 150 b
20
10k -225 -
0 L L L L L L _300‘1‘1‘1‘\*1‘1‘1‘1‘
80 120 160 200 240 280 0 50 100 150 200 250 300 350 400
Temperature (K) Temperature (K)

Figure 6. Thermodynamic properties as a function of temperature in the presence and absence of a rotating parameter: (a) mean energy, (b)
specific heat, (c) entropy and (d) free energy.



Commun. Theor. Phys. 76 (2024) 065504

A Ghanbari

100

".
90 -
80 j\ '\.\. (a)
LY —Q=10THz
—~ TORY _
S oy Q=20 THz
2 A — Q=30THz
T osoF \ O\
=
O 40
=
S s0r
2 20
10 -
. - §
150 175 200 225 250 275 300 325 350 375 400
Temperature (K)
100
9 |
ol | (©) —Q=10THz
I — Q=20 THz
o ot Q=30 THz
% 60 |-
=
st
>
5wl
i<
= 30
m
20 |
10
0 1 1 1 1 1 1 1

50 100 150 200 250 300 350 400

Temperature (K)

Specific heat (J/K)

;
o

-10 i 1 1 1 1 1 I
200 220 240 260 280 300 320 340 360

Temperature (K)

100

8o “\\ (d)

— Q=10THz
Q=20 THz
Q=30THz

Free energy (J)

\ N,
1 LN 1

180 210 240 270 300

Temperature (K)

0 30 60 90

120 150

Figure 7. Thermodynamic properties as a function of temperature for different values of the rotating parameter: (a) mean energy, (b) specific
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particles have a high probability to be found at the outer edge.
Additionally, we can see that for n = 2, the third wave peak
amplitude increases compared to previous ones as it moves
along the horizontal axis. Afterward, we observe a symme-
trical increase in the amplitude that precedes a decrease. This
phenomenon seems to happen for all n values equal to or
greater than 1. This is expected behavior because the con-
sidered potential in equation (1) approximates that of a pure
quantum harmonic oscillator [41] for greater values of p (i.e.
greater outer radius), see figure 1.

Figure 3, similar to the fact that positive rotations change
behavior, represents the probability distribution when nega-
tive rotating quantities are used in states with (n = 0, m = 0)
and (n = 2, m = 1). We can see that by decreasing 2, the
distribution shifts towards higher values. This indicates that
the particle is found closer to the outer radius of the ring
(outer edge) for lower rotation values. The probability
amplitude is less concentrated with larger spacing among
adjacent parameters as ) decreases. As m increases, the
eigenfunctions tend to occupy the ring edges with a higher
probability to be found at the outer edge. The energy spec-
trum calculated by equation (12) shows that the electronic
states of the considered system have great dependence on the
rotation parameter (figure 4). According to the observed states
and various rotation values, one can find that the energy levels
increase with the strength of the rotation. Also, in the applied
rotation range, the energy of the state (n = 0, m = 0) can

surpass states with higher quantum numbers, as €2 increases.
For instance, in the positive rotation values, the lowest energy
level is not (n = 0, m = 0). Herein, the higher wave num-
bers, like (n = 2, m = 1), have a great probability near the
center of the ring. This phenomenon is due to the centrifugal
effect caused by the quantum number 7. Also, the probability
distribution of finding the electrons indicates that the elec-
trons are more likely to appear at the edges of the ring instead
of being concentrated at the center of it (see figures 2 and 3).
This is expected behavior as we use different physical
quantities in our computations. However, it is obvious from
figure 4 that the rotation effect has a significant influence on
the energy spectrum. In this regard, this effect can change the
thermodynamic properties of the considered system due to the
rotational effect on the energy spectrum.

Figure 5(a) shows the partition function as a function of
temperature in the presence and absence of rotating effects. At
low temperatures (7' < 100 K), the two curves have nearly
equal values but as the temperature increases, they move
away from each other. Also, we can see that the partition
function in the absence of rotating effects has higher values
compared to in the presence of rotation effects. In figure 5(b),
we have plotted the partition function versus temperature for
different values of 2. It is observed from the figure that as (2
increases, the partition function decreases. Figure 5(c)
represents the partition function versus temperature for posi-
tive and negative values of (). It is obvious that the negative
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rotating parameter changes the behavior of the partition
function. Also, the partition function in negative €2 has higher
values related to positive values. Figures 6(a)—(d) represent
the mean energy, specific heat, entropy and free energy as a
function of temperature in the presence and absence of rota-
tion effects, respectively. It is clear that the rotating parameter
has a significant influence on the thermodynamic properties.
The mean energy and free energy have higher values in the
presence of the rotating parameter. The specific heat has
higher values in the absence of the rotating parameter but, as
the temperature increases, the two curves show equal values.
In figure 6(c), the entropy has equal values in the presence
and absence of rotational effects but, as the temperature
increases, we can see that the entropy has higher values in the
absence of rotating effects. This means that in the absence of
rotating effects, we have much more disorder and we are
faced with missed information.

In figures 7(a)—(d), we have considered different values of
Q (© = 10, 20 and 30 THz). It is obvious from the figures
that the mean energy and free energy increase by enhancing €2
but the specific heat and entropy decrease by increasing ).
Also, we can see that the mean energy and specific heat have
equal values for various 2 as the temperature increases.
Figures 8(a)—(d) represent the mean energy, specific heat,
entropy and free energy versus temperature for positive and
negative values of 2 (2 = 50 Thz and —50 THz). It can be
found that the mean energy and free energy have higher values
in the positive rotating parameter but the entropy and specific

heat show higher values in the negative rotating parameter.
Also, we can see that the negative rotating parameter in the
mean energy and specific heat has less of an effect, but in the
entropy and free energy, it has a greater effect.

4. Conclusions

In this work, we have studied the nonrelativistic quantum
motion of a charged particle in a 2D quantum ring under the
rotational effect. By calculating the equation of motion by
applying the minimal coupling procedure and under the
influence of the Aharonov-Bohm effect and a uniform
magnetic field, we deduced the eigenvalues and eigenfunc-
tions. According to the obtained results, we derived the
probability distribution and partition function of the system.
Also, we calculated the thermodynamic properties of the
considered system, such as the mean energy, specific heat,
entropy and free energy, in the presence and absence of
rotation effects. The obtained probability distribution shows a
distinct shift toward lower values along the radial coordinates
as the rotation parameter increases. This shift reveals a higher
possibility of finding the particle near to the outer or inner
radii (edges) of the system rather than in the average region
po- Our results are in good agreement with the observed
occupation of electrons at the edges of the system and
describe the electronic states' dependence on the rotation
parameter. Furthermore, we examined the thermodynamic
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properties of the system using different procedures: (1) in the
presence and absence of rotation effects; (2) using different
rotation parameter values; and (3) using positive and negative
rotation. The significant achievement of this study is under-
standing the relationship between the rotation and quantum
behavior in quantum rings. Also, the presented investigations
in this study exhibit important insights into charged-particle
behavior in a rotating quantum ring system and reveal the
fundamental aspects of quantum mechanics. Finally, we
emphasize that our computations considered a rotational
effects scale typically of several terahertz (THz). These high
rotation rates are considered to better visualize the rotational
effects, as discussed in [34]. However, it is clear that in
quantum systems such as 2D quantum rings, rotational effects
are exhibited even at much lower scales.
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