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Abstract

®

CrossMark

The Weyl double copy builds the relation between gauge theory and gravity theory, in particular
the correspondence between gauge solutions and gravity solutions. In this paper, we obtain the
slowly rotating charge solutions from the Weyl double copy for the Kerr black hole with small
Chern—Simons correction. Based on the Weyl double copy relation, for the Petrov type D
solution in Chern—Simons modified gravity, we find the additional correction to the
electromagnetic field strength tensor of the rotating charge. For the Petrov type I solution, we
find that the additional electromagnetic field strength tensors have external sources, while the

total sources vanish at the leading order.

Keywords: Chern—Simons modified gravity, Weyl double copy, Kerr black hole

1. Introduction

The double copy as a rather old topic was first studied in
string theory, then found in a now frontier realm of scattering
amplitudes in quantum field theory, such as the Kawai—
Lewellen—Tye (KLT) relation [1] and the Bern—Carrasco—
Johansen (BCJ) relation [2, 3]. Intrigued by the successful
structure of double copy in the scattering amplitudes, its
classical counterpart of field equations has been investigated
with some attempts given in [4-6]. Since the double copy has
always been perturbative in quantum field theory, it is
particularly appealing that exact relations between the
classical solutions of gauge and gravity theory make sense,
e.g. as the double copy and black hole solutions in [7]. A
succinct review for recent progress can be found in [8].
Preliminary attempts on the classical version of double
copy have been put in the certain class of solutions that
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linearise the classical field equations. Kerr—Schild metrics
belong to this class, and so do certain multi-Kerr—Schild
metrics. The Kerr—Schild double copy has been investigated
in [7], with interesting applications in the Kerr—Taub-NUT
solution [9]. Also, the Eguchi—-Hanson metric was studied in
this context using the Kerr—Schild double copy [10]. More
recent discussions about the Kerr—Schild double copy can be
found in [11-16].

In order to derive a more generic exact double copy, and
inspired by the Petrov classification [17], the Weyl double
copy was invented, treating solutions of gauge fields as the
‘single copy’. The preliminary version of Weyl double copy
deals with Petrov type D solutions of Einstein equation and
discuss the plausibility of double copy being extended to
more general type of spacetime [18]. Some other equivalent
interpretations of double copy have been established with
various methods [19-28], as well as in the perturbative
theories [29-42]. The Weyl double copy has been
investigated in the fluid/gravity duality [43, 44] and in
gravitational waves [45]. A twistorial foundation of the Weyl
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double copy has also been proposed in linearized level [46,
47], which has been applied in topological massive gravity
and massive gauge theory in three dimension [48]. Some
substances on double copy on curved space have been
discussed in [49-51], and the hidden symmetry of double
copy was given in [52]. The asymptotic formula of Weyl
double copy can be found in [53], as well as the Newman—
Penrose version of that [54]. The classical double copy has
become an active area, and different aspects of classical
double copy have aroused many interests [55-60].

In this paper, we study the Weyl double copy for slowly
rotating a black hole in Chern—Simons modified gravity. For
the Kerr black hole solution, there is a concise and fully
detailed context in [61]. The Chern—Simons modified gravity
has aroused many interests, and has been applied to
cosmology and astrophysics [62, 63]. It is a modified Einstein
gravity, and the equations derived from its Lagrangian are not
in vacuum, but carrying a source. Thus, to study its single
copy, the need for a sourced double copy is self-evident. A
primary discussion on sourced Weyl double copy was given
in [64], and we can see some later progress in [65]. We will
use the perturbative solutions of slowly rotating black holes in
Chern-Simons modified gravity [66], and the Petrov type
solution provided in [67].

This paper is organized as follows: section 2 is an
overview of the Weyl double copy for the Kerr black hole and
a brief introduction to Chern—Simons modified gravity. We
derive the Weyl double copy for the Petrov type D solution of
slowly rotating a black hole in Chern-Simons modified
gravity in section 3, and for the Petrov type I solution of that
in section 4. We make conclusions and discussions in
section 5.

2. Notation and setup

All throughout, we take the geometry units: c=1 and G =1
and stick to the following conventions: the Greek letters {,
v, ...} stand for the indices of curved spacetime, lowercase
Latin letters {a, b, ...} are denoted as flat indices, and the
metric signature is (—1, 1, 1, 1). Capital Latin letters {A, B,
...} represent spinor indices. Some of the notations are base
on the solution classification in [17], and spinor techniques in
[68-70].

2.1. Newman-Penrose formulation

In the Newman—Penrose formalism, the metric can be
decomposed into four null tetrad vectors

Y-R Liu et al
orthogonal vierbein formalism ey reads
1 1
0 1 _
€, :_(nt,+l1,)’ e, = _(ml+ml,)’
iz \/E } i / \/E 1 t
2 l _ 3 1
e, =———Mm, —m,), e, =—=~U,—ny. 3)
14 \/5 (] H 14 \/E (] H
The metric in (1) can be rewritten as
g;w = e;(tlel/bnab’ Nap = dlag(717 L1, 1) (4)
The associated frame tetrad [ = eI/,
Nap = —ZZ(al’lb) + 2m(arﬁb). (&)

We will work with the tetrad set

1
la=—=(1,0,0,1),
V2

ng = L(19 03 O, _1)9
2

NG

1
m, = —(0, 1, 1, 0),
2

NG

1
—(O’ 17
V2

i, = —1,0).  (6)

2.2. Spinor formulation

For a spinor basis {04, ¢4}, the indices are raised and lowered
by the two-dimensional full anti-symmetric tensor

= (0 §) = e )
The Infeld—Van der Waerden symbol is
oty = ol 5P Cecy, ®)
where
FHAA — (efl)ga.aAA’ 9)
ot = L(1, d), o= ] (1, —9), (10)

V2 V2
and ¢ are the Pauli matrices. The Weyl spinor and Maxwell
spinor can be written as

1 W
Wupcp = 2 W,)AU/A']BU&\), a1
1 v
fag = EFWU’/;B. (12)
What we will utilize here is
Cadiscepp = Yapepeipecp + \IJABCDEABECD,
Fpisg = fap€in + fip€as- (13)

where U are the complex conjugate of W, and the left-hand
side is the result of tensors with each indices contracted with
O'ZA. One can always use the inverse vierbein to contract with
the analogy of tensors (13) to get the pure tensor form.

We make use of the notations from [65] but slightly

8 = —2lny) + 2m,im,). @ : . o :
“” W) W different from their choice because of the vierbein deformation
The null tetrad vectors are normalised as here. The basis is associated with the frame tetrad by
_ oAﬁA:laaf’M, LATA = na0,
' = —1, m,m" =1, @) ;o a 5i — i od (14)
OALA—maO'AA, LAOA—ma(TAA.
while the rest of the products vanish. The corresponding The spinor basis satisfies the normalization: 0”1, = 1 = —%0,,
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we then have the basis

oa=(1,0), 1ta=1(0,1). (15)
A quick look at the definition of Weyl scalars:
Wy = Wapcpo?0BoCol = Cuppl'm"1Pm*,
U, = Uipcpo?0BoCiP = Cyprln”1Pm?,
U, = UupcpotoBi€iP = CyprlPm?mPnt,
U3 = UupcpotiBiCP = CypprIinvm?n,
Uy = UupeptABCL = Cpprn'mnPim. (16)

The most general Weyl spinor can be decomposed into
Wapcp = Wotatpictp — 4¥i0utgicicy + 6%0u0pLcip)
— 4Wz0400¢ tpy + Ysos050c0p.
17)
2.3. Weyl double copy for the Kerr BH

The key idea of the Weyl double copy is a square relation
between exact solutions in gravity and in (flat spacetime)
gauge theory [18], which was written as

1
\IJABCD = z (AB fCD)~ (18)

0

For the Kerr black hole, one can derive the spinor form of
Weyl tensor using the Kinnersley tetrad

2 2
1428, = %a, + o, + %a@

2 2
né 0, = M@, _ Aar + %Ly,
2% 2% 23
ia sin 00; + 0y + icschO;,
méLRQ,, _ 1a s 60; + 0Oy + 1cSc Q’ (19)

J2 (r + ia cos )

where ¥ = 72 + a2 cos? 6 and A = r* — 2Mr + a°. Then, the
Weyl spinor for Kerr spacetime is

oM

_ oM 2
(r — ia cos )3 20)

\IIABCD = - O OBLC D).
From the Weyl double copy relation (18), the scalar field

(o 1s set as the zeroth copy

7 1

6M r — iacosf’
which satisfies the vacuum equation of motion D/D,,¢ = 0.
We use V, to denote the covariant derivative in the
gravitational spacetime, and D, to denote the covariant
derivative in flat spacetime with rotation. Note that the ‘r’
here is related with the ordinary radial coordinate r through
the rotation [71]. Then, the corresponding Maxwell spinor as
the single copy can be obtained as

fo = q 0@lp)
4B (r —iacos0)?’

$o = 2

(22)

which, after being converted into tensor form, satisfies
vacuum Maxwell equations D"F,,,, = 0.

2.4. Chern—-Simons modified gravity

Chern-Simons modified gravity is a fascinating topic in
gravity and cosmology as reviewed in [62, 63]. Here, we
consider the action

S = fd4x /_—g(I{R - %Vﬂﬂvm&l + %ﬂRR), 23)

where the Pontryagin density RR = R;,,,,/,UR””M, and
RN = %d’mﬁR 1 .. We consider the dynamical framework

of the field ¥, which leads to a non-vanishing stress energy
tensor

1
v
T\ = VIV — ngv,)ﬂvw. (24)
The equations of motion are
1 « _ 1 W)
R,Lu/ - Eg#,,R + ;C;u/ = ET/LU s
ViV, = — SRR, (25)
4
Here, C"" is called C-tensor, given by:
C = (V) eP AR ") + (V)R (26)

3. Petrov type D solution

In this section, we will showcase our work for type D black
hole solutions in Chern—-Simons modified gravity. By
inserting the slow-rotation limit, Yunes and Pretorius found
the perturbative black hole solution in the full dynamical
framework [63], the leading order solutions for the metric and
field ¥ are

ds? = ds(%() + 2awr sin® §dtdg, (27)

2
g = dxacostf,  2M  18M~) (28)

8 M r? r 5r2

in which

2
wzs_ailJrEMJrzl%_ 29)

8 krd 7 r 10 »2

ds(%() means slow-rotation limit of the Kerr metric. Up to order
O(a?a) and O(a?), the non-vanishing components of the
metric are

2Ma?

gu=—U—-— cos2 4,
r
8= — 2Ma sin? @ 4 owr sin? 6,
1 a? ( 1 )
L =— 1+ —=|cos?0 — —|,
8 U Ur? U

gy =1r* + a*cos? 0,

goazrzsin29+azsin29(1 + 2ﬂSi 29), (30)
: r

where
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U=1— % 31 components up to O(a?),
r F(K) _ _i 1 _ 3612 C082 9
Now we use a tetrad, which is similar to the Kinnersley T2 r2 K
tetrad, but with some adjustments to the metric in (27), and
accurate up to O(a%a) and O(a?). FE _ 49 sin? 0
r$ 72 ’
w r2w”
19, = 1k 0, — afl — + —— | 9e» 2s5in2
o IGRO ur | 12m )? S b
r
U w r2w’ K gasin20
nhd, = nld, — a—— + —=—10,, o =2"""" (39)
T ReRG T (Ur IZM) ¢ " r

rsinf r2w”
J2 12M

Here, we utilize the null rotation transformation in the
appendix. The resulting total symmetric Weyl spinor reads

oM
(r — ia cos )3

0;. (32)

mto, = mgro, — ia

a
‘I’%CD = (1 - lr_zz)O(AOBLCLD),

(33)

which turns out that the spacetime is Petrov type D at this
order. The identical relation

9 — _nrscosé(g),
oM r

is also used to represent the results in a compact form, where ’
means the partial derivative respect to r. In the following, we
will use two kinds of choices for the zeroth copy (scalar fields
¢ra) and ¢yp,)), and decompose the Weyl spinor (33) into the
gauge fields as:

(34)

. . 1
[a] gla] __ [b] ¢[b]
f(AB cD) — (AB fCD)'

L (35)
Pla] Pb]

o]
\I/ABCD -

In the calculation for the Petrov type D case, we work up to
order O(a:2a) and O(a?).

3.1. Decomposition |

By setting the scalar field in (35) as the zeroth copy

q* 1

—_— (36)
6M r — iacos®

Pla) = Yo =

the Weyl spinor (33) can be written as the square of the single
copy fap, which can be solved as

Ww__ 49 [y 13_O‘i)o (5. 37
4B (r—ia cos@)z( 22k )7 e7

Therefore, we can derive the slowly rotating charges with
sourced electromagnetic field from the Weyl double copy
formula for the Petrov type D solution (27). The
corresponding Maxwell field strength tensor is corrected as

F};] = Fff,f) + F[;y,

(38)

where the Maxwell field strength tensor F, Sf) represents the

single copy of the Kerr black hole, with non-vanishing

The resulting field strength tensor is also consistent with the
gauge potential in reference [7], up to the constant coefficient.
The non-vanishing components of the correction F, /Sﬁ) due to
Chern—Simons term are

(@ _ agsin*0 2

O 12M ’
o 3agsinf 9
F§) = — —a (40)

The corresponding equations of motion for the scalar
field and Maxwell field are

D'Dy, ¢ = 0, (41)
DVFl) = J,1, (42)
where the source current is calculated to be

18M ﬁ + (rZw//)/:I). (43)

agq sin® 0 [

12M

JM=10,0,0,
rtcosf k

By using the identical relation (34), the non-vanishing
component in (43) can also be written as

in? 0 w
Jlal — Qg7 [—3r(—)’ + (2" ’]. 44
¢ 12M r () 49
3.2. Decomposition Il
By setting the scalar field in (35) as
2
q 1 a 19)
=" |1 +i—=—|, 45
vl 6M r — ia cos@( K )
then the Maxwell spinor as the single copy can be
b q
o= 6)

— ot
(r—1acos9)2( )

Notice that, the components of fﬂg are equal to that in (22),
which is the single copy of pure Kerr black hole spacetime.
However, due to the correction of oy, and tetrad (32) in this
order, the tensor form of the single copy still has additional
terms. We obtain the composition of Maxwell field strength
tensor as

b K ¢
F = F + F),

(47)
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Fw

v

and the corresponding correction
component

has non-vanishing

(“}) aq Sin2 0 }“2(,(}//
ro .
12M

The corresponding sources for the zeroth copy ¢, and single
copy F! are

v

(48)

. 2 / !
, iog” (((9/r)
DiDupw = =55 (r—2 : “49)
DHFI) = i — (0, 0,0, O‘ci;m agsin’f ”)) (50)

Notice that the non-vanishing component can also be written

02
as JI = 2L (2,0 = 9, F),

4. Petrov type | solution

The quadratic deformation of the slowly rotating black holes
in Chern—Simons modified gravity has been studied in [66],
and so was the Petrov type of this solution in their later work
[67]. We will discuss in this section how the modification of
Chern—Simons terms is added to the slowing rotating black
hole and show non-trivial examples for the Weyl double copy
in the Petrov type I spacetime.

For the Petrov type I spacetime, the Weyl scalars ¥, and
W, in (17) vanish by careful choice of tetrad. By using
principle null directions formula and the null rotation
transformation in the appendix, it was found in [67] that the
Kerr tetrad can be corrected as

l“(% = lélRau + 6CSa¢’

U
n0, = ngg ), + —5csa¢,

rsm9
V2

Here, the higher order terms of O(a2a, ca®) have been
dropped for brevity. The corresponding non-vanishing Weyl
scalars are

mht0, = mép 0, + i——— 0cs 0. (51)

PCS _ gOR _ _ M
2 : (r — iacos )3’
wos = _Zgcs _3V2 M sin 08 s, (52)
U 2 r?
in which, dcg represents
V1407 o« a 2840 M
cs = - X1+ —=——
112 JrM? 2 603 r
64660 M2 1740 M3 1980 M*)?
— —_ + ——-]. (53)
4221 r? 67 r3 67 r*

4.1. The decomposition

Before we start to build the double copy structure for Chern—
Simons modified gravity, we just have to retrospect to specific
works on the general type double copy. There has been some

research that has developed a new point of view of how we
treat classical double copy for the Petrov type I spacetime
[46, 47].

Now we take a quick look at the Weyl spinor of Petrov
type I spacetime. With the special choice of the tetrad in (51),
the Weyl spinor reads

1 cs cs
UL = =4V 0upicie) + 695 0u0ptc i)

— 4\II3CSO(A 0BOCLD). 54)

With simple algebraic insights, we can decompose the Weyl
spinor above into:

I [a] £[b]
Wscep = fds fevy - (5)
where the two Maxwell spinors are assumed to be
[ ] =apoutp) + a Ltp,
3}3 = bg o(ctp) + b1 0(cop). (56)

Whenever each part of the right-hand side of (56) are
multiplied together, the product also carries symmetrization.
So there is no need to worry about commutation between the
spinors. What is left to deal with is some simple algebra, then
polynomial equations from (55) read:

apby + a1 by = 6\D2CS<p[0],
b() a) = —4‘1’?8()0[0],
ag by = —4¥ g, (57)

Up to the first order of dcs, we can find the solutions reveal
the corrections added by the Chern—Simons term:

@ v
A== " 6Mr —iacosf’
q
ag=by= ——2 |
0 (r — ia cos 0)?
a=—=—b = _M. (58)
U r
The Maxwell spinors in (56) are solved as
a iq\/f sin 96@3
/[41_; = f(\lé) T LA LB),
bl _ ) ig/2 sin 06¢5 U (59

cp — Jcp ) —O0(CcOp),

where 5 (K) is the spinning Maxwell charge as shown in (22). As
we suspected, due to the consideration of Chern—Simons
modified gravity, so the Maxwell spinors should also be altered.

The Maxwell spinor with those parameters (58) can also
be denoted as

0
/[u; = aop O, lp),

E\“l;] = ay L@lp),

[b1]

bl O(AOB). (60)

Thus, through the generalized Weyl double copy, we have
found the more general type of electromagnetic fields, though
they show differences at spinorial level.



Commun. Theor. Phys. 76 (2024) 085405

Y-R Liu et al

Here, the leading order Maxwell spinor fgg is the same
as the initial Kerr set up (22) below:

[0 —_ p(K) _ q

= = ——= —0@ulp). 61

AB AR T acosg)? ) oD

After covering the spinor into tensor form, we obtain:
FO=F% 4+ FO (62)

j24 124 Qv

With the correction of the tetrad in (51), the non-vanishing

component of F, l(b‘f,) is

F) = —gsin® §cs. (63)

From (60), the Maxwell field strength tensors F’ ;[5/]] and F l[f,’)]

can also be obtained, and the non-vanishing components are:
Fr[g‘] = F" = g sin® 0écs,

Fl[gll = —F}é’” = qU sin? §5¢s. (64)

While the rest of the components are identical to zero. Notice
that there is a sign difference between their components Ft[g‘]

and Ft[q’; i,
With these electromagnetic field strength tensors, which
are obtained from spinor basis through the spinor-tensor

transformation, we can derive the source currents as below

JO = prFl% = (0, 0, 0, —g sin? 06(),

g
Jt= prFlal = (0, 0, 0, g sin® 05¢),

P = DrFPT = (0, 0, 0, g sin? 08¢). (65)

When we treat those three Maxwell field strength tensors into
the form (59), it is clear the total sources vanish due to the
opposite signatures

DrFY = DrFIY = 0. (66)
The scalar field in (58) is also source-less, subject to
D*Dyppp; = 0. (67)

Here, the covariant differential operator D* is the covariant
derivative in rotational flat spacetime.

In the leading order, the sources of the Maxwell fields have
been split into two parts while they are dealt with separately as
three fields. What is unforeseen is that the field strength tensor is
a bit different from what is set in the slowly rotating charge, that
is because of the certain order we set. The corrected information
such as UES and TS in (52) will only be harvested through high
order ansatz, so that the higher order terms are cutoff and the
low order information is preserved. From the initial settings, we
can deduce that the metric is the principal key to determine
whether the derived electromagnetic field is sourced or not. The
corrections to the slowly rotating charge spinors in (59) are
counteracted by the new added ones, and it can be interpreted as
the ‘neutralization’ contained in the process.

5. Conclusion

In this paper, we studied the Weyl double copy for slowly
rotating black hole with small Chern—Simons correction.

Based on the basic concept of the double copy formula and
the slowly rotating black hole solutions in Chern—Simons
modified gravity, we take a step further to extend the Weyl
double copy from the classical Einstein gravity to the Chern—
Simons modified gravity, and verify the plausibility of special
case examples. Based on the sourced double copy structure,
we obtain the slowly rotating charge solutions with an
external source from the slowly rotating black hole solution in
Chern—Simons modified gravity.

For the Petrov type D perturbative black hole solution in
the Chern—Simons modified gravity, we find an additional
correction of the electromagnetic field strength tensor
obtained through the double copy relation. The correction
appears at the intersection of the radial and azimuth
coordinates, which is consistent with the correction of the
metric.

For the Petrov type I perturbative black hole solution in
the Chern—Simons modified gravity, we find that
the additional electromagnetic field strength tensors have
the same exogenous properties at specific orders through the
double copy relation, while the Maxwell equation of the total
electromagnetic field remains source-less at the leading
order. This indicates that the metric might be the main factor
that ensures whether the Maxwell equations carry source
or not.
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Appendix. Weyl scalar formalism

The derivation of Weyl scalar has already been examined in
section 2.2, which can be used to gain a better understanding
of the spacetime. There is another technique we have used in
this paper, which is the null rotation transformation, which
helps us to transform Weyl scalars such that ¥, =¥, =0 in
the case of type I solutions. In general, the null transformation
consists of three branches [17, 67].

Class I: [ is fixed, and the rest of the tetrads are rotated as

l— 1,
n—n-+ Am+ Am + AAl,
m— m + Al,

m— m+ Al (A1)
Here A represents a complex rotation coefficient, and A stands
for the complex conjugation of A. In this case, Weyl scalars
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are also transformed as
Wy — U,
U — ¥ + AT,
U, — U, + 240, + A%,
Uy — U3 + 340, + 3A%0,; + A3,
Uy — Uy + 4405 + 64T, + 4A°T, + A4, (A2)

Class II: n is fixed, and the rest of the tetrads are rotated
as

| — 1+ Bm + B + BBn,
n—n,

m — m + B,

m — m + Bl (A3)
Here, B represents a complex rotation coefficient, and the
corresponding rotation for Weyl scalar reads

Uy — Wy + 4B, + 6B, + 4B3V; + B4y,

U, — U 4+ 3BW, 4 3B2U; 4 B3,

U, — U, + 2BVU; + B2y,

U3 — W3 + BYy,

U, — Uy, (A4)

Class III: / and n can be scaled with Y, while the rest of
the tetrads rotate in the complex plane with phase X:

I —1/Y,
n— Yn,
Xy,

Xm, (AS)

m — €
m— e
The Weyl scalars are transformed as

Uy — YﬁZGZiX\I/(),

¥, — Y leiXy,

U — Uy,

U3 — Ye XUy,

Uy — Y2e 2Xy,, (A6)
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