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Abstract
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In this paper, we develop a quantum communication protocol for the simultaneous preparation of
a two-qubit and a three-qubit state at the positions of two different parties situated spatially apart.
For one party, Alice, it is a remote state preparation of a known two-qubit state while for the
other party, Bob, it is a joint remote state preparation with the help of a third party, Eve. The
protocol is executed in a hybrid form bi-directionally in the presence of two controllers, Charlie
and David. There is a hierarchy in the process through different levels of control under which the
actions by Alice and Bob are performed. There is a need for a ten-qubit entangled channel
connecting the five parties. The generation of this channel through a circuit is discussed. The
protocol is executed on the IBM Quantum platform. We also study the effect of noise on our
protocol. Here, amplitude-damping, bit-flip and phase-flip noisy environments are considered
and the corresponding variations of fidelity are theoretically and numerically analyzed.

Keywords: remote state preparation, joint remote state preparation, hierarchy, entangled state,
quantum circuit, controlled protocol

(Some figures may appear in colour only in the online journal)

1. Introduction

Quantum entanglement is a pivotal concept in quantum
information technology on which most of the applications of
quantum information theory are dependent. With the rapid
development of quantum technology in recent times, quantum
communication theory is becoming more attractive to physi-
cists, mathematicians and engineers throughout the globe.
The use of quantum entanglement has been widely explored
in the different fields of quantum communication such as
quantum teleportation (QT) [1, 2], remote state preparation
(RSP) [3, 4], joint remote state preparation (JRSP) [5, 6],
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quantum secure dense coding [7, 8], quantum key distribution
[9, 10] and quantum secret sharing [11, 12].

QT protocol was introduced by Bennett ef al [1] in 1993
through which an arbitrary single-qubit quantum state was
transferred to a distant party using a pre-shared maximally
entangled state as a quantum channel with the help of some
classical communication. Teleportation protocols can be
classified into various types based on their nature. These
include bidirectional quantum teleportation [13, 14], con-
trolled bidirectional quantum teleportation [15], probabilistic
teleportation [16], cyclic quantum teleportation [17], multi-
hop quantum teleportation [18], conference teleportation (CT)
[19], etc. They are designed to serve different purposes in the
science of quantum communication. The requirements of
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entangled resources
teleportation.

RSP protocols constitute another important class of
protocols similar to QT, first introduced by Pati [20] in 2000.
Its central feature lies in the knowledge of the quantum state
to be transmitted. In RSP protocols, the sender knows the
quantum state that the sender wants to prepare on the recei-
ver’s end whereas in QT the quantum state is arbitrary at least
within a specified class. Following the work of Pati [20],
several RSP protocols have been published [21-24].

Furthermore, for security and confidentiality reasons, it
may be undesirable for a single party to access all the infor-
mation about the quantum state to be transmitted. In addition,
there are situations where the complete information of the
state is not available to a single party due to some technical
constraints. Instead it is distributed between two parties. In
these cases, a new protocol called JRSP was introduced by
Xia et al [25] in 2007 in which two parties in possession of
partial information cooperate to prepare the state at the
receiver’s end. Several variants of JRSP intended for different
purposes have appeared in works such as [26-30].

In a protocol for performing multiple tasks of quantum
communication, it may be the case that the importance is not
the same for all the tasks. There may be different levels of
importance attached to them and therefore it may be desirable
to treat them differently within the framework of the same
integrated protocol. The above consideration has produced
the concept of hierarchical quantum communication protocol.

Hierarchy was introduced in quantum information split-
ting (QIS) by Gottesman [31] who introduced a scheme where
the participants were endowed with different levels of access
to the split information. QIS protocols with different hier-
archical concepts between the participants were discussed by
many authors such as Wang et al [32], Shukla et al [33], Ma
et al [34], etc. Hierarchical teleportation was discussed by
Bich and An [35] in which teleportation under different levels
of control was considered. Hierarchy in the context of RSP
protocol was discussed by Ma et al [36]. JRSP protocol for
the preparation of a single-qubit state with hierarchy of power
amongst three receivers was discussed by Chen et al in [37].
Hierarchical JRSP in a noisy environment using a five-qubit
cluster state has been discussed by Shukla et al in [38].
Furthermore, a bidirectional teleportation scheme with dif-
ferent levels of control creating hierarchy has been proposed
by Cao et al [39] while a hierarchically controlled asymmetric
bidirectional teleportation scheme for a single- and a two-
qubit state was discussed by Yang [40]. Several more recent
works discussed both teleportation and RSP protocols with
parties possessing different levels of powers for the purpose
of producing the states intended for transfer at their respective
ends for which some references are [41-45].

In the present study, we consider one party, Alice, who
intends to create a two-qubit state at the site of Bob while the
parties Bob and Eve together intend to produce a three-qubit
state at the site of Alice. The two-qubit state is fully known to
Alice while the information of the three-qubit state is divided
between Bob and Eve. The protocol is a bidirectional protocol

also vary with these variants of

being a hybrid combination of an RSP and a JRSP scheme.
There are two controllers, Charlie and David. The RSP
intended by Alice is controlled by Charlie only while the
accomplishment of JRSP requires the action of both the
controllers, Charlie and David. The protocol is represented
through a quantum circuit and is run on an IBM quantum
platform using IBM’s Qiskit package. Furthermore, we con-
sider the effect of noise on our protocol. Since entanglement
is fragile in nature, it is very much affected whenever there is
a scope of interaction with the environment. In particular, this
occurs when the qubits constituting parts of the quantum
channel we used are distributed amongst different parties. The
quantum noise is represented through Kraus operators. As
particular cases, we consider amplitude-damping, bit-flip and
phase-flip noise and study their effect on our protocol by
analysis of fidelity, which is identically of unit value when
there is no noise.

2. Main protocol

Let us consider a scenario where Alice aims to remotely
prepare a known two-qubit state |¢) in Bob’s laboratory and
at the same time, Bob and Eve concurrently seek to jointly
prepare a known entangled state |¢)) in Alice’s laboratory.
Here, the states |¢) and |¢/) are defined as follows:

|¢) = a(|00) + [11)) + b(|01) + [10)), (1)
) = x01000) + yoe”|111), 2

where, the coefficients a, b, xo and y, are all assumed to be
real and satisfy the normalization conditions a* + b* =1 and
x¢ + yo2 = 1. In addition, it is assumed that § adheres to the
relation 0 < 0 < 27. Specifically, Alice possesses knowledge
of coefficients a and b, whereas Bob holds information
regarding coefficients x, and y,, and only Eve possesses
knowledge of 6.

In our proposed protocol, the state that Bob and Eve
intend to jointly prepare at Alice’s site is more important,
which is overseen by controllers Charlie and David. In con-
trast, the state that Alice aims to remotely prepare at Bob’s
site is less important and is only controlled by Charlie.

To accomplish the task defined above, all the involved
parties, namely, Alice, Bob, Charlie, David and Eve share a
ten-qubit entangled state, which is given by:

1
=) = ——=1[]0000111000) -+ [0110111000
=) i | )+ | )

—]0001000111) — |0111000111) — [1011000011)
— |1101000011) + |1010111100)

+ |1100111 100>]A1313332A2A3A4CDE-
3

Qubits Ay, A, Az and A4 belong to Alice, qubits By, B, and Bj
are in the hands of Bob, Charlie possesses qubit C, David
owns qubit D and Eve has qubit E.

In the following, the proposed protocol is described step
by step.
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Step 1: Alice performs a single-qubit projective measure- This is the end of the protocol.
ment on her qubit A, in the basis {|¢'), |¢7)}, which is given as: Now, we illustrate the protocol in detail.
Equation (3) can be rewritten as:
W) = V2 (@l0) + bI1)). duation (3)
|24, =2 (b]0) — all1)). ) _ 1S en
Z ) ) =) = PG > WD AlED) B I IMijk) 8,8 As A D (9)

Since Alice possesses knowledge of a and b, she can make a 2N2j=

choice of basis as above. After the measurement, Alice publicly
announces her measurement results via a classical channel.

Step 2: At the same time, Bob executes a projective
measurement on his qubit B, in the basis {|¢'), |¢?)}, which is
defined as:

1€") = x0l0) + yol1),
1€2) = ¥l0) — xol1). (&)

Bob's choice is possible since he has knowledge of x and y,.
After the measurement, Bob publicly announces his mea-
surement results via a classical channel.

Step 3: Eve performs a projective measurement on her
particle E in the basis {|7{), |7{)}, which is dependent on
Bob’s measurement results as follows. If Bob’s measurement
yields |¢'), then Eve selects {|7}), |75)} as her basis. Other-
wise, she opts for {|T12>, |7—%>}. The measurement basis
{I74), |74)} is defined as:

i) _ 1 (o)) . _
(m’>) ~ o) - ©

1 e e 1
G] = (1 —e_i‘)) and G2 = (e‘ig _1). (7)
This choice is possible since Eve has knowledge of the
parameter 0.

Step 4: There are two controllers, Charlie and David. If
they are satisfied with all the measurement results from Alice,
Bob and Eve, they measure their respective single-qubit and
share their outcome with the respective parties. The creation
of state |¢) given in (1) in Bob’s hands, needs assistance from
the controller, Charlie. However, the joint creation of the state
[¢) given in (2), at Alice’s place, needs assistance from both
the controllers, Charlie and David.

Both the controllers, Charlie and David, measure their
respective qubits C and D in the basis given by:

no_ 1 o _ 1
In") ﬁ(l0> + 1), 7% 7
and Charlie shares his measurement results with Alice and
Bob through a classical channel, while David shares his
measurement results with Alice via a classical channel.

Step 5: Finally, Alice and Bob apply a unitary operation to
reconstruct the desired respective states. According to the
classical information about the measurement results from Bob,
Eve, Charlie and David, Alice needs to apply a unitary operator
on her qubits A,,A3 and A4 to reconstruct the state |¢)) given in
(2). At the same time, to correspond to the classical messages
from Alice and Charlie, Bob needs to apply a unitary operation
on his qubits By and B, to reconstruct the state |¢) given in (1).

where

(10) =11),  ®

where [vf)/s are given in equation (4), |£/)'s are given in
equation (5) and |77)’s are given in equations (6) and (7). In
addition, |[M;)'s are given by:
|My11) = (ax|0011100) + axo|1111100)
— ay,e’|0000011) — ay,e?|1100011)
— by,€'’|0100001) — by,e?[1000001)
+ bxol0111110) + bxo|1011110)),
[My12) = (ax|0011100) + axo|1111100)
+ ay,e'’|0000011)
+ ay,e'’|1100011)
+ by,€10100001) + by,e?|1000001)
+ bxol0111110) + bxo|1011110)),
|M21) = (ay,e™|0011100) + ay,e'’|1111100)
+ axo|0000011) + axo|1100011)
+ bxo|0100001) + bxo|1000001)
+ by,e|0111110)
+ by,e?|1011110)),
[My22) = (ay,e*?|0011100) + ay,e?|1111100)
— ax(|0000011) — axo|1100011)
— bx(|0100001) — bx|1000001)
+ by,e|0111110)
+ by,e?|1011110)),
|My11) = (bxo|0011100) + bxo|1111100)
— by,e™’|0000011)
— by,e?|1100011)
+ ay,e?|0100001) + ay,e?|1000001)
— axo0111110) — axo|1011110)),
[Ma12) = (bx0|0011100) + bxo|1111100) + by,e?|0000011)
+ by,e'’|1100011)
— ay,e'?|0100001) — ay,e?|1000001)
— axo|0111110) — axe|1011110)),
|Maay) = (by,e?|0011100) + by,ei|1111100)
+ bx(|0000011) + bx|1100011)
— ax|0100001) — ax(|1000001)
— ay,e’|0111110)
— ay,e’[1011110)),
[Maaa) = (by,e'’|0011100) + by,e?|1111100)
— bx(|0000011) — bx|1100011)
+ axo|0100001) + axo|1000001)
— ay,e’|0111110)
— ay,e’[1011110)).
From the above equation (9), it can be concluded that after
Steps 1, 2 and 3 are performed, if Alice’s, Bob’s and Eve’s
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measurement outcomes are |v),, |¢&/)p, and |7])g, respec-
tively, then the state of the remaining qubits collapses into the

state |]l4,»j-k>BlB3A2 AsA,cp With probability % Suppose Alice’s,
Bob’s and Eve’s measurement results are [v')4, |¢')p, and

|T}>E, respectively, then the reduced state of the remaining
qubits By, B3 A,, A3, A4, C and D is:

[Mi11) = (axo|0011100) + axo|1111100) — ay,el’|0000011)

— ay,e?|1100011)

— by,e?|0100001) — by,e?|1000001)

+ bxl0111110) + bxo|1011110))p,5,4,454,CD-

(10)
The above state |[M;;;) can be written as:
1

z
+ b(|01) + [10))1g,5,

X (XO|1110> — y0616|0001>)A2A3A4D

+ %m% @ [a(l00) — [11))

+ b(|01) + [10)]5,8,
® (xol1110) + y4e?|0001)) 4, 4,4, p- (11)

Controller Charlie measures his qubit C in the measurement
basis {|n'), |17%)} described in Step 4. There are two possible
outcomes in Charlie’s measurement. From equation (11), it
can be seen that irrespective of Charlie's measurement results,
the state of qubits B; and Bj is decoupled from the rest of the
qubits. Thus, Bob can reconstruct the desired state |¢) with
the help of the controller, Charlie; there is no need for
assistance from controller David. However, at this point,
Alice cannot reconstruct the state |1)) because David's qubit D
remains entangled with qubits A, A3 and Ay.

If Charlie’s measurement result is |') then the state of
qubits B; and Bj is a(|00) + |11)) + b(|01) + |10)), which is
Bob's desired state. At the same time, the joint state of qubits
Ay, Az, A4 and D is given by:

M) = In")c @ [a(00) + [11))

lg) = (ol 1110) — y,e'?|0001)) 4, 4,4, D- (12)
The above state |¢) can be written as:
1 .
lg) = fm% ® (xol111) — ye'’|000)) 44,4,
1 .
+ f'”% ® (xol111) + ¥,€1000)) g4, (13)

Now, the controller, David, makes a measurement on his
qubit D in the basis described in Step 4. David will obtain two
possible outcomes, |n'), and |1?)p, with equal probability.
David shares his measurement outcomes with Alice and then,
based on that, Alice applies a unitary operator on his qubits
A,, Az and A, to reconstruct the desired state |1).

If David’s measurement result is |1'), then the reduced
state of qubits Ay, Az and Ay is (xo|111) — yoei0|000>), which
is not the desired state. Thus, Alice needs to apply
(0,04)4, ® (0x)a, @ (0x)a, as a unitary operator, then the
state will become the desired state |1)).

If David’s measurement outcome is |7°)p, then the
reduced state of qubits A,, A3 and A4 is (xp|111) + yoei9|000)),
which is also not the desired state. Thus, Alice needs to apply
(0x)a, ® (0x)a, ® (0y)a, as a unitary operator, then the state
will become the desired state [¢).

All possible reduced states and unitary operators
corresponding to the measurement outcomes of the parties are
given in tables 1 and 2.

3. Generation of the entangled channel

The generation of the quantum channel is important because,
without the quantum channel, it is impossible to perform
quantum information transfer. The generation of the ten-qubit
quantum channel used in our protocol can be done by taking
the initial state of all the ten qubits as |0) and applying dif-
ferent quantum gates on the qubits. The steps are the
following:

Step 1: Consider the initial state of the ten qubits as:

|E'0> = |O>‘I0 ® |O>‘I1 ® |O>l]2 ® |0>Q3 ® |0>¢]4

©10)g; @ [0)g, @ 10)g, @ [0)g, @ [0}, (14)

Step 2: A Hadamard gate (H) is applied to each of the three
qubits qg, g1 and g4. An X-gate is applied to qubit g3, then the
state |=) is transformed into the following state:

1
ﬁ(l(» + |1>)qu & (|0> + |1>)ql

®0)g, ® 10)g, @ (10) + [1))g,
® 10)g; @ [0)g, ® 10)g, @ 0)g, @ [0)g,.

=) =

5)

Step 3:Four controlled-not (CNOT) gate operations are
performed on the pairs of qubits (qy, g2), (94, 43), (¢4, g5) and
(94, g6), where g and g4 serve as control qubits and ¢», g3, g5
and g are the target qubits. Then, the above state |Z)
becomes:

1
22
+ |0111000000) + |0110111000)
+ [1001000000) + |1000111000)
+ [1111000000) + |1110111000)).

=) =

(/0001000000) + |0000111000)

(16)

Step 4: A Z-gate is applied to qubit g;. Two CNOT gates are
applied on the qubit pairs (go, g2) and (qo, g7), where qubit g,
acts as a controlled qubit and qubits ¢, and g; are target
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Table 1. Reduced state of Bob’s qubits B, and B; and unitary operators for Bob’s execution corresponding to the measurement results of

Alice and Charlie.

Bob’s operation

il

Alice’s measurement result (')  Charlie’s measurement result (') State of qubits B; and B3 BB,
8] " e {@(|00) + [11)) 4 B(|01) + [10))} p,5, IQI
) ") c {a(j00) + [11)) — b(|01) + [10))} 5,5, 0. ®0,
IZ8) In')e {6(|00) + [11)) — a(l01) + [10))} .5, 0, ® 0,0,
) In)c {b(100) + [11)) + a(j01) + [10))} 5,5, [®o0,

Table 2. Reduced state of Alice’s qubits A,, A3 and A4 and unitary operators for execution by Alice corresponding to the measurement results

of Bob, Eve, Charlie and David.

Bob’s and Eve’s

measurement State of qubits A,, Az Alice’s opera-
result (|&/), |7{))  Charlie’s measurement result (|'))  David’s measurement result (|n™)) and A4 tion aigz "
€ 1) n")c n')p Xo|111) = 3e’|000) 0.0, @0, ® 0,
ey xo|111) + y0e'?|000) 0y ® 0, ® 0,
((SNED) [ ¢ 7" p Xo/111) + y0e'?|000) 0, R 0, ® 0,
7% b xo|111) — y0e'?|000) 0.0, R 0, R 0y
() n')c n")p Xo|111) +y0e’|000) o @0 @0y
17 b xo/111) — y0e'?|000) 0.0, R 0, Q 0y
(€, 17th )e n)p %o[111) = yoe?|000) 0.0 @0, @ o,
‘7’]2>D )Co‘l]l>+yoelg‘000> 0, ® 0, R 0y
(1), I7h) In')c R X0/000) + yoe?|111) (011
") —x0/000) + yoe[111) 000, @IS
(1€), 17 ) "o —x0|000) + yo§iy| 111) 0,0.0, QIR 1
17 b %0|000) + yoel?| 111) IQI®]
(1€). 173) n')c 7)o —x0|000) + yoe“|111) o0 @]
1) p %0/000) + yoe'?|111) IQII
(1€). 173) ) " %[000) + yoe'’[111) 10101
") —x0[000) + yoe|111) 000, @I® ]

qubits. Then, the state |=,) is transformed into:
-
202
— 10111000000) + [0110111000)
— [1011000100) + [1010111100)
—11101000100) + [1100111100)).

|Z5) = —10001000000) + |0000111000)

(17)

Step 5: Three CNOT gates are executed on the pairs of qubits
(93, 97), (g3, q8) and (g3, o) With qubit g5 acting as the control
qubit and qubits g7, gg and g as the target qubits. Then, the
quantum state |=3) becomes:

o
22
—10111000111) 4 |0110111000)
—|1011000011) + [1010111100)
—|1101000011) + |1100111100)),

|Z4) = —|0001000111) + |0000111000)

(18)

which is used as a quantum channel |Z) in this paper. The
complete circuit diagram for generating the entangled channel
(3) is shown in figure 1.

4. Protocol under noisy environments

Quantum noise is an unavoidable phenomenon in the prac-
tical scenario. When the qubits are distributed after the
generation of the quantum entangled state to the involved
parties, quantum noise comes into play. Suppose the
quantum channel used in our protocol is prepared by Alice
in her laboratory and she keeps particles A, A,, A3 and Ay
for herself and distributes particles B, B, and B3 to Bob,
particle C to Charlie, D to David and E to Eve through
quantum channels. Only particles By, B, B3, C, D and E are
affected by noise. We have used ‘Wolfram Mathematica’
software for the calculation of noise and its effects on the
protocol.
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The quantum channel (3) can be rewritten as: g0 o) _. W °
1
=) =——=[|0111000000) + [0111110000 g1 — 10}
=) Wi | )+ 1 )
— 10000001 111) g2 —10)
—10000111111) — [1000011011)
— 11000101011) + |1111010100) g3 —10) Fa * —o—
+ [1111100100)]14,4,4;4,8,8:8,CDE - (19)
ga — 10}
The evolution of the quantum channel under the influence of
quantum noise can be depicted through the transformation: 9 - w $
T(p)= >, Kiumnl=)aa,4:4,88:8,CDE <E|K,-,Tk1m,,, 0y 96 70
ij,k,l,m,n
a oo
where Zi,j,k,l,m,n(Ki]TkZmnKijklmn) =1, Kijjmn =14 ® I, ® il
Ly @I, X ®X ® X @X @ X, @ X, and X/s are the 98 —10) 5
Kraus operators corresponding to different noises. All the
parties do their respective jobs described in the previous 99 = 10) 9—

section. Suppose that Alice’s, Bob’s, Eve’s, Charlie’s and

L) i i j 14
David’s measurement outcomes are |v') 4, |&/)p,. |75, 1) c
and |n™)p, respectively. Then, the output state of the protocol
can be expressed as:

,,k,m[T(p)] i ] on

oo = Tra,p,ECD ,
i P\ U Ui [T (0)D)

where the partial trace Tr, g, gcp s performed over qubits (A,
B,, E, C, D) and Uy, is defined as follows:

_ il Jkim
Uijkim = {14, @ 0, @ Ip, @ Ol ia,

®Ic ® Ip ® Ig}

{Ia, @ Ip, ® I, ® I, @ Iy, @ Iy,

®Ia, ® Ie ® In™)p (n"| @ I}

{In, @ Ip, @ Ip, @ Ip, @ Iy, @ I,

® s, @ In)e (0l @ Ip © Ir)

(1o, @ Ip, @ Ip, @ Ip, @ 14, ® 14, @ Iy,
®Ic ® Ip ® |T)e (T]]}

{In, ® Ip, @ Ip, @ |&)p, (§)] @ Iu,
RIp @Iy, ® Ic @ Ip @ I}

{v)a (V| @ Iy, ® Ip, @ I, @ In,

R, @ Is, ® Ic @ Ip @ Ig}, (22)

where i, j, k, [, m € {1, 2}. Unitary operators a%l 5, and U{Z‘ZIZ AL
are given in table 1 and table 2, respectively.

The influence of noisy channels on the quantum protocol
can be measured by fidelity. When Alice’s, Bob’s, Eve’s,
Charlie’s and David’s measurement outcomes are |z/i> A |§f ) By
I70e, In")e and |n™)p, respectively, fidelity of the protocol is
given by:

Fiju = <‘I’|Pzzltm|‘1’>’ (23)

where |¥) represents the ideal output state. In the present

Figure 1. Circuit diagram for the generation of the entangled
channel.

protocol, the ideal output state is:

[W) = (x0|000) + yoe?|111)) 4,454,
® (a(|00) + [11)) + b(|01) + [10)))p,
= [ax|00000) + ay,e*’|11100)
+ axol00011) + ay,e?|11111)
+ bx0|00001) + by,e?|11101)
+ bxol00010) + byye?|11110)]a,m.5,5:-

out

Since final output state p; ki is obtained by applying unitary

operation by the receivers, after the measurement is per-
formed by all the parties on respective qubits, the final output

states pzzm for i, j, k, [, m€ {1, 2} are the same, and the total

fidelity of the protocol is defined as:

F=— 3% Fu=
321}klm

(24)

Fiin. (25)
In the following, we analyze cases of specific types of noises
applying the general case discussed above.

4.1. Amplitude-damping noisy environment

Amplitude-damping (AD) noise typically occurs when a
quantum system interacts with its surrounding environment,
causing the system to lose energy and transition to a lower-
energy state. In the case of a two-level quantum system (a
qubit), the Kraus operators for amplitude-damping noise are
typically represented by a set of operators denoted as:

O L P ()

where ¢ is the noise intensity rate in an AD noisy
environment.

(26)
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The quantum channel is transformed to Top(p) according
to equation (20). Then, all the parties do their measurement,
as in the illustration. Suppose Alice’s, Bob’s, Eve’s, Charlie’s
and David’s measurement outcomes are |v')4, |5, |T1)e,
In")c and |n') p, respectively. Then, the output state according
to formula (21) of the protocol can be represented as:

64
p(/)\u]; = p(l’ﬁll = ZlRi>A2A3A4BIB3 <Ri|’ 27
i=1
where the expressions of |R;) (for i=1 to 64) are given in
appendix A, table Al.

According to formulas (23) and (25), the fidelity is cal-

culated as:

1
FAD:E[Z +g{—2 4+ b*(4 — 6q) + 8b*(—1 + q) + q}

+ e {(=3+29)2 + (=2 + 9)q)
—2b%(=2 + q@)(4 — 9q + 6g?)

+ 8b*(—1 + ¢)(4 + q(—7 + 29))
—2(=1 4 ¢)2 —2g + (=1 + 2b?)

X (4D2(=2 + @) (=1 + q) — ¢y
(28)

The fidelity F*P is dependent on the AD noise parameter g,
on Alice’s known state amplitude b and on Bob’s known
parameter yo,. The variations of the fidelity are given in
figure 2.

4.2. Bit-flip noisy environment

In a noisy environment susceptible to bit-flip (BF) errors,
these errors occur with a probability s (where 0 < s < 1), and
the state remains unchanged with a probability of (1 — s).
Here, s is the noise parameter. The Kraus operators associated

with bit-flip noise are:
(V1= 0 (0 s
Xo = ( . andX1 = \/E o/ (29)

0 1 -

The quantum channel is transformed according to formula
(20), which is a mixed state. Then, all the parties measure
their qubits according to the protocol. After the measurement
is complete, suppose Alice’s, Bob’s, Eve’s, Charlie’s and
David’s measurement outcomes are |v1) 4, |&)g,, [7DE, [n')c
and |n')p, respectively. The output state according to formula
(21) of the protocol can be represented as:

64
p;;l::t = p(l);lill = ZII—Ii>A2A3A43133 <Hi|’
i=1

(30)

where the expressions of |H;) (for i=1 to 64) are given in
appendix B, table B1.

According to formulas (23) and (25), the fidelity is cal-
culated as:

FBF = —2(1 — 4bH)*(s — Ds + 1)

x (4s(y; — Dy; cos’(0) + s — 1). (31)

We observe that the fidelity FE© of the protocol is influenced
by the noise parameter s as well as the coefficients of the

input states. Figure 3 illustrates how the fidelity varies with
different parameters.

4.3. Phase-flip noisy environment

In this environment filled with noise, the relative phase
undergoes a flip with a probability of p (where 0 < p < 1)
and remains unchanged with a probability of (1 — p). Here, p
is the noise parameter. The Kraus operators associated with

phase-flip (PF) noise are:
] and X1 = (\/ﬁ

x_[¥T=p 0 )
"l T 0 —p)

According to formula (20), the quantum channel is trans-
formed. If Alice’s, Bob’s, Eve’s, Charlie’s and David’s
measurement outcomes are |v') 4, |5, |T1e, [7')c and [n')p,
respectively, then the output state according to formula (21)
of the protocol can be represented as:

(32)

64
pE;‘ = p?;j;ll = ZlGi>A2A3A4Ble (Gil,
i=1

(33)

where the expressions of |G;) (for i=1 to 64) are given in
appendix C, table CI.

According to formulas (23) and (25), the fidelity is cal-
culated as:

FPf=—16(p — Dp(yy — Dyy
x (4b*@4(p — DpQ(p — Dp+ D + 1)
+02@p(p(=2(p = 2p = 3)+ 1) = 2)
+Q@p - Dp+ 1) -2
X (8b* — 4b> — 1)(p — Dp + 1. 34)
It can be seen that fidelity F*"© of the protocol depends on the
noise parameter p and on the coefficients of the input states.
Variations of the fidelity with different parameters are pre-
sented in figure 4.

5. Execution of the protocol on the IBM quantum
platform

In order to test the feasibility of our proposed scheme, we
initiated a simulation experiment using IBM’s Qiskit Aer
(1.0) on the IBM quantum platform. This involved con-
structing a quantum circuit comprising ten qubits and ten
classical bits, which we subsequently executed utilizing the
‘Aer Simulator’. Following the execution, we captured and
analyzed the resultant output states of both Alice and Bob.
The entire process, along with its associated circuit diagram,
is depicted in figure 5.

The comprehensive description of the entire process of
the quantum circuit diagram is described part by part in the
following. In figure 5, qubits go, 41, g2, 43, 44, qs. 96, 97, s
and g represent qubits A, By, B3, B, Ay, A3, Ay, C, D and E,
respectively.

Part I involves the preparation of an entangled channel.
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Figure 2. (a) Variation of fidelity F*” with [yo|* and |b|> when ¢ = 0.5. (b) Variation of fidelity F** with |b|> and g when |yo|> = 0.5.
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0.5, 1. (e) Variation of fidelity F’

_(V2a 2b
V2 —v2a)

Part II is for the projective measurement made by Alice.
Here, quantum gate U, is employed on qubit g, for the basis
defined in equation (4), where U, is defined as:

D with ¢ when [y|* = 0.5 and |b|*> = 0.125, 0.25, 0.35, 0.45.

Xo Yo

U = Yo —Xo

Part III of the circuit involves Bob and Eve conducting a
projection measurement on qubits B, and E. Quantum gate U,
utilized by Bob is represented by the matrix:



Commun. Theor. Phys. 77 (2025) 015104

P Saha et al

09
0.9
08
0.8
W 08 w o7
o R
w o7 % 07 W oos 5% 06
~ e SR,
06 0055 y , SR
- 7 7, 7 TS = 0. O 0 .
s =2 0 A R I Ay
i / M s A ATy 04
[ 1 % e s i il
U 5555555 - e
U e s 0s )
s Ky
; g
04 il 02
1
04
03
[
(a) (b)
1
' : : : : : : : : :
09 -
095
08 -
09
0.95
~ 09 5 085 o7} 4
085 S0 —~
o KT w
W 061 B
Ly W L
2 i Ny s ]
3 ‘@ i’y 075 £
s o W NN S
CINAR 1/ W\ s
= I \ B oaf i
Lo ’/,’ // /// //////////////////////;///// 07 i
' Uy
0.55 065 03[ 1
05
06 0.2 -
05
055 01| —— 1y =05 i
—ly,?=0.125
2 o i i i i i i i i
|b] 05 0 01 02 03 04 05 06 07 08 09 1
10 S

e

@

&
T
I

08 : 4

Fidelity(FEF)

e
S
3

—— b/?=0.25

o7t
—— b%0.125

(e)
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(c) Variation of fidelity F5¥ with |yo|* and s when |bL2 =0.25. (d) Variation of fidelity F® with s when |b|
0.125. (e) Variation of fidelity F°© with s when |y|* = 0.5 and |b> = 0.25, 0.5, 0.45, 0.125.

=0.25 and |yo|* =0.25, 1, 0.5,

Based on the Bob’s measurement outcome, Eve performs Part IV of the circuit illustrates the circuit employed by
either gate Uz or Uy Quantum gates Us and U, are Charlie and David to perform the measurement using the

given as: basis {|771>’ |772>}-

Part V of the circuit involves the unitary operation exe-

01 and Charlie.

cuted by Bob based on the measurement outcomes of Alice
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Part VI of the circuit comprises the unitary operation Experiment 1: Suppose Alice knows the information about
carried out by Alice based on the measurement outcomes of  the state |¢p) = %(|00> + [11) + %001} + ]10)) and Bob

Bob, Eve, Charlie and David. .. 1 .
Parts VII and VIII of the circuit represent the measure- and Eve jointly know the state |[¥) = —(|000) + |111)), that is

2
ment verification conducted after the protocol is completed.  the values xy = are known to Bob only while

1 — L
R )’O_ﬁ

10
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Figure 5. Quantum circuit for the protocol. Symbols utilized are conventional and the steps performed herein are described in section 5.

Eve knows only the value of 6, which is # = 0. Then, we run the
.. . 1 1 1
quantum circuit by taking a = Nk b= TN =

1
NEARCRGE
and 6 = 0. The output state of qubits (g1, ¢-) and (g4, g5, ¢e) after
the experiment are given in figure 6. From figure 6, it can be seen
that our protocol is feasible in a quantum simulation platform.

Experiment 2: If Alice possesses knowledge of the state

) = 3(100) + [11)) + 2(|01) + |10)), and Bob and Eve
are jointly aware of the state |[U) = \/§|OOO> + \/§|111> in

that Bob has knowledge that x, = \/g WV = \/g while 6 =0
is known only to Eve. We execute the quantum circuit with
L p=1 - |2 - /L d
27T TN T oy A
0 = 0. The resulting output states of qubits (g1, ¢») and (¢a, gs,
qe) after the experiment are depicted in figure 7. It is evident
from figure 7 that our protocol demonstrates feasibility within
a quantum simulation framework.

parameters set as a =

11

6. Efficiency of the protocol

In this section, we explore the efficiency of our protocol. For
quantum communication protocols, such as teleportation, RSP
and JRSP, efficiency is defined as n = %. Here, g, represents

the number of qubits to be teleported ‘gr rémotely prepared, g,
indicates the number of resource qubits used as a quantum
channel and g, accounts for the classical bits required for the
entire protocol, which is the classical communication cost.

In our proposed protocol, we have g,=35, ¢, =10 and
q.= 5. Consequently, the efficiency of our protocol is given by:

> ~ 33.33%.

’[’,:

In the following, we present a comparison of the performance
of our protocol with some similar works. This comparison is
with respect to efficiency 7 given above.
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Table 3. Comparison of the efficiency of our present protocol with other works.

References Type qa qp, Classical cost (g.) Noise analysis  Efficiency
[46] BRSP 1+2) 10 6-bit No ~18.75%
[47] HBQCP (1 +1) 5 3-bit No ~25%

[48] HBQCP (1+1) 7 6-bit No ~15.38%
[49] HBQCP (@2+1) 8 7-bit No ~20%

[50] HBQCP (1 +1) 5 4-bit Yes ~22.22%
Our Protocol  HBQCP (2 +3) 10 5-bit Yes ~33.33%

Consideration of the above table shows that our protocol
performs better in terms of efficiency 7 amongst those con-
sidered here.

7. Discussion and conclusion

Hierarchical quantum communication protocols are needed to
satisfy the practical demands arising out of the fact that often
in real-life situations we need to differentiate between tasks
on the basis of their importance. In this paper, with a view to
such a situation, we consider the different levels of control of
the supervisors on different parties. What is important is the
choice of an appropriate quantum channel, which, in our case,
is a ten-qubit entangled state. Although the creation and use

of multipartite entanglement is difficult, its involvement is an
unavoidable feature in this situation. Another difficulty that
may arise due to the fragile nature of entanglement, is that it
makes them prone to noise. We have considered quantum
noise modeled through Kraus operators. The particular cases
of amplitude-damping, bit-flip, phase-flip noises have been
considered. This list is not exhaustive, as other kinds of noises
that have not been considered may also be present. There
are some interesting features in the fidelity analysis. For
instance, the states |¢) = £(100) + [11)) + 2(|01) + |10))

and |¢p) = ! |000) + %Hll} remain unaffected by bit-flip

-z
noise, as can be seen in figures 3(d) and (e). In all the cases of
fidelity analysis, it can be seen that the fidelity tends to unit
value as the noise parameter tends to zero.

12
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We also note that the efficiency of the protocol is better
than many other similar protocols, as shown in table 3.
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Appendix A. Expressions of |R;)

Table A1. Values of |R;).

|R;) Expression
IR) = axo|00000) + b(1 — ¢)x000001) + b(1 — q)x/00010) + a
X (1 = @)x0l00011) + a(1 — g)*y,e|11100) + b(1 — g)?y,el’
[11101) + b(1 — ¢)*ye?|11110) + a(1 — g)*y,e|11111)
IRy) = a(l — q)2 Jqy,l11100) + b(1 — )3 Jgy,l11101)
+ b1 — @2 qyll1110) + a(l — )3 Jgyl11111)
IR3) = a(l — q)2 Jqy,e?[11100) + b(1 — g)> Jgy,e|11101)
+ b(1 — )2 J@y@?(11110) + a(l — q)> Jgype?|11111)
Ry) = a(l — q)qyl11100) + b(1 — @)qyyl11101) + b(1 — g)qy,
[11110) + a(l — g)2qy,|11111)
IRs) = by/(1 — q) \/gx0|00001) + b\/(I — q) /qx/00010)

+ a(l — 902 Jqy,e?|11100) + a(l — q)3 Jgypel?|11111)

(1 — @)2qy|11111)

IRe) = a(l — q)qyo|11100) + a(l — g)>qy,|11111)

IR7) = a(l — q)qy,e?|11100) + a(l — ¢)*qy,e’|11111)
3

IRs) = a\/(1 — q)q2y,|11100) + a

|Ro) =

+ b(1 — g)> Jgxoe|111

a(l — )2 JGxoe?|11100) + b(1 — ¢)3 Jgxoe|11101)

10) + a(l — ¢)2 Jgxoe|11111)

[Rio) = a(l — q)gxy|11100) + b(1 — q)gx,|11101) + b(1 — q)gx,
[11110) + a(l — g)qxy|11111)
[Ri1) = a(l — q)gx,e?|11100) + b(1 — ¢q)gx,e’|11101)
+ b(1 — q)gx,e[11110) + a(l — g)*qxe?|11111)
IR12) = a1 — q) g2x0|11100) + b /(T — q)gax|11101)
+ by = @ gixoll1110) + a(l — g)igixl11111)

+ b(1 — )2 @y e?I11100) + a(l — )3 /7 y,el?|11110)

— 4)*qy,|11110)

[Ri3) = a(l — q)qx,e?|11100) + a(l — q)*qx,e|11111)
IR14) = aJ(1 — q) @>x0|11100) + a(l — g)2qaxo/11111)
|Ris) = a /(1 — q)q%xoe”ﬂlllOO) +a(l - q)%q%xoei“’llllll)
[Ri6) = aqxo|11100) + a(l — q)g*xo11111)

[R17) = bJ(1 = ¢) JGx000000) + a (T — q) /Gx0/00010)
[Rig) = b(1 — q)qy,|11100) + a(1

[Rio) = b(1 — @)qy,e?’[11100) + a(l — q)*qy,e'’|11110)
IRy0) = byJ(1 — @) q>y,|11100) + a(1 — g)>g>y,|11110)
|Ryy) = qu()lOOO(ZO)z + a(l — q)*qy,e|11110)

|R22) = a(l — q)2q2y,|11110)

IRy) = a(l — q)>q>y,e’|11110)

Ras) = a(l — q)q’yo|11110)

[Ras) = b(1 — q)gx,e|11100) + a(1 — q)*gx,e'?|11110)

13
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Table A1. (Continued.)

|R;) Expression
|Rys) = b{(1 — ¢q qzx0|11100> +a(l — q)2q2x0|11110>

Ror) = b1 — @) qoxoe?|11100) + a(l — ¢)3qixge?|11110)
|Rag) = bg x0\11100> + a(l — q)g*xo|11110)
IRao) = a(l — q)zqzxoe19|11110>

IR31) = a(l — q)q xoe'9|11110>
|R32) = aJ(1 — ¢q qzx0|11110>
IR33) = b\/(I — q) \/gx0|00000) + a /(1 — q) /gx0/00001)
+ b(1 — )2 Jqye?I11100) + a(l — )3 /g y,ei?|11101)
IRss) = b(1 — q)qyp|11100) + a(l — q)*qy,|11101)

)=
) =
)
)=
|R30i =a(l — q)q x0\11110>
)
) =

|Rss) = b(1 — q)qy0 €11100) + a(1 — q)zqy0 9111101)
IR36) = byJ(1 — @) q>y,|11100) + a(1 — g)>g>y,|11101)
[Ra7) = bgxc00000) + a(1 — )2qy,e?(11101)

|R3g) = a(l — q)zqzy0|11101>

|Rs0) = a(l — q)zqzyo e’111101)

|R40) = a(l — q)gq y0\11101>

[Rar) = b(1 — g)gxe”|11100) + a(l — q)gxe”|11101)
Riz) = bJﬁqzxouuom + a(l - q)igix|11101)
IRys) = byJ(1 — @) q2x0ei?|11100) + a(l — g)2q2xe|11101)
|Ras bq "o/ 11100) + a(l — g)g’xo|11101)

Ris) = a(l — q)2q2x0e”|11101)

IRi6) = a(l — q)q*xo|11101)

|R47) = a(l — q)q xoe“9|11101>

IRis) = a\J(I — q) g2x0|11101)

|Rso) = a(l — q)zqzy0|11100>
a(l — q)zqzyoe“9|11100>
Rs2) = a(l — q)q )’0\11100>

|Rs3) = a(l — q)zqzyoe‘9|11100>

|R;4 =a(l —q)q y0‘11100>
|Rss) = a(l — g)q yoe'9|11100)

|Rs:

|Rss) = ayJ(1 — q)q 2y0|11100
IRs7) = a(l — g)2q2x0e|11100)
[Rss) = a(l — q)g*xo|11100)

|Rso) = a(1 — q)q er.0|11100>
IReo) = a /(T — q) g2x0/11100)
|Rs1 a(l — q)q xoe‘0|11 100)
IRe2 \/(1 — q) ¢>x0|11100)

R 1 — ) q>x0e?|11100)

)=
)
)=
)
)
)
)=
)
)
)
)=
)
)=
i
|R40) aqx0|00000> + a(l — q)%qy,e"’|11100)
)=
)
)
)
)=
)
)=
)
)
)
)=
)=
)=
)=
|Res) = aq xo/11 100)
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Appendix B. Expressions of |H;)

Table B1. Values of |H;).

|H,) Expression

IH)) = a(l — $)%0[00000) + b(1 — $)x0[00001) + b(1 — $)*x0/00010)
+ a(l — 5)°x|00011) + a(l — 5)*y,e?|11100) + b(1 — s)}

X yoe?|11101) + b(1 — 5)3y,e?|11110) + a(l — sPy,e?|11111)
|Hy) = a(1 — 5)3/5x0€1?]00000) + b(1 — 5)3/5x0e?|00001)

+ b(1 — $)>/5x0e00010) + a(1 — 5)2/Fx0e?]00011)
+a(l — $)2J5y|11100) + b(1 — $)3/5y,|11101) + b

X (1 — )3 J5y,|11110) + a(l — 5)3 V5y,|11111)
|Hs) = a(l — $)3/5x0[00000) + b(1 — 5)3/5x0/00001)

+ b(1 — $)3/5x0/00010) + a(1 — 5)3/5x|00011)
+a(l — $)2J5y,e?|11100) + b(1 — 5)2V5y,e|11101) + b

(1 — $)IVy,e11110) + a(l — $)3vFy,e?|11111)
|Hy) = a(1 — 5)%sx0€?]00000) + b(1 — s5)2sx0€'’|00001)

+ b(1 — 5)%5x0e?|00010) 4 a(1 — 5)2sx0e?|00011)
+ a(l — 5)2sy,|11100) + b(1 — 5)%sy,|11101) + b(1 — 5)sy,

[11110) + a(1 — s)sy,|11111)
|Hs) = a(1 — $)3/5x0/00000) + b(1 — 5)2/5x0|00001)

+ b(1 — 5)3/5x0/00010) + a(1 — s)>/5x0/00011)
+ a(l — 5)3J5y,e|11100) + b(1 — 5)3V5y,e?|11101) + b

X (1 — $)2J5y,e?11110) + a(l — 5)3V5y,e[11111)
|He) = a(l — $)%sx0e?|00000) + b(1 — 5)%sx0¢1|00001)

+ b(1 — 5)%sx0€?00010) + a(l — s5)%sxpel?|00011)
+ a(l — 5)%sy,|11100) + b(1 — 5)%sy,|11101) + b(1 — 5)2sy,

[11110) + a(l — s)%sy,|11111)
|H7) = a(l — 5)25x0|00000) + b(1 — 5)2sx0|00001) + b(1 — s5)%sx¢

|00010) + a(1 — 5)%sx0|00011) + a(l — s5)?sy,e’|11100) + b
X (1 — $)%sy,€"11101) + b(1 — 5)%sy,€[11110) + a(l — 5)?

X sy,e?|11111)
Hg) = a(l — 5)352x0e|00000) + b(1 — 5)252x0e’|00001)

+ b(1 — 5)253x0€]00010) + a(1 — 5)253x0¢1]00011)
+ a(l — 5)3s3y,|11100) + b(1 — 5)252y,|11101) + b(1 — s)>

X 53y,|11110) + a(1 — 5)3s3y,|11111)
|Ho) = a(l — 5)3/5,100000) + b(1 — 5)2J5y,/00001)

+ b(1 — 5)3/5Y,]00010) + a(1 — 5)3/5y,[00011)
+ a(l — $)3/5x0e?|11100) + b(1 — 5)3V5x0e?|11101) + b

x (1 — $)2/5x0e?(11110) + a(1 — 5)3/Fxoe?|11111)
[Hio) = a(l — 5)%5y,e'/00000) + b(1 — s5)%sy,e'/00001)

+ b(1 — 5)25y,€"’|00010) + a(l — s5)2sy,e'’|00011)
+ a(l — s)2sxp|11100) + b(1 — 5)2sx0|11101) + b(1 — 5)%sx
[11110) + a(l — s)%sxo|11111)
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Table B1. (Continued.)

|H;)

Expression

|Hi1) =

|Hyp) =

|Hys) =

|Hyq) =

|H15> =

|Hl6> =

|Hi7) =

|Hig) =

|Hyo) =

|Hao) =

|Hyy) =

a(l — 5)2sy,100000) + b(1 — 5)25y,|00001) + b(1 — s5)%sy,
[00010) + a(1 — 5)2sy,00011) + a(l — 5)%sx0e?|11100) + b
X (1 — $)%sx0€e?|11101) + b(1 — 5)2%sx0€’[11110) + a(1 — s)?

sxpe?|11111)
a(l — 5)>53y,el?]00000) + b(1 — 5)3s3y,¢|00001)

+ b(1 — 5)352y,e00010) + a(l — 5)3s2y,e[00011)
+ a(l — s)2s2x0]11100) + b(1 — $)352x0/11101) + b(1 — )3

X $3x0[11110) + a(1 — 5)2s3xp|11111)
a(l — 5)5y,100000) + b(1 — 5)25y,]00001) + b(1 — s5)%sy,

[00010) + a(1 — 5)25y,/00011) + a(l — 5)2sx0e?|11100) + b
(1 — sPsx0e?]11101) + b(1 — 5)2sx0e?|11110) + a(l — s)>

sxoel[11111)
a(l — 5)252,ei100000) + b(1 — s)253y,¢?|00001)

+ b(1 — 5)352y,00010) + a(1 — 5)352y,e|00011)
+ a(l — $)isaxo|11100) + b(1 — 5)352x0|11101) + b(1 — s)

X s3x0|11110) + a(l — s)2sx0/11111)
a(l — 5)252,/00000) + b(1 — s)25y,]00001) + b(1 — s)>53y,

[00010) + a(l — 5)>52y,100011) + a(1 — s)252x0e|11100)
+ b(1 — 5)353xe|11101) + b(1 — s)>53x0€i?|11110) + a

x (1 — s)rsaxee?|11111)

a(l — $)s%y0e'|00000) + b(1 — 5)s?yee?|00001) + b(1 — 5)s>y0e'’|00010) + a(l — 5)s>yee'?|00011)
+ a(l — $)s%x0|11100) + b(1 — 5)s%xo|11101) + b(1 — )s%x0|11110) + a(1 — s)sxo|11111)

b(1 — 5)2/5x0[00000) + a(l — 5)3/5x0/00001)

+ a(l — 5)3J5x0/00010) + b(1 — s)>/5x0/00011)
+ b(1 — 5)3/5y,e?|11100) + a(l — 5)3/5y,e’|11101) + a

X (1 — s 245y, 11110) + b 1 — 5 3 /5y,e 11111)
b(1 — 5)25x0€]00000) + a(l — 5)%sx0€i?|00001)

+ a(l — 5)%sx0€?|00010) + b(1 — 5)%sx0€%|00011)
+ b(1 — 5)%sy,|11100) + a(l — 5)%sy,|11101) + a(1 — s5)%sy,

[11110) + b(1 — s)2sy|11111)
b(1 — 5)%5x0/00000) + a(l — 5)2sx0|00001) + a(1 — s)%sxo

[00010) + b(1 — 5)%5x0|00011) + b(1 — 5)?sy,€’|11100) + a
(1 — $P2sy,e?|11101) + a(l — 5)2sy,e?|11110) + b(1 — 5)?

sype?|11111)
b(1 — $)353x0€?]00000) + a(1 — 5)253x0€1]00001)

+ a(l — s)253x0e00010) + b(1 — 5)3252x0€1]00011)
+ b(1 — 5)353y,|11100) + a(l — 5)352y,|11101) + a(l — s)>

X 52yp|11110) + b(1 — 5)3s3y,|11111)
b(1 — 5)%sx0|00000) + a(l — 5)%sx0|00001) + a(l — s5)%sxg

[00010) + b(1 — 5)%5x0{00011) + b(1 — 5)?sy,€|11100) + a
X (1 — 5)%sy,€?[11101) + a(1 — 5)%sy,e?|11110) + b(1 — s)?
X sype?|11111)
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Table B1. (Continued.)

|H;)

Expression

|Ha) =

|Ha3) =

|Haa) =

|Hys) =

|H26> =

|H27> =

|Has) =

|Hao) =

|Hzo) =

|H3,) =

|Hzp) =

|Hs3) =

|Hsq) =

b(1 — )253x0€?]00000) + a(1 — 5)25x0€i’]00001)
+ a(l — 5)353x0e?]00010) + b(1 — 5)252x0€?|00011)
+ b(1 — 5)353y,[11100) + a(l — 5)352y,|11101) + a(l — s)2

X 53y |11110) + b(1 — s)2s2y,[11111)
b(1 — $)253x0/00000) + a(1 — 5)253x0]00001) + a(l — s)2s2xq

[00010) + b(1 — $)>55x0/00011) + b(1 — 5)3s3y,e|11100)
+a(l — s)say,ef(11101) + a(l — 5)3s3y,e(11110) + b

x (1 — s)2s2y,ei?|11111)

b(1 — 5)s%x0e'?|00000) + a(1 — 5)s*x0e'?|00001) + a(l — s)s*x0e'?|00010) + b(1 — s)s*xee?|00011)
+ b(1 — 5)s%yo|11100) + a(l — $)s%yo|11101) + a(l — $)s>yo|11110) + b(1 — s)s>yo|11111)

b(1 — 5)%s5y,00000) 4 a(l — 5)%sy,|00001) + a(l — s5)2sy,

[00010) + b(1 — 5)25y,/00011) + b(1 — 5)%sx0e|11100) + a
x (1 — sY2sx0e|11101) + a(l — 5)2sx0e?|11110) + b(1 — 5)?

X sxoel?|11111)
b(1 — 5)252y,e1|00000) + a(l — s)253y,¢1|00001)

+ a(l — 5)353y,e00010) + b(1 — 5)352y,e|00011)
+ b(1 — 5)353x0|11100) + a(1 — s)353x0|11101) + a(1 — s)>

X s3x0[11110) + b(1 — 5)253x0|11111)
b(1 — 5)252,]00000) + a(l — s)252y,]00001) + a(l — s)>53y,

[00010) + b(1 — 5)>52y,|00011) + b(1 — s)252x0€|11100)
+a(l — 5)3s3x0e|11101) + a(l — s)rs3x0e’|11110) + b

x (1 — s)rsaxee?|11111)

b(l — s)s yoe“"\ooooo> +a(l —s)s yoe“"|00001> +a(l —s)s yoeie\00010> + b(1 — 5)s%y,e'?|00011)
+b(1 — 5)S x0|11100> +a(l — s)s x0\11101) +a(l — s)s x0|11110) +b(1 — s)s x0|11111)

b(l — s)zszy0|00000> +a(l — s)zszy0|00001> +a(l — s)zszyo

[00010) + (1 — 5)>55y,]00011) + b(1 — s)252x0e|11100)
+ a(l — s)sxe?[11101) + a(1 — 5)252x0ei?|11110) + b

x (1 — s)1s3x0e?|11111)

b(1 — $)5%y5e'?|00000) 4 a(l — $)s%yee?|00001) 4 a(l — 5)s%yee[00010) + b(1 — 5)s7yee’|00011)
+ b(1 — 5)5%x0| 11100) + a(l — 5)s%x0|11101) + a(l — $)s%x0|11110) + b(1 — s)sx0|11111)

B(1 — $)5%y0/00000) + a(1 — 5)s%y0|00001) + a(l — 5)s%ye|00010) + b(1 — 5)s%y,|00011)
+ b(1 — 5)s’x0e”[11100) + a(1 — 5)s°x0e'?|11101) + a(1 — 5)s*x0e'?| 11110) + b(1 — s)s%x0e"|
11111

BT — 553y,€000000) + av/T — s.52y,e1?]00001)

+ aJT = 553y,ei?100010) + b/T — 553y,¢i?]00011)
+ bJT = 553x0/11100) + ay/T — s53x0]11101) + av/T — 55>

X xol11110) + by/T — ss53x011111)
b(1 — §)3/5x0[00000) + a(1 — 5)2/5x,/00001)

+ a(l — $)3/5x0|00010) + b(1 — 5)3/5x|00011)
+ b1 — 5)3V5y,e?|11100) + a(l — 5)2V5y,e?|11101) + a

X (1 — $)2J5y,e?(11110) + b(1 — 5)3Jsy,e[11111)
b(1 — 5)%sx0e'?|00000) + a(l — 5)%sx0e'?|00001)

+ a(l — 5)%sx0e?|00010) 4 b(1 — 5)2sx0€?|00011)
+ b(1 — 5)%s3,|11100) + a(1 — 5)%sy,|11101) + a(1 — s)sy,
[11110) + b(1 — s)%sy,|11111)
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Table B1. (Continued.)

|H;)

Expression

|H3s) =

|H36) =

|Hag) =

|Hzo) =

|Hyp) =

|H43> =

|H47> =

b(1 — 5)%sx|00000) + a(l — 5)%sx0|00001) + a(l — s5)%sxg
[00010) + b(1 — S)2SX()|00011> + b1 — S)zsyoei‘9|11100> +a
X (1 — $)%sy,€”[11101) + a(l — 5)%sy,€?[11110) + b(1 — s)?

X sy,e?|11111)
b(1 — 5)252x0€?]00000) + a(l — 5)3252x0€?|00001)

+ a(l — 5)353x0e?]00010) + b(1 — 5)252x0€¢|00011)
+ b(1 — 5)353y,[11100) + a(l — 5)352y,|11101) + a(l — s)2

X s3y|11110) + b(1 — s)2s2y,[11111)
b(1 — 5)%sx9|00000) + a(1 — s5)%sx0|00001) + a(l — s5)2sxg

00010) + b(1 — 5)%sx0/00011) + b(1 — 5)2sy,e|11100) + a
X (1 — $)%sy,€"11101) + a(l — 5)%sy,€’[11110) + b(1 — 5)?

X sy,e?|11111)
b(1 — 5)>53x0€?100000) + a(l — 5)>53x0¢?]00001)

+ a(l — s)253x0e]00010) + b(1 — 5)352x0¢1]00011)
+ b(1 — 5)352y,|11100) + a(l — 5)252y,|11101) + a(l — s)>

X 52yp|11110) + b(1 — 5)3s3y|11111)
b(1 — 5)252x0/00000) + a(l — 5)353x0|00001) + a(l — 5)3s3xq
[00010) + b(1 — 5)353x0|00011) + b(1 — s)352y,e[11100)
+a(l — s)s3y,e?(11101) + a(l — 5)3s2y,e(11110) + b
x (1 — s)rs2y,ei?|11111)
b(1 — 5)5%x0€'|00000) + a(l — 5)s’x0e?|00001) + a(l — s)sx0e'’|00010) + b(1 — 5)s’x0e™’|00011)

+ b(1 — 5)5%y0|11100) + a(l — 5)syo|11101) + a(l — $)syo|11110) + b(1 — s)s7ye|11111)
74b(1 — 5)25y,/00000) + a(1 — 5)2sy,[00001) + a(l — s)sy,

[00010) + b(1 — 5)2sy,|00011) + b(1 — s)2sx0e?|11100) + a
x (1 — )%sx0€|11101) + a(1 — 5)2%sx0€!?|11110) + b(1 — 5)?
x sxoe|11111)
b(1 — 5)352y,€1?]00000) + a(1 — 5)3s3y,¢|00001)
+ a(l — 5)252y,e00010) + b(1 — 5)>52y,¢1|00011)
+ b(1 — s)253x0[11100) + a(1 — 5)353x0|11101) + a(l — s)>
X s3x0[11110) + b(1 — 5)2s2x0|11111)
b(1 — 5)352y,]00000) + a(l — s)253,/00001) + a(l — s)3s2y,
[00010) + b(1 — 5)>53y,]00011) + b(1 — s)252x0e|11100)
+ a(l — s)sx0e?[11101) + a(1 — 5)352x0ei?|11110) + b
x (1 — s)1s2x0e?|11111)
b(1 — s)s yoe"’moooo) +a(l - s5)s yoe‘9|00001> +a(l —s5)s yoe“"\00010> + b(1 — 5)s%ye™’|00011)
+b(l —5)s %x0|11100) + a(l —9)s 2xo|11101) + a(l - 5)s x0|11110> + b(1 — 5)s’xo|11111)
b(l — s)zszy0|00000) +a(l — s)zszy0|00001> +a(l — s)zszyo
[00010) + b(1 — 5)352y,]00011) + b(1 — 5)352x0ei|11100)
+ a(l — s)rsx0e?[11101) + a(1 — 5)352x0ei?|11110) + b
x (1 — $)isaxee?|11111)
b(1 — 5)s%y0e'?|00000) + a(1 — 5)s*y0e'?|00001) + a(l — s)s>y0e'?|00010) + b(1 — s)s>yee?|00011)
+ b(1 — 8)5%x0|11100) + a(l — 5)s%xo|11101) + a(l — s)s%x0|11110) + b(1 — s)s%x0|11111)
b(1 — 5)57y0|00000) + a(1 — 5)s°yo|00001) + a(1 — $)sy|00010) + b(1 — 5)s°yo|00011)
+ b(1 — 5)s°x0e”’| 11100) + a(1 — $)s™x0e'’|11101) + a(l — 5)s°x0e’|11110)
+ b(1 — $)s’x0e”[11111)
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Table B1. (Continued.)

|H;)

Expression

|Hag) =

|Hao) =

|Hso) =

|Hs)) =

|Hsy) =

|H53> =

|Hsa) =

|Hss) =

|Hse) =

|Hs7) =

|Hsg) =

|H59> =

|H60> =

|H()l> =

BT = 552y,€]00000) + av/T — 5s53y,e00001)
+ a1 = 553,ei%100010) + by/T — s553y,e(00011)
+ bJT = 552x0/11100) + a1 — 553x011101) + a/T — 552
X xol11110) + byT — ss53x011111)
a(l — 5)%sx0/00000) + b(1 — 5)2sx0|00001) + b(1 — 5)%sx0
[00010) + a(1 — 5)%sx0|00011) + a(l — s)?sy,€e?|11100) + b
X (1 — $)%sy,€”[11101) + b(1 — 5)%sy,€?[11110) + a(l — 5)?
X sy,el?[11111)
a(l — 5)253x0€]00000) + b(1 — 5)352x0€|00001)
+ b(1 — $)253x0e]00010) + a(1 — 5)352x0€1]00011)
+ a(l — 5)3s3y,|11100) 4 b(1 — 5)3252y,|11101) + b(1 — s)>
X 52y,|11110) + a(1 — 5)3s3y|11111)
a(l — $)253x0/00000) + b(1 — 5)253x0]00001) + b(1 — s)252x0
[00010) + a(1 — 5)352x0|00011) + a(1 — s)>s2y,e|11100)
+ b(1 — 5)352y,e?[11101) + b(1 — s)>52y,¢i?|11110) + a
x (1 — s)rsoy,ei?|11111)
a(l — $)5s%x0e'|00000) + b(1 — 5)s°x0e?|00001) + b(1 — 5)s*x0e'’|00010) + a(l — 5)s’xee'?|00011)
+ a(l — $)s%yo|11100) + b(1 — 5)syo|11101) + b(1 — 5)s%yo|11110) + a(l — s)s7ye|11111)
a(l = $)253x0/00000) + b(1 — 5)253x0]00001) + (1 — s)2s2x0
[00010) + a(l — $)>53x0/00011) + a(l — 5)3s3y,e|11100)
+ b(1 — 5)s3y,e?(11101) + b(1 — 5)3s53y,e(11110) + a
X (1 — s)as2y,ei?|11111)
a1l — $)5°x0e"?|00000) 4 b(1 — $)57x0e|00001) 4 b(1 — 5)57x56e[00010) + a(l — 5)s%x0e’|00011)
+ a(l — $)s%y0|11100) + b(1 — $)s%yo|11101) 4 b(1 — $)s%yo|11110) + a(l — s)s%yo|11111)
a(l — 5)5°x|00000) + b(1 — 5)s°x0|00001) + b(1 — $)s°5/00010) + a(l — 5)5°x|00011)
+a(1 = $)s”ye”|11100) + b(1 — $)s>yoe”|11101) + b(1 — 5)s>yoe”’|11110)
+a(l — )s?yee|11111)
aNT = 553x0€1100000) + by/T — 5.53x0€1%100001)
+ bJT = 552x0€1%100010) + av/T — 552x0€?]00011)
+ aJT = 553y,|11100) + byT — 553y,|[11101) + bJ/T — 552
Yol11110) + a1 — ssay|11111)
a(l — 5)252,/00000) + b(1 — 5)252y,]00001) + b(1 — s)>53y,
[00010) + a(1 — 5)352y,]00011) + a(l — 5)3s2x0ei|11100)
+ b(1 — 5)353x0e?|11101) + b(1 — 5)252x0¢?|11110) + a
x (1 — $)isaxee?|11111)
a(l — $)s%y0e'|00000) + b(1 — 5)s?yee?|00001) + b(1 — 5)s>y0e'’|00010) + a(l — 5)s%yee'’|00011)
+ a(l — 8)s%x|11100) + b(1 — 5)s%xo|11101) + b(1 — 5)s%x0|11110) + a(l — s)sxo|11111)
a(l — 5)57y|00000) + b(1 — 5)s°yo|00001) + b(1 — $)s7y,|00010) + a(l — 5)s°y|00011)
+a(l — $)s”x0e”|11100) + b(1 — $)s*x0e”|11101) + b(1 — 5)s*x0e”’|11110)
+ a(l — 5)s’xpe”[11111)
a1 = 552y,€900000) + by/T — 553y,€00001)
+ DT — 553y,ei%00010) + av/T — s53y,i?]00011)
+ a1 — 552x0/11100) + byT — 553x011101) + bJ/T — 553
X xol11110) + av/T — ss53x011111)
a(l — 5)57y|00000) + b(1 — 5)s°y0|00001) + b(1 — 5)s7y|00010) + a(l — 5)s°yo|00011)
+ a(l — 5)s°xoe”’| 11100) + b(1 — $)s™x0e'’|11101) + b(1 — 5)s°x0e™’|11110)
+a(l — s)szxoe‘9|11111)
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Table B1. (Continued.)

|H;) Expression
|Hez) = a1 — 553y,€900000) + by/T — 5.52y,e1?]00001)
+ DT — 553y,ei%00010) + av/T — s53y,¢i?|00011)
+ avT = 552x0/11100) + byT — 553x0[11101) + b/T — 553

X xol11110) + av/T — ss3x011111)
|Hes) = av/T — 553y,]00000) + by/T — 553y,/00001) + by/T — 553y,

[00010) + a/T — 552,/00011) + av/T — 553x0e|11100) + b
x T = s53x0e¥]11101) + by/T — s55x0e|11110) + av/T — s
X saxef[11111)

|Hes) = asyoe'?|00000) 4 bsye'?|00001) + bsyoe'?|00010) + as’ye'?|00011)
+ as’xo|11100) + bs™xo|11101) + bs>xo|11110) 4 as’xo|11111)

Appendix C. Expressions of |G;)

Table C1. Values of |G;).

|G)) Expression

IGr)=a(l — p)x0l00000) + b(1 — p)xol00001) + b(1 — p)*xol00010)
+ a(l — p)*x|00011) + a(l — p)*y,e?|11100) + b(1 — p)?

X yef|11101) + b(1 — p)y,e|11110) + a(l — p)y,e|11111)
|Go)=a(l — p)2 ypxol00000) + b(1 — p)2 /px|00001)

+ b(1 = p) Jpxol00010) + a(l — p)3/pxol00011)
— a(l = p)2 Jpy,e[11100) — b(1 — p)> Jpy,el?|11101) — b

X (1 = p)3 JPy,e?[11110) — a(l — p)> Jpy,e|11111)
IG3)=a(l — p)2 ypxol00000) + b(1 — p)2 /px|00001)

+ b(1 — p)3 Jpxl00010) + a(l — p)3 /pxl00011)
— a(l = p)2 Jpy,e?[11100) — b(1 — p)> Jpy,ei?|11101) — b

X (1 = p)>yPyo|11110) — a(l — p)> Jpy,e|11111)
|Gay=a(l — p)?*px,|00000) + b(1 — p)>px,|00001) + b(1 — p)?px,

[00010) + a(l — p)?px,|00011) + a(l — p)*py,e|11100)
+ b(1 — p)?py,e’|11101) + b(1 — p)*pye?|11110) + a

x (1 = p)’pyoet?|11111)
|Gs)=a(l — p)3 Jpxol00000) — b(1 — p)3 /pxel00001)

— b(1 — p)3 JPx0l00010) + a(l — p)3 /pxol00011)
— a(l — p)3 Jpye?|11100) + b(1 — p)3 Jpy,e?|11101) + b

X (1 = p) JPye?l11110) — a(l — p)> Jpy,e|11111)
Ge)=a(l — p)2px,l00000) — b(1 — p)*pxel00001) — b(1 — p)*px,

[00010) + a(1 — p)>px,|00011) + a(l — p)*py,ei?|11100)
— b(1 — p)?py,e?|11101) — b(1 — p)?*py,el’|11110) + a
x (1 = p)pyoet?|11111)
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Table C1. (Continued.)

|G:) Expression

|G7y=a(l — p)*px,|00000) — b(1 — p)*px,|00001) — b(1 — p)*px,
[00010) + a(1 — p)px,|00011) + a(l — p)*py,e’|11100)
- b — p)zpyoewﬂllOl) - b — p)zpyoewﬂlllO) +a

x (1 = p)’pyoet’|11111)
|Gs)=a(1 — p)2p2x000000) — b(1 — p)3p3x|00001)

— b(1 — p)>p2xol00010) + a(1 — p)>p>xo|00011)
—a(l — pyp>y,e?|11100) + b(1 — p)ip>y,e?|11101) + b
X (1 — p)apay,e|11110) — a(1 — p)rp>y,ei?|11111)
|Go)=a(l — p)2 Jpxol00000) + b(1 — p)3 /px/00001)
+ b(1 — p)2 ypxol00010) + a(l — p)3 Jpxel00011)
— a(l — p)3 ypye?|11100) — b(1 — p)3 Jpy,e?|11101) — b

X (1 = p)> yPyoe|11110) — a(l — p)> Jpy,e|11111)
|G1o)= a(l — p)*px,|00000) + b(1 — p)2px,|00001) + b(1 — p)?px,

100010) + a(1 — p)pxy00011) + a(l — p)2py,ei®|11100)
+ b(1 — p)?py,e?[11101) + b(1 — p)’py,e’|11110) + a

x (1 — p)’py,el’|11111)
|Gi)= a(l — p)?px,00000) + b(1 — p)*px,|00001) + b(1 — p)’px,

100010) + a(1 — p)pxy00011) + a(l — p)2py,ei®|11100)
+ b(1 — p)?py,e’|11101) + b(1 — p)’py,e’|11110) + a

x (1 = p)py,el’|11111)
|G12)= a(l — p)3p>x/00000) + b(1 — p)3p3x,/00001)

+ b(1 — p)>p2x0/00010) + a(l — p)>p2x0|00011)
—a(l — pyp3y,e?|11100) — b(1 — p)ip>y,el?|11101) — b

X (1 — p)apay,e|11110) — a(1 — p)rpsy,ei?|11111)
|G13)=a(l — p)*px,|00000) — b(1 — p)’px,|00001) — b(1 — p)’px,

[00010) + a(1 — p)*px,|00011) + a(l — p)*py,ei’|11100)
~ b — pPpyee?|11101) — b(1 — p)pype?|11110) + a

X (1 = pYpy,ei?|11111)
|G1a)=a(l — p)2p>x0|00000) — b(1 — p)2p>x,/00001)

— b(1 — p)ap2xol00010) + a(1 — p)2p>x0|00011)
—a(l — p)ip>y,e?|11100) + b(1 — p)>p2y,e|11101) + b

X (1 — pyp2y,e|11110) — a(l — p)ap3y,ei?|11111)
|G1s)=a(l — p)21p2x0|00000) — b(1 — p)2p2x/00001)

— b(1 — p)ip2xol00010) + a(1 — p)2p3x0|00011)
—a(l — p)ip>y,e?|11100) + b(1 — p)>p2y,e?|11101) + b
X (1 — p)apay,e?|11110) — a(1 — p)rp>y,e?|11111)
|G16)= a(l — p)p*xo|00000) — b(1 — p)p°xo|00001) — b(1 — p)p°xo|00010)
+a(l = p)p°xo|00011) + a(l — p)p>yoe”|11100) — b(1 — p)p*yoe|11101)
— b(1 — p)p?yee?|11110) + a(l — p)p*yee|11111)
|G17)= a(l — p)3 JPxol00000) — b(1 — p)3 /px000001)
+ b(1 — p)2 yPpxel00010) — a(l — p)3 /pxl00011)
+ a(l — p)>ypyye?|11100) — b(1 — p)3 Jpy,e?|11101) + b

X (1 — p)2 JPyee?|11110) — a(l — p)3 Jpy,e|11111)
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Table C1. (Continued.)

|G)) Expression

|Gig)= a(l — p)*px,|00000) — b(1 — p)>px,|00001) + b(1 — p)’px,
[00010) — a(l — p)?px,|00011) — a(l — p)*py,e?|11100)
+ b(1 — p)?py,e?|11101) — b(1 — p)’py,e’|11110) + a

x (1 = p)’py,e’|11111)
|Gro)= a(l — p)*px,|00000) — b(1 — p)2px,|00001) + b(1 — p)px,

[00010) — a(1 — p)*px,|00011) — a(l — p)*py,ei?|11100)
+ b(1 — p)?py,e?[11101) — b(1 — p)*py,e|11110) + a

x (1 = p)py,et’|11111)
|Gao)= a(l — p)3p>x/00000) — b(1 — p)3p3x,/00001)

+ b(1 — p)>p2x0/00010) — a(l — p)>p2x0|00011)
+ a(l — p)ip2y,el?|11100) — b(1 — p)ap2y,e|11101) + b

X (1 — p)apay,e|11110) — a(1 — p)rp>y,ei?|11111)
|Ga1)=a(l — p)*px,|00000) + b(1 — p)’px,|00001) — b(1 — p)’px,

[00010) — a(1 — p)*px,|00011) — a(l — p)*py,e'’|11100)
—b(1 — p)*py,e|11101) + b(1 — p)?py,e?|11110) + a

x (1 = pYpype|11111)
|Gaz)= a(l — p)3prx|00000) + b(1 — p)3p3x,/00001)

— b(1 — p)ap2x0l00010) — a(1 — p)2p3x0|00011)
+ a(l — p)ip2y,el?|11100) + b(1 — p)ap3y,e|11101) — b
X (1 — pyp2y,e|11110) — a(l — p)ap3y,ei?|11111)
|Gas)=a(l — p)1p>x0|00000) + b(1 — p)>p>x,/00001)
— b(1 — p)ap2x0l00010) — a(1 — p)2p>x0|00011)
+ a(l — p)p3y,e?|11100) + b(1 — p)ip>y,e[11101) — b
X (1 — pyp2y,e?|11110) — a(l — p)ap3y,ei?|11111)
|Ga4)= a(1 — p)p*x00000) + b(1 — p)p’x6|00001) — b(1 — p)p°x|00010)
— a(1 = p)p°x0|00011) — a(1 — p)pyee™®|11100) — b(1 — p)p’yee'’|11101)
+b(1 — p)pyee?|11110) + a(l — p)pPyoe’|11111)
|Gas)= a(l — p)*px,|00000) — b(1 — p)>px,|00001) + b(1 — p)*px,

[00010) — a(1 — p)*px,|00011) — a(l — p)*py,ei’|11100)
+ b(1 — p)zpyoei9|11101> —b(1 — p)zpyoewﬂlll()) +a

x (1 = p)’py,e”|11111)
|Gag)=a(l — p)21p2x0|00000) — b(1 — p)2p3x/00001)
+ b(1 — p)2prx/00010) — a(l — p)ap2xo00011)
+ a(l — p)apry,e?|11100) — b(1 — p)ip>y,e|11101) + b
X (1 — p)pay,e|11110) — a(1 — p)rp3y,e?|11111)
|G27)= a(1 — p)>p>x,/00000) — b(1 — p)3p3x,|00001)
+ b(1 — p)2prxl00010) — a(l — p)ap2xo|00011)
+ a(l — p)apry,ei?|11100) — b(1 — p)ip>y,e|11101) + b
X (1 — p)apay,e|11110) — a(1 — p)rp>y,e?|11111)
|Gas)= a(l — p)p*x0|00000) — b(1 — p)px|00001) + b(1 — p)p*xo|00010)

— a(1 — p)p’xo|00011) — a(l — p)p*yoe|11100) + b(1 — p)p*yoe’|11101)
— b(1 — p)p*ye|11110) + a(l — p)p*yee|11111)
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Table C1. (Continued.)

|G)) Expression

|Gao)=a(l — p)21p2x0|00000) + b(1 — p)2p3x/00001)
— b(1 = p)rp>x000010) — a(l — p)3p>x,/00011)
+ a(l — p)ip>y,el?|11100) + b(1 — p)2p2y,e|11101) — b
X (1 — p)apay,e|11110) — a(1 — p)rp>y,e?|11111)
|G30)= a(1 — p)p*xo|00000) + b(1 — p)p°xo|00001) — b(1 — p)p°x|00010)
—a(1 — p)p’xo|00011) — a(l — p)p*yoe|11100) — b(1 — p)p*yoee’|11101)
+ b(1 — p)pyee”[11110) + a(1 — p)p?ye?|11111)
|Ga1)= a(1 — p)p*xo|00000) + b(1 — p)p°xo|00001) — b(1 — p)p°x|00010)
—a(1 — p)p’x0|00011) — a(l — p)p*yoe|11100) — b(1 — p)p*yoe’|11101)
+ b(1 — p)pyee”[11110) + a(1 — p)p?ye?|11111)
|G2)= a\[T — pp3x0/00000) + by/T — pp>x0|00001) — b1 — ppixg

100010) — a/T — pp3x0/00011) + a1 — pp2y,e|11100)
+ bJT = ppiy,e|11101) — byT — pp3y,ei?|11110) — a
x T = ppiy,e|11111)

|G33)= a(l — p)> JPxl00000) + b(1 — p)3 /pxo|00001)
— b(1 — p)3 Jpxl00010) — a(l — p)3 /Pxl00011)
+ a(l — p)2 ypy,e?|11100) + b(1 — p)3 Jpyyel?|11101) — b

X (1 = p)3 JPye?l11110) — a(l — p)> Jpy,e|11111)
|Gsa)= a(l — p)*px,|00000) + b(1 — p)’px,|00001) — b(1 — p)’px,

[00010) — a(1 — p)*px,|00011) — a(l — p)*py,e'’|11100)
—b(1 — p)*py,e|11101) + b(1 — p)?py,e?|11110) + a

X (1 = p)pype|11111)
|Gss)=a(l — p)*px,|00000) + b(1 — p)>px,|00001) — b(1 — p)’px,

[00010) — a(1 — p)*px,|00011) — a(l — p)*py,ei’|11100)
— b(1 — p)*py,e|11101) + b(1 — p)?*py,e?|11110) + a

x (1 — p)zpyoewﬂllll)
|Gse)=a(l — p)1p>x0|00000) + b(1 — p)>p>x,/00001)

— b(1 — p)ap2x0l00010) — a(1 — p)2p3x0|00011)
+ a(l — p)ip2y,el?|11100) + b(1 — p)ap2y,e|11101) — b

X (1 — pyp2y,e|11110) — a(l — p)ap3y,ei?|11111)
|Gs7)= a(l — p)*px,|00000) — b(1 — p)*px,|00001) + b(1 — p)*px,

[00010) — a(1 — p)px,|00011) — a(l — p)*py,ei’|11100)
+ b(1 = p)?py,e?|11101) — b(1 — p)’py,e’|11110) + a

x (1 = p)py,e’|11111)
|Gss)=a(l — p)1p2x0|00000) — b(1 — p)2p3x/00001)

+ b(1 — p)2prxl00010) — a(l — p)2p2xo|00011)
+ a(l — p)apry,e?|11100) — b(1 — p)ip>y,e[11101) + b
X (1 — pypay,e|11110) — a(l — p)ap3y,ei?|11111)
|Gso)=a(l — p)21p2x0|00000) — b(1 — p)2p3x/00001)
+ b(1 — p)2prxl00010) — a(l — p)rp2xo|00011)
+ a(l — p)ap>y,e?|11100) — b(1 — p)ip>y,e?[11101) + b
X (1 — p)apay,e|11110) — a(1 — p)rp>y,e?|11111)
|Ga0)= a(l — p)p*xo|00000) — b(1 — p)p°xo|00001) + b(1 — p)p°x|00010)
— a(1 — p)p’xo|00011) — a(l — p)p*yoe|11100) + b(1 — p)p*yoe’|11101)
— b(1 — p)p*yoe?|11110) + a(l — p)p*yee|11111)
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Table C1. (Continued.)

|G)) Expression

|Ga1)= a(l — p)2px,|00000) + b(1 — p)*px,|00001) — b(1 — p)2px,
[00010) — a(l — p)?px,|00011) — a(l — p)*py,e|11100)
— b(1 — p)?py,e?|11101) + b(1 — p)’py,e’|11110) + a

x (1 = p)’py,e”|11111)
|Gaz)= a(l — p)3p>x/00000) + b(1 — p)3p3x,/00001)

— b(1 — p)>p2x0|00010) — a(1 — p)2p3x0|00011)
+ a(l — p)ip>y,el?|11100) + b(1 — p)ap2y,e|11101) — b
x (1 — p)apay,e|11110) — a(1 — p)rpsy,ei?|11111)
|Gas)= a(l — p)>p>x/00000) + b(1 — p)3p3x,/00001)
— b(1 = p)ip>x00010) — a(l — p)3p3x,/00011)
+ a(l — p)ip>y,el?|11100) + b(1 — p)2p2y,e(11101) — b
x (1 — p)apay,e|11110) — a(1 — p)rpay,ei?|11111)
|Gaa)= a(l — p)p*xo|00000) + b(1 — p)p’xo|00001) — b(1 — p)p°x|00010)
— a(l — p)p°x0|00011) — a(l — p)pyee’|11100) — b(1 — p)p’yoe’|11101)
+b(1 — PIPyee?|11110) + a(l 7p)pzy(,e"’\ 11111)
|Gys)= a(l — p)2p2xp|00000) — b(1 — p)2p2x0|00001)

+ b(1 — p)>p2x0/00010) — a(l — p)2p2x000011)
+ a(l — p)ip2y,el?|11100) — b(1 — p)ap2y,e|11101) + b
x (1 = p)ip2y,e|11110) — a(l — p)2p2y,e|11111)
|Gas)= a(l — p)p*xo|00000) — b(1 — p)p’x6|00001) + b(1 — p)p°x|00010)
— a(l — p)p’xo|00011) — a(l — p)p’yee’’|11100) + b(1 — p)p’yee'’|11101)
— b(1 — p)p*yee|11110) + a(l — p)p*yee?|11111)
|Ga7)= a(1 — p)p*x|00000) — b(1 — p)p’x6|00001) + b(1 — p)p°x|00010)
— a(l — p)p’xo|00011) — a(l — p)p’yee’’|11100) + b(1 — p)p’yee'’|11101)
— b(1 — p)p*yee|11110) + a(l — p)p*yee?|11111)
|Gas)= a/T — pp3x0|00000) — by/T — pp>x0|00001) + b/T — pp2xq
100010) — a\/T — pp>x000011) + a1 — pp2y,e|11100)
— bJT = ppry,e|11101) + by/T — pp3y,ei?|11110) — a
x JT = ppry,e|11111)
|Gao)= a(l — p)*px,|00000) — b(1 — p)’px,|00001) — b(1 — p)’px,
[00010) + a(1 — p)*px,|00011) + a(l — p)*py,ei’|11100)
— b(1 — p)?py,e|11101) — b(1 — p)*py,e?|11110) + a
x (1 — p)?py,e|11111)
|Gso)=a(1 — p)21p2x0|00000) — b(1 — p)2p2x/00001)
— b(1 — p)ip3xel00010) + a(l — p)2p2xo|00011)
— a(l — p)ip>y,e?|11100) + b(1 — p)>p2y,e?|11101) + b
x (1 — p?%e%yoeiﬂllllO) —a(l —3p3)%p%y0ei9|11111>
|Gs1)= a(l — p)3p3x0|00000) — b(1 — p)>p>x,/00001)
— b(1 — p)ip2xol00010) + a(1 — p)2p3x0|00011)
— a(l — p)ip>y,ef|11100) + b(1 — p)>p2y,e?|11101) + b
X (1 — p)apay,e|11110) — a(1 — p)rp>y,e?|11111)
|Gs2)= a(l — p)p*x|00000) — b(1 — p)p*x|00001) — b(1 — p)p*xo|00010)
+a(l — p)p°xo|00011) + a(l — p)p>yoe”|11100) — b(1 — p)p*yoe|11101)
— b(1 — p)p*yee|11110) + a(l — p)p*yee|11111)
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Table C1. (Continued.)

|G)) Expression

|Gs3)=a(l — p)1p2x0|00000) + b(1 — p)2p3x,/00001)
+ b(1 — p)ip>x/00010) + a(l — p)2p3x|00011)
—a(l — pyrp>y,e?|11100) — b(1 — p)ip3y,el’|11101) — b
x (1 — p)apay,e|11110) — a(1 — p)rp>y,e?|11111)
|Gsa)= a(l — p)p*x|00000) + b(1 — p)p’xe|00001) + b(1 — p)p°x0|00010)
+a(l — p)p°xo|00011) + a(1 — p)p*yee'’|11100) _
+ b(1 — p)pyee”[11101) + b(1 — p)p?yee®?|11110) + a(1 — p)p?ye?|11111)
|Gss)= a(l — p)p*x|00000) + b(1 — p)p*x0|00001) + b(1 — p)p*o|00010)
+a(l — p)p°xo|00011) + a(l — p)p>yee’’|11100) + b(1 — p)p’yee’’|11101)
+ b(1 — p)pyee®|[11110) + a(1 — p)p?ye?|11111)
|Gse)= a\[T — pp3x6/00000) + by/T — pp>x0|00001) + b1 — ppixg
100010) + a\/T — pp3x0/00011) — a\T — pp2y,e|11100)
— bJT = pp3y,e?|11101) — b/T — pp3y,e?|11110) — a
x T = ppiy,e|11111)
|Gs7)= a(l — p)3p>x/00000) — b(1 — p)3p3x,00001)
— b(1 = p)sp>x000010) + a(l — p)3p>x/00011)
—a(l = pyp>y,e?|11100) + b(1 — p)ip>y,e’|11101) + b
x (1 — p)apay,e|11110) — a(1 — p)rp>y,ei?|11111)
|Gss)= a(l — p)p*xo|00000) — b(1 — p)p’xo|00001) — b(1 — p)p°x|00010)
+ a(1 — p)p*x|00011) + a(l — p)p*yoe’|11100) — b(1 — p)p’yee’|11101)
— b(1 — p)p*yee|11110) + a(l — p)p*yee?|11111)
|Gso)= a(l — p)p*xo|00000) — b(1 — p)p’xo|00001) — b(1 — p)p°x|00010)
+ a(1 — p)p*x|00011) + a(l — p)p*yoe’|11100) — b(1 — p)p’yee’|11101)
—b(1 - PIP2yee?[11110) + a(l — PIPyee’|11111) S
|Geo)= ay/T — pp3x0|00000) — by/T — pp>x0|00001) — by/T — pp2xq
100010) + a\/T — pp3x0/00011) — a\T — pp2y,e|11100)
+ b1 = ppiy,e|11101) + by/T — pp3y,ei?|11110) — a
x T — ppiy,e?|11111)
|Ge1)= a(l — p)p*xo|00000) + b(1 — p)p’x6|00001) + b(1 — p)p°x|00010)
+a(l = p)p°xo|00011) + a(l — p)p>yoe”|11100) + b(1 — p)p*yoe™’|11101)
+b(1 ~ PPy 11110) + a(l — PIP*yee|11111) .
|Ge2)= ay/1 — pp2x¢|00000) + b,/1 — pp2xo|00001) + b1 — pp2x
100010) + a\/T — pp>x,00011) — a1 — pp2y,e|11100)
— bJT = ppry,e?|11101) — by/T — pp3y,ei?|11110) — a
x JT = ppry,e|11111)
|Ges)=a\/T — pp>x0|00000) + by/T — pp>x0|00001) + b/T — pp2xq
100010) + a\/T — pp>x0/00011) — a1 — pp2y,e|11100)
— bJT = ppry,e|11101) — by/T — pp3y,ei?|11110) — a
x T = ppiy,e?|11111)
|Gea)= ap’x5/00000) + bp’xo|00001) + bp>x|00010) + ap’xo|00011) + ap’yoe’|11100) + bp’yee'’|11101)
+ bpPyee|11110) + apyoe|11111)
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