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Abstract
Since the concept of quantum information masking was proposed by Modi et al (2018 Phys. Rev.
Lett. 120, 230 501), many interesting and significant results have been reported, both
theoretically and experimentally. However, designing a quantum information masker is not an
easy task, especially for larger systems. In this paper, we propose a variational quantum
algorithm to resolve this problem. Specifically, our algorithm is a hybrid quantum–classical
model, where the quantum device with adjustable parameters tries to mask quantum information
and the classical device evaluates the performance of the quantum device and optimizes its
parameters. After optimization, the quantum device behaves as an optimal masker. The loss
value during optimization can be used to characterize the performance of the masker. In
particular, if the loss value converges to zero, we obtain a perfect masker that completely masks
the quantum information generated by the quantum information source, otherwise, the perfect
masker does not exist and the subsystems always contain the original information. Nevertheless,
these resulting maskers are still optimal. Quantum parallelism is utilized to reduce quantum state
preparations and measurements. Our study paves the way for wide application of quantum
information masking, and some of the techniques used in this study may have potential
applications in quantum information processing.
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1. Introduction

Quantum information technology exploits various quantum
properties, such as quantum superposition, quantum entan-
glement, etc, to provide more powerful information proces-
sing capabilities [1]. Quantum algorithms, such as Shor’s
factoring algorithm [2, 3], Grover’s searching algorithm [4]
and the Harrow–Hassidim–Lloyd quantum algorithm for
solving linear equations [5] display better quantum speed-up
than their classical counterparts. In addition, various quantum
communication protocols have been designed based on

quantum entanglement including quantum teleportation [6, 7],
quantum dense coding [8], quantum key distribution [9, 10]
and quantum secret sharing [11, 12]. These protocols provide
us with more flexible and secure communication methods
[13]. Some of them have been commercialized and begun to
provide services to individuals and institutions [14, 15].

While quantum theory has advantages in processing
information, it also has some limitations, which are char-
acterized by a branch of no-go theorems such as the no-
cloning theorem [16–18], no-broadcasting theorem [19], no-
deleting theorem [20] and no-hiding theorem [21]. Recently,
Modi et al proposed the concept of quantum information
masking (QIM) and thus discovered a new no-go theorem
called the no-masking theorem, which claims that it is
impossible to mask an arbitrary quantum state into a bipartite
quantum entangled system [22].

QIM has attracted extensive research interest. It is found
that the maximal set of maskable states is hyperdisks when
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masking quantum states into a bipartite quantum system
[22–24]. Different from many no-go theorems, it is proved
that an arbitrary set of quantum states can be masked into a
multipartite quantum system [25]. To avoid the collusion that
some participants would reveal the information about the
encoded quantum states, a more generalized definition of k-
uniform masking was proposed [26]. Similar to quantum
cloning, the probabilistic or approximate masking that allows
for some imperfections of masking are also investigated
[27, 28]. Beyond that, it has been shown that QIM has a close
relationship with other quantum information processing tasks
such as quantum secret sharing [11, 12, 26], quantum error-
correction codes [26, 29] and quantum bit commitment [22,
30–33]. Complementing these theoretical advancements,
experimental demonstrations of quantum information mask-
ing have materialized, with Liu et al executing masking
operations using photonic systems and validating key theor-
etical predictions [34]. In parallel, Zhang et al pioneered the
experimental realization of masking in high-dimensional
systems [35], propelling the field forward with tangible evi-
dence of masking’s practical feasibility. These collective
efforts have significantly bolstered the theoretical and
experimental foundations of quantum information masking,
underscoring its pivotal role in the broader landscape of
quantum information processing.

To use QIM, we first need to design maskers that meet
the requirements for different tasks. Routinely, analytical
algebra methods have been developed to obtain quantum
maskers [29, 36]. However, these methods become difficult
and even unsolvable as the system grows, due to the ‘expo-
nential explosion’ on the dimension of the system. To cir-
cumvent the ‘exponential explosion’, we propose a
variational quantum algorithm to design quantum maskers.
Our algorithm is a hybrid quantum–classical model, where
the quantum device is parameterized to realize quantum
maskers and the classical device is responsible for evaluating
and optimizing the quantum device. By carefully designing
the loss function, it can be used to characterize the perfor-
mance of quantum maskers. Our algorithm will return a
perfect masker if it exists, otherwise, the masker returned is
still optimal. To speed up the design process and reduce
quantum resources on quantum state preparations and mea-
surements, quantum parallelism is utilized to evaluate the loss
function.

2. Preliminary

QIM aims to encode quantum information into a multipartite
system so that the original quantum information is completely
unknown to local subsystems. Li and Wang generalized the
definition of masking to multipartite scenarios and proved that
an arbitrary quantum state can be masked when more parti-
cipants are allowed [25]. To avoid collusion of some parti-
cipants, Shi et al further generalized QIM to k-uniform QIM
[26]. Let us briefly review and rephrase it [37].

First, let us denote a d-dimension Hilbert space
corresponding to a quantum system X by X . We use

{( ∣ )} y= ñ =p ,i i i
n

1 to denote a quantum information source
that generates a pure state |ψi〉 with probability pi. We also
use S to denote the state set {∣ }y ñ =i i

n
1. For brevity, we use [N]

to denote the set {1, 2, L , N}. Then, QIM is defined as
follows.

Definition 1. Given {( ∣ )} y= ñ =p ,i i i
n

1 labeled A, if there
exists a quantum operation M that maps any pure state
∣ y ñ Î ÌSi A to a state ∣ Yñ Î Ä =i l

N
B1 l

so that all the
marginal states of arbitrary k subsystems are identical, i.e. for
all [ ]< < < Îl l l Nk1 2 ,

(∣ ∣ ) ( )
s º Yñ áYTr , 1i

B
B i B i B

l l lk
l l lk
c1 2

1 2

are independent of ∣y ñi , and we say that the quantum
information contained in ∣y ñi is k-uniformly masked into N
subsystems by M, and M is a 1-to-N and k-uniform masker
denoted by (N,k) masker. Here, Bl l l

c
k1 2

denotes the
complementary set of { }B B B, ,l l lk1 2

over { }B B B, , N1 2 .
We say M is a universal masker if it can mask all pure states
in A.

For a (N,k) masker, it demands that all the marginal states
of k subsystems should be independent of input states. This

implies that a total of !
!( )!

⎛
⎝

⎞
⎠
º

-

N

k
N

k N k
marginal subsystems

need to be evaluated. This is a huge amount of work, espe-
cially when N is large and k is approximately N/2.

Given  , N and k, a perfect (N,k) masker can com-
pletely mask the quantum source. However, in some cases,
perfect maskers may not exist. For these cases, optimal
maskers that mask original information as much as possible
are practical and useful. Thus, our purpose is to design
optimal maskers. For two quantum sources, even if they
produce the same set of quantum states, the optimal maskers
are usually different due to the different probabilities. This
further increases the difficulty of designing quantum maskers.

3. Variational quantum algorithm for designing
maskers

In this section, we introduce our variational quantum algo-
rithm for designing maskers in detail. For simplicity, the rest
of the discussion will be limited to qubit masking unless
otherwise stated. For higher-dimensional cases, they can be
simulated with qubits.

3.1. Parameterized quantum masker

First, in our algorithm, a quantum masker is implemented by
a parameterized quantum circuit (PQC) M(θ) with adjustable
parameters θ= (θ1, θ2, L ), as shown in figure 1. PQCs are
widely used in variational quantum algorithms due to their
expressivity, robustness and ease of implementation [38–42].
In the field of quantum machine learning, PQCs are an
important way to realize quantum neural networks [43–45].
We call these kinds of maskers variational quantum mas-
kers (VQMs).
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VQMs can be constructed in various forms, depending
on the specific research or the constraints of the quantum
hardware [46, 47]. A well-designed ansatz, which is a struc-
tural implementation of a VQM, can significantly accelerate
convergence to more accurate solutions. The ingenious design
of ansatzes for PQCs lies outside the purview of this paper
[48–50]. From the perspective of theoretical research, a
common PQC scheme is shown in figure 1(b), which exhibits
desirable properties [51]. Here, the VQM consists of L basic
units, each of which is further composed of single-qubit
operations {R} and controlled-NOT gates. Each R is para-
meterized with three adjustable rotation angles α, β and γ,
that is R(α, β, γ)= e−iZα/2e−iYβ/2e−iZγ/2, where X, Y and Z
are Pauli operators [38]. The role of controlled-NOT gates is
to introduce quantum entanglement between qubits. Our task
is to find the optimal parameters so that the PQC behaves as
an optimal masker. This is addressed by a hybrid quantum–

classical model.

3.2. Loss function

To optimize parameters, we design a loss function according
to definition 1,

( ) ( ) ( )

ååq s s=

=

L p p S
1

, , 2
l i j

n

i j i
B

j
B

, 1

l l

where ⎛
⎝

⎞
⎠

 =
N

k
2 is the standardized coefficient. S(σ1, σ2) is

a similarity function that measures the similarity between σ1
and σ2. For ease of notation, here we use the composite index
l= {l1, l2, L , lk} to mark k subsystems. It is required that

S(σ1, σ2)� 0 holds for any σ1 and σ2. The equation is true if
and only if σ1= σ2. Thus, L(θ) is equal to the lower bound 0
when all states of k subsystems are identical (independent of
input states), which implies the quantum information carried
by input states is perfectly masked. Conversely, the greater
the value of L(θ), the worse the performance of the masker.
Therefore, loss value can be used as a measure of the per-
formance of a masker.

The similarity measurement has a wide variety of defi-
nitions among math and machine learning practitioners [52].
In this study, we use the squared Hilbert–Schmidt distance as
a measure of similarity [53, 54]. The Hilbert–Schmidt dis-
tance between σ1 and σ2 is defined as,

( ) (( ) ( )) ( )†s s s s s s= - --D , Tr . 3H S 1 2 1 2 1 2

Thus, the similarity function has the form of,

( ) ( )
( ) ( ) ( ) ( )

s s s s

s s s s

=

= + -
-S D, ,

Tr Tr 2 Tr . 4

1 2 H S
2

1 2

1
2

2
2

1 2

The quantity ( )s sTr 1 2 is called the overlap between σ1 and σ2,
which can be effectively estimated by SWAP tests [55, 56].
The quantum circuit of a SWAP test is shown in figure 2. See
appendix A for a detailed discussion of SWAP tests.

Substituting equation (4) into (2), we obtain the concrete
expression of the loss function as,

( )

( ) ( ( ) ( )

( ))

( ) ( )
( )

⎛

⎝
⎜

⎞

⎠
⎟

åå

å å å

q s s s s

s s

s s s s

= +

-

= -
-

L p p

p p p

Tr Tr

2 Tr

Tr Tr ,

5

l i j
i j i

B
i
B

j
B

j
B

i
B

j
B

N

k
l i

i i
B

i
B

i j
i j i

B
j
B

1

,

1

,

l l l l

l l

l l l l

where si
Bl is the marginal state of k subsystems labeled by

composite index l (See equation (1)). Based on SWAP tests,
each term in equation (5) can be evaluated, resulting in an
evaluation of the loss function. As mentioned earlier, this
method is extremely inefficient due to the large number of
terms to be evaluated in equation (5), especially for large n, N
and k≈ ⌊N/2⌋. Efficient methods need to be developed.

Figure 1. Illustration of quantum information masking and a
parameterized quantum circuit model for a masker. R is a single-
qubit rotation operation that can be parameterized by three real
numbers that are not expressed explicitly.

Figure 2.Diagram of the quantum circuit for the SWAP test. Here, H
represents the Hadamard gate and S is the SWAP gate. By measuring
the expectation value of the first qubit with respect to the Pauli-Z
operator, we obtain the overlap between states ρ and σ.
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3.3. Parallel evaluation of loss function

Estimating loss functions directly requires repeating a large
number of SWAP tests, consuming a lot of quantum resources
and time. To speed up the process and save quantum
resources, we take advantage of the technology of quantum
parallelism [57]. The terms in equation (5) stem from two
aspects, the states generated by the quantum information
source and the combinations of k out of N. Let us explore how
parallelism can be used to accelerate these two.

First, let us deal with the complexity that comes with
quantum sources. We have shown in appendix A that

( )s så p Tri i i
B

i
Bl l can be evaluated by using the SWAP test

only once with input state s s s= å ÄpB
i i i

B
i
Bl l l, that is,

( ) ( ) ( )å s s s=p Tr ST , 6
i

i i
B

i
B Bl l l

where ST( · ) is a functional representation of the SWAP test.
To clarify, ‘running the SWAP test once’ here refers to one
evaluation of the overlap between two states, which requires
multiple measurements, and the higher the accuracy require-
ment, the more measurements need to be performed. Simi-
larly, ( )s så p p Tri j i j i

B
j
B

,
l l can be evaluated by inputting

s̃ s s= å Ä åp pB
i i i

B
j j j

Bl l l, that is,

( ) ( ˜ ) ( )å s s s=p p Tr ST . 7
i j

i j i
B

j
B B

,

l l l

Thus, equation (5) can be rewritten as,

( ) ( ( ) ( ˜ )) ( )⎛
⎝

⎞
⎠

åq s s= -
-

L
N

k
ST ST . 8

l

B B
1

l l

Second, let us deal with the complexity that comes with
combination. Due to the linearity of ST, equation (8) can be
further rewritten as

( ) ( ) ( ˜ ) ( )q s s= -L ST ST , 9

where ⎛
⎝

⎞
⎠

s s= å
-N

k l
B

1
l and ˜ ˜⎛

⎝
⎞
⎠

s s= å
-N

k l
B

1
l. Therefore,

the key to evaluating the loss function becomes the prep-
aration of σ and s̃. In appendix B, we give subroutines to
prepare these two states deterministically.

3.4. Optimization

Once the loss function is effectively evaluated, the classical
device can guide and update the adjustable parameters of the
VQM. There are many optimization methods, including gra-
dient-based methods and non-gradient-based methods [58].
Gradient-based methods are generally preferred due to their
fast convergence speed and good precision when the para-
meter space is very large. However, to use gradient-based
methods, the gradient information of the loss function needs
to be obtained. There are different strategies to do so, and they
may depend on the quantum device used. A common one is
the finite difference method. Different from classical neural
networks, the backpropagation algorithm is not suitable for
PQCs. Fortunately, for a certain class of gradient-compatible
PQCs, there are analytic methods to obtain their gradients
such as ‘parameter-shift rules’ [59–61]. They express the

gradient of a function as some combination of that function at
two different points. However, unlike in the finite difference
methods, those two points are not infinitesimally close toge-
ther, but rather quite far apart. Once the gradient of loss
function is obtained denoted by ∇L(θ), θ is then updated
using,

( ) ( )q q q - L . 10

It should be noted that variational quantum algorithms are
likely to encounter the barren plateau phenomenon, where the
gradient vanishes [62–64]. Many fixes and workarounds have
been proposed and investigated [41, 65–67]. This is beyond
the scope of this paper.

3.5. Complete description of variational quantum algorithm

It is time to give a complete description of the variational
algorithm for designing quantum maskers. We show the
pseudocode in algorithm 1.

Algorithm 1. Variational quantum algorithm for designing
quantum maskers

Input: Quantum source , integers N and k, number of itera-
tions ITR;

Output: Optimal ( )qM
1 Select a circuit ansatz ( )qM to represent a parameterized masker;
2 Initialize parameters θ;
3 for =itr ITR1, 2, , do
4 Call subroutines to prepare states σ and s̃;
5 Evaluate ( )sST and (˜ )sST by SWAP tests, respectively;
6 Calculate ( ) ( ) (˜ )q s s= -L ST ST ;
7 Perform optimization for ( )qL and update the parameters q;
8 end
9 return ( )qM .

The subroutines of preparing states σ and s̃ can be found in
appendix B.

4. Consumption of quantum resources

In this section, we analyze the quantum resources required by
our variational quantum algorithm in terms of the number of
qubits, number of gates, and measurements. In appendix B,
we have discussed that for a (N, k) quantum masker, it takes at
most +n N2 log 3 qubits and ( ( ))O poly kN n n, log2 gates in
our algorithm. Thus, here we focus on the measurements.

To obtain the evaluation of the loss function, measure-
ment must be performed repeatedly. A finite number of
measurements inevitably introduces errors. The more times
the measurement is repeated, the smaller the error in the
estimate. Using SWAP tests, we need to measure ( )


O 1

2 times
to guarantee that our estimate of overlap is within a precision
ò> 0. Thus, in our algorithm we need ( )


O 1

2 measurements to
evaluate L(θ) with an error ò> 0. However, it takes

⎛
⎝

⎛
⎝

⎞
⎠

⎞
⎠

O
N

k
n2

2 measurements if we directly evaluate the terms in
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equation (5). This reveals the accelerating effect of quantum
parallelism.

5. Numerical simulation

To verify the feasibility of our algorithm, in this section we
present the numerical simulation results. Given the challenges
associated with simulating quantum algorithms on classical
computers, our focus here is on the simulation of designing
(2, 1) maskers. This simplified case sufficiently demonstrates
the effectiveness of our algorithm. Second, for the sake of
simplicity, the quantum sources to be masked are chosen as,

∣ ∣ ∣ ∣

( )

⎧
⎨⎩

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎫
⎬⎭

 = +ñ -ñ + ñ - ñ
1

4
, ,

1

4
, ,

1

4
, i ,

1

4
, i ,

11

1

∣ ∣ ∣

∣ ∣ ∣ ( )

⎧
⎨⎩

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎫
⎬⎭

 = +ñ -ñ + ñ

- ñ ñ ñ

1

6
, ,

1

6
, ,

1

6
, i ,

1

6
, i ,

1

6
, 0 ,

1

6
, 1 , 12

2

∣ ∣ ∣

∣ ∣ ∣ ( )

⎧
⎨⎩

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎫
⎬⎭

 = +ñ -ñ + ñ

- ñ ñ ñ

2

10
, ,

2

10
, ,

2

10
, i ,

2

10
, i ,

1

10
, 0 ,

1

10
, 1 , 13

3

where ∣ (∣ ∣ ) ∣ (∣ ∣ )ñ = ñ  ñ  ñ = ñ  ñ0 1 , i 0 i 11

2

1

2
.

The numerical simulations are performed using the
PennyLane software library. Renowned for its versatility and
open-source nature, PennyLane serves as a comprehensive
platform for quantum computing, quantum machine learning
and quantum chemistry [68].

Figure 3 shows the loss curves across different quantum
sources. The loss value decreases rapidly with iterations.
However, the convergence values differ for different quantum

sources. For1, the loss converges to zero, indicating that
1 can be perfectly masked. In contrast, for 2, the loss
converges to 1/6. This indicates that2 cannot be perfectly
masked, a result consistent with the no-masking theorem. For
3, the quantum states have a higher probability distribution
along the equator of the Bloch sphere. Although perfect
maskers do not exist, our algorithm returns an optimal solu-
tion, achieving a loss value of 0.1. The key strategy is that the
VQM prioritizes masking quantum states with higher prob-
abilities, thereby reducing information leakage. This strategy
can be seen more intuitively in figure 4.

Figure 4 intuitively demonstrates the transformation of
the maskers on the input qubits. Blue points represent the
input qubits (to be masked), red squares represent the mixed
states of subsystem B1 and green diamonds represent the
mixed states of subsystem B2. For1, the input qubits are
uniformly situated on the equator of the Bloch sphere.
Figure 4(a) shows that the output states of the masker are both
situated at the origin, ensuring perfect information masking.
For2, the input qubits are uniformly situated at the vertices
of a regular octahedron. It has been proved that these qubits
cannot be perfectly masked [23]. Figure 4(b) illustrates the
one-to-one correspondence between the input and the output
qubits. The primary difference between2 and3 lies in
the probability distribution. Figure 4(c) shows that the opti-
mal masker prioritizes masking these qubits with higher
probabilities to the origin, thereby maximizing the extent to
which quantum information is masked.

6. Conclusion

Designing optimal maskers is a prerequisite for the application
of quantum masking in related quantum information proces-
sing tasks. This task belongs to optimal quantum state trans-
formation [69]. In this paper, we present a variational quantum
algorithm for designing QIM. This quantum–classical hybrid
algorithm can be regarded as a quantum unsupervised learning.
The loss value characterizes the performance of VQMs. If the
loss value converges to zero, we obtain a perfect masker;
otherwise, the perfect masker does not exist. However, we still
obtain an optimal masker, which may still be useful in some
situations.

To reduce state preparations and measurements, quantum
parallelism is utilized to evaluate the loss function. Although
we investigate the topic of quantum information masking,
some techniques in this paper have the potential for wider
applications such as the preparation of multipartite entangle-
ment, and quantum secret sharing.

Finally, we point out that both empirical and theoretical
results exhibit that the deployed ansatz heavily affects the
performance of variational quantum algorithms, and VQMs
are no exception. Research on designing ansatzes is underway
[50]. Quantum information masking can provide specific
research objects for the study on ansatzes.

Figure 3. Comparative analysis of loss curves across different
quantum sources. Here, the VQM consists of two basic units, that is
L= 2. Numerical results show that the loss values decrease rapidly
with iterations and converge to 0, 1/6 and 0.1, respectively.
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Appendix A. SWAP test

Here, we provide some discussion on SWAP tests. The
quantum circuit of a SWAP test is shown in figure 2. Suppose
the input state is in the form of ρ⊗ σ. Calculation shows that
the probabilities of obtaining 0 and 1 by measuring the first
qubit are,

( ( )) ( )rs= +p
1

2
1 Tr , A10

( ( )) ( )rs= -p
1

2
1 Tr . A21

Thus, the overlap between ρ and σ can be obtained by sub-
traction, that is,

( ) ( )rs = - = á ñp p ZTr . A30 1

Let us regard the SWAP test as a function and denote it by
ST( · ). Equation (A3) can be reformulated as,

( ) ( ) ( )rs r sº ÄTr ST . A4

Note that measurement must be repeated enough times to
evaluate ( )rsTr .

In our main text, we need to obtain the evaluations of
more complex quantities such as ( )r så = p Tri

n
i i i1 . A trivial

method is to evaluate each overlap ( )r sTr i i and calculate
the weighted mean. This method needs to repeat SWAP tests
O(n) times. A better method that only runs the SWAP test
once is as follows.

Our approach is to prepare a state in the form of
r så Ä= pi

n
i i i1 and input it into the SWAP test. Due to the

linearity of quantum circuits, the output state is in the form of,

∣ ∣ [ ( )

( ) ]

∣ ∣ ∣ [ ( )

( ) ]
( )

å

å

r s r s

r s s r

r s r s

r s s r

ñá Ä Ä + Ä

+ Ä + Ä

+ á Ä Ä - Ä

- Ä + Ä
+

p S

S

p S

S

0 0
1

4

1 1
1

4

, A5

i
i i i i i

i i i i

i
i i i i i

i i i i

where S is the SWAP operator. Thus, the probabilities of
obtaining 0 and 1 by measuring the first qubit are,

( ) ( )å r s= +p p
1

2

1

2
Tr , A6

i
i i i0

( ) ( )å r s= -p p
1

2

1

2
Tr . A7

i
i i i1

Finally, we obtain the evaluation of ( )r så p Tri i i i by sub-
tracting p0 and p1 as before. This indicates the linearity of
ST( · ). We come to the following conclusions from the
SWAP test:

1. If we input ρ⊗ σ, then it outputs ( ) ( )r s rsÄ =ST Tr ;
2. If we input r så Ä= pi

n
i i i1 , then it outputs

( ) ( ) ( )å år s r sÄ =
= =

p pST Tr ; A8
i

n

i i i
i

n

i i i
1 1

3. If we input r så Ä å= =p pi
n

i i j
m

j j1 1 , then it outputs

( ) ( ) ( )å å åår s r sÄ =
= = = =

p p p pST Tr . A9
i

n

i i
j

m

j j
i

n

j

m

i j i j
1 1 1 1

Figure 4. Illustration of optimal maskers. Panels (a)–(c) depict the transformation of the optimal maskers for different quantum sources,
respectively. Blue points represent the input qubits, red squares represent the mixed states of subsystem B1 and green diamonds represent the
mixed states of subsystem B2. Dotted arrows illustrate the correspondence between input and output qubits.
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Appendix B. Preparation of σ and ~σ

In our algorithms, a key step is to prepare σ and s̃. Here, we
introduce subroutines to prepare these states.

Suppose an arbitrary state |ψi〉 ä S is generated by
applying a known unitary operator Ui on the standard state
|0〉, that is,

∣ ∣ ( )y ñ = ñU 0 . B1i i

Based on Ui, we construct a controlled unitary operator:

- ∣ ∣ ( )å= ñá Ä
=

C U i i U , B2
i

n

i
1

where {|i〉} forms a set of orthonormal bases. C-U can be
decomposed into n multi-qubit controlled operations [1].

Given an initial state ∣ ∣å ñ ñ= p i 0i
n

i I A1 , by applying C-U
on I and A, we obtain:

∣ ∣ ∣ ( )åy yñ = ñ ñ
=

p i . B3
i

n

i I i A
1

In general, preparing an arbitrary state is difficult. However,
efficient algorithms exist for the states to be of the form

∣å ñ= p ii
n

i1 . For example, Grover and Rudolph proposed a
scheme that requires a linear number of operations regarding
the number of qubits [70]. Applying M(θ) on |ψ〉 gives us:

∣ ∣ ∣ ( )åYñ = ñ Yñp i . B4
i

n

i I i B

If we focus on the k subsystems marked by l, we obtain
så pi i i

Bl. Making another one and putting them together, we
obtain s̃ s s= å Ä åp pB

i i i
B

j j j
Bl l l.

Note that our purpose is to prepare ˜ ˜⎛
⎝

⎞
⎠

s s= å
-N

k l
B

1
l. To

this end, let us associate l= {l1, l2, L ,l k} with an n-qubit
quantum state defined as,

∣ ∣ ∣ ∣ ∣ ( )   ñ = ñ ñ ñ ñ-l 0 1 1 1 , B5l l l l1 k1 1 2

that is the lith qubit is set at |1〉 and the rest at |0〉. For
example, if l= {1, 3, 4} and N= 5, the corresponding state is
|l〉= |1〉1|0〉2|1〉3|1〉4|0〉5. Based on this, we introduce Dicke
state ∣ ñDk

n defined as,

∣ ∣ ( )⎛
⎝

⎞
⎠

åñ = ñ
-

D
N

k
l , B6k

N

l

1
2

that is the equal superposition of all N-qubit states |l〉 with
Hamming weight k. Dicke states have garnered widespread
attention for tasks in quantum information and as starting
states for combinatorial optimization problems [71–74]. Then,
we define the cyclic shift operation R[i,j] as below:

∣ ∣ ∣ ∣ ∣ ∣ ( )[ ]  ñ ñ ñ = ñ ñ ñ+ + + -R x x x x x x , B7i j i i i i j j i i j j i j, 1 1 1 1

which can be constructed by SWAP gates:

( ) ( )[ ] = - - -
=

- -

R S j r j r, 1 . B8i j
r

j i

,
0

1

Based on R[i,j], the controlled cyclic shift operations can be
constructed:

- ∣ ∣ ∣ ∣ ( )[ ] [ ]= ñá Ä + ñá ÄC R R I0 0 1 1 , B9i j i j0 , ,

- ∣ ∣ ∣ ∣ ( )[ ] [ ]= ññ Ä + ñá ÄC R R I1 1 0 0 . B10i j i j1 , ,

Next, we construct a controlled operation C-R defined as,

- ( · ) ·

( )

[ ] [ ] [ ]= - -
=

-
- -

+C R C R C R R ,

B11
i

N
N i

N
N i

i N
0

2

1 1, 0 1,1 1,

where the superscript of C indicates the control qubit. The
quantum circuit of C-R is shown in figure 5. Note that R[1,1]

denotes identity operation. We reserve it here for clarity. It
can be easily verified that C-R can determinedly shift target k
subsystems into the last k subsystems according to |l〉 enco-
ded into the control qubits.

Figure 5. Diagram of quantum circuit for C-R.
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For example, if we input |l〉|Ψi〉, the last k subsystems of
system B output the state si

Bl.
Now, it is time to give the subroutine to prepare s̃. We

show the subroutine in algorithm 2.

Algorithm 2. Prepare state s̃

Input: , N, k, M
Output: s̃
1 Prepare ∣ ∣yå ñ ñ= p ii

n
i I i A1 1 ;

2 Apply M on systems A and R, where R refers to the necessary
auxiliary system;

3 Discard system I1, obtaining ∣ ∣å Yñ áY= pi
n

i i B i B1 ;
4 Repeat steps 1-3, obtaining another copy of ∣ ∣å Yñ áY= ¢ ¢pj

n
j j B j B1 ;

5 Prepare Dicke state ∣ ñDk
N

I2;
6 Apply -C R on systems I2 and B;
7 Apply -C R on systems I2 and ¢B ;
8 Reserve systems - + - +BN k N k N1, 2, , and ¢ - + - +B N k N k N1, 2, , ,
obtaining s̃;

9 return s̃.

Similarly, σ can be prepared in a slightly different way
and we show it in algorithm 3.

Algorithm 3. Prepare state σ

Input: , N, k, M
Output: σ
1 Prepare ∣ ∣ ∣y yå ñ ñ ñ= ¢p ii

n
i I i A i A1 1 ;

2 Apply M on systems A and R;
3 Apply M on systems ¢A and ¢R ;
4 Discard system I1, obtaining ∣ ∣ ∣ ∣å Yñ áY Ä Yñ áY= ¢ ¢pi

n
i i B i B i B i B1 ;

5 Prepare Dicke state ∣ ñDk
N

I2;
6 Apply -C R on systems I2 and B;
7 Apply -C R on systems I2 and ¢B ;
8 Reserve systems - + - +BN k N k N1, 2, , and ¢ - + - +B N k N k N1, 2, , ,
obtaining σ;

9 return σ.

From algorithm 2 and 3, it can be seen that the width of
our algorithms is at most +N n3 2 log . Suppose Ui are single-
qubit unitary operations, it has been proved that an r-qubit
controlled single-qubit unitary gate can be decomposed into a
circuit with O(r2) single-qubit and CNOT gates [75]. Thus, C-
U can be implemented using ( )O n nlog2 gates. In addition,
the preparation of ∣å ñ= p ii

n
i1 and ∣ ñDk

N
I3 requires ( )O nlog

and O(kN) gates, respectively [70, 76]. We further suppose
VQM can be implemented with a polynomial number of
operations. Then, the total number of gates of preparing s̃ or
σ is ( ( ))O poly kN n n, log2 .
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