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Abstract
We conduct a dynamical Gutzwiller mean-field study of interacting bosons on a four-leg ladder,
subject to a uniform flux. The ground states dependent on the magnetic flux and kinetic tunneling
strength are explored. Consequently, we identify the super-vortical lattice, as well as the inner-
Meissner phase, which presents Meissner currents just along the intimal legs within the flux
ladder. The staggered-current phase is also allowed, with its formation condition altered because
of the four-leg construction. The number of legs on the flux ladder can make an effect.
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1. Introduction

Due to these highly controllable and flexible properties, ultracold
atoms loaded in the optical lattice establish an elegant platform
for emulating many-body physics of intricate solid-state systems
[1–3], with a clean and well-controlled circumstance. Regarding
the bosonic lattice, its abundant unusual states could be descri-
bed by the celebrated Bose–Hubbard (BH) model [4–6], from
which one can illustrate the typical superfluid (SF) state, as well
as an incompressible Mott insulating (MI) state [7]. In particular,
alternating densities can be observed within the density-wave
(DW) and supersolid (SS) regimes [8–10], subject to the long-
range interaction. Another promising route in the quest for
nontrivial quantum phases is to introduce an external magnetic
field on the lattice system [11–13]. It is expected to break the
time reversal symmetry of systems. Increasingly experimental
implementations of complex artificial gauge fields have made
striking progress in recent years [14–17].

Among the diverse optical lattices of chosen geometries,
the one dimensional (1D) optical lattice has attracted a wealth
of extraordinary explorations in the past two decades. Exposed
to a uniform or a staggered magnetic flux, it is primarily cre-
ated as the ‘ladder’, whose number of legs is far less than that
of rungs in a finite system. Abundant quantum behaviors
emanate from flux ladders, with the Meissner current serving as
a prominent example [18], which presents an ascendant ana-
logue of its counterpart caused by the substantive

superconductivity. Since the Meissner phase on the lattice was
originally formulated [18], it has inspired theoretical works that
propose multiple intriguing phenomena dependent of flux
ladders, such as the vortical lattice (VL) featuring chiral vor-
tical currents [19–21], the chiral MI state [22–24], Laughlin
states connected to the Fractional Hall effect [25–28], the
biased ladder (BL) phase showing an imbalance of densities
between two legs [29–32], as well as the Hofstadter butterfly
[33–35]. Experimentally, a compelling realization of the
Meissner currents is reported [36]. It has been further generated
in a Fock space [37]. During the last few years, there are also
flourishing proposals about the novel Peierls phase [38–41].

Confined in one 1D lattice, the usually adopted numerical
method is known as the density matrix renormalization group
(DMRG) [42–44], which works effectively with a high pre-
cision. Even so, when the lattice’s width (the number of legs)
is considerably enlarged, the validity of the DMRG arguably
becomes attenuate [45]. In addition, previous efforts on flux
ladders pay more attention to lattices comprised of no more
than three legs [30, 46, 47]. Potential structures of ground
states residing on four-leg bosonic ladders, or ladders con-
sisting of more legs come to be interesting themes, and
deserve more attempts on attendant schemes.

In this manuscript, we choose a four-leg bosonic lattice as
the target, subject to a uniform magnetic field. Spectacular
performances of this system would be figured out by employing
the dynamical Gutzwiller mean-field theory (DGMFT) [48–50],
whose substantial advantage is to feasibly solve a ladder model
composed of a great amount of legs, and map out ground states
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site by site. The resulting numerical solutions are worth men-
tioning due to their appealing structures, including the inner-
Meissner phase, the super-vortical lattice, as well as the stag-
gered-current phase. We further probe the model consisting of
five legs. Consequently, the quantum phases experience an
alteration, meaning that the number of legs could make an
impact on the ground states of the flux ladder.

The remainder of this paper is structured as follows: in
section 2, we outline the BH model entailing the artificial
magnetic flux, and the method used, followed by a pre-
sentation of results and discussion in section 3. A brief
summary is given by section 4.

2. Model and method

The bosonic flux ladder consisting of four legs is concisely
sketched in figure 1, whose Hamilton is described by the BH
model, taking the form as below:
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where the four different legs are labeled by σ = a, b, c, d
respectively, with r symbolizing the index of the rung. J is the
tunneling amplitude on the inner leg, and K represents the
tunneling amplitude between two neighboring legs, but along
the rung. ˆ †sr (ŝr) creates (annihilates) a boson on leg σ and the
rth rung, while ˆ snr refers to the relevant particle number
operator. The phase factor f describes an artificial flux
quantum applied on each plaquette. μ is the chemical

potential, and U corresponds to the on-site interaction. For
simplicity, a constant U = 1 is chosen in this paper.

To figure out the ground states of the system, we take
advantage of the DGMFT, whose foundation is on the
Gutzwiller variational wavefunction, which can be written as
follows
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Here, ∣ ñsN r, refers to the local Fock basis on one site, whose
lattice indices belong to the rth rung and leg σ. An invariant
Nmax = 6 is exploited in this context, as a truncation of the
local maximum occupancy per site. ( )sfN

r, are complex coef-
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Considering all the above ansatzes, and substituting the
Gutzwiller wavefunction into that time-dependent Schro-
dinger equation, one can eventually obtain four evolving
equations about ( )sfN

r, [48–50]. They could be further written
as
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Figure 1. The schematic diagram of the four-leg ladder lattice subject
to an external and uniform magnetic flux. From the top to bottom, a,
b, c, and d indicate those four different legs respectively. The
tunneling amplitude J only works horizontally on the inner leg,
while the inter-leg complex hopping element contributes to a phase
factor f, with K corresponding to the strength of tunneling. The red
dashed box surrounds one plaquette which consists of four sites.
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Equation (7) is a nonlinear equation, which can be solved
self-consistently under the two equations (5) and (6) via the
standard imaginary-time-evolution technique.

In our calculation, the length of the ladder lattice is
determined by L= 80, with the periodic boundary condition.
According to previous works [30, 47], the longitudinal cur-
rent operators along legs are given by

( ˆ ˆ ˆ ˆ ) ( )† †s s s s=- -s + +
j Ji , 8r r r r r, 1 1
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3. Numerical results

In our protocol, only the first twenty rungs are displayed for
clarity. Throughout this manuscript, the chemical potential
and intra-leg tunneling amplitude are fixed as μ = 1, and
J = 0.2. We begin with a small magnetic flux f = π/10, and
K = J. The resulting structure of the ground state is mapped
out in figure 2. Its local currents are comprised of two distinct
constituents, one of which is the leftward current along leg a
and b, labeled by the blue arrow in figure 2(a). The other is
oriented horizontally towards the right side, and marked by
the red arrow on leg c, as well as leg d. And as a consequence,
a collection of local currents on leg b and leg c develop the
Meissner current, just sandwiched inside the four-leg bosonic
ladder. It is named the inner-Meissner phase hereafter.
Additionally, figure 2(b) describes relevant occupancies site
by site. As observed, both leg b and c capture higher particle
populations than those of leg a and d. This particular imbal-
ance of occupancies implies an underlying physical mech-
anism behind the inner-Meissner currents.

As predicted in earlier investigations, an enlarged flux
would contribute to a VL state [19–21]. In what follows, we
would like to increase the flux quanta. For instance, figure 3
corresponds to f = π/2. In figure 3(a) where J = 0.2, and
K/J = 0.2, the structure of the ground state is characterized
by a number of supercells, some of which are schematically
encircled by dashed black rectangular boxes. Inside one cer-
tain supercell, three chiral vortical particle currents emerge,
and each of them occupies one plaquette. Though a

modulated density distribution exhibited in the right column,
local currents bridging two adjacent supercells capture no
chiral properties. Figure 3(b) is connected with K/J = 0.1,
and there are also a range of vortexes, with every two
neighboring ones featuring opposite orientations. As each
vortex encompasses six plaquettes in total, we prefer to call it
the 'super-vortical lattice' (SVL) state, distinguished from the
VL state generated by a flux ladder possessing less than four
legs. Intriguingly, as observed in the right column of
figure 3(b), within a single supercell, it presents larger
occupancies on the two inner sites, than those on the marginal
sites. Moreover, when the flux quantum is close to π, just like
f = 4π/5 in figure 3(c), the construction of the SVL state
varies. Concretely speaking, the configuration of figure 3(c) is
filled with two categories of vortexes. One is the small vortex
which vertically embraces three plaquettes, and the other
behaves as a big vortex containing six plaquettes on the
whole. Three consecutive small vortexes followed by a big
vortex actually build up an alternating sequence, in coin-
cidence with which the distribution of occupancies goes
through an analogical arrangement.

When an enhanced flux quanta locates in the vicinity of
π, the staggered-current (SC) phase comes into sight, as
displayed by figure 4, whose physical parameters are chosen
as f = 15π/16, J = 0.2, and K/J = 2. Though the SC phase
has been reported in a three-leg flux ladder [47], compared
with which, there are two different types of rectangular vor-
texes presented in figure 4(a). As observed, the first type
involves a single plaquette per vortex, and each of the second
category entails two plaquettes on the whole. Meanwhile,
during the transformation from the former type to the latter
one, the relevant distribution of occupancies also undergoes a
discrepancy, which could be commodiously found out from
figure 4(b). The clockwise and counterclockwise orientations
are respectively captured by every two neighboring vortexes.
Nonetheless, in our calculation, with an enormous flux quanta
approaching π, these chiral vortexes of a SC state could not
be further discovered in the scenery where K� J. This
restriction is not necessary for that SC state in [47], which is
derived from a flux ladder consisting of three legs.

Up to now, the above discussions basically focus on the
four-leg ladder lattice, subject to a uniform magnetic flux. Just
as aforementioned, one could generalize the BH model to a
flux lattice which is comprised of more than four chains.
Figure 5 exemplifies fascinating behaviors of local currents on
a five-leg flux ladder. For f = π/2, the SVL state could be
successfully reproduced at J = 0.2, and K/J = 0.1, as depicted
by figure 5(a), whose physical parameters are identical to those

Figure 2. The ground state corresponding to μ= 1, J = 0.2, K = 0.2, and f= π/10. (a) describes the particle currents. The red arrows denote
positive currents from the rth to the (r+ 1) th rung, while the blue arrows mark those reverse-direction currents. The thickness of these
arrows encodes the strength of local currents. (b) describes local occupancies, with the colorbar indicates the magnitude of the occupancy.
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of figure 3(b). Similarly, the physical parameters in figure 5(b)
are consistent with those in figure 2. However, the ground state
in figure 5(b) presents non-zero vertical currents as well as
longitudinal ingredients, instead of inner-Meissner currents in
figure 2. In other words, the increasing number of legs puts an
influence on the ground state of a ladder in the presence of a
small flux. Furthermore, the SC state associated with a big flux,
and classically illustrated in figure 4, also fails to experience a
recurrence depending on a five-leg ladder. In our numerical

simulation, it manifests that ground states derived from f = π/
2 are not susceptible to the growth of the amount of legs. We
further list appropriate parameters corresponding to different
quantum phases, described in table 1.

4. Summary

We investigate the quantum phases of interacting ultracold
bosons loaded in a four-leg ladder lattice, which is subject to a
uniform artificial gauge field. By employing a dynamical
Gutzwiller mean-field theory, we figure out the ground states
of the system site by site. As a consequence, the inner-
Meissner current only along the central legs within the flux
ladder is discovered. We further identify a super-vortical
lattice state, apart from the staggered-current phase. Finally,
the influence of the number of legs on the ground state is
shortly discussed, based on the BH model of flux ladder.

Figure 3. The ground states corresponding to μ = 1, and J = 0.2. From the top to bottom, (a) is related to K = 0.04, and f = π/2; (b) is
related to K = 0.02, and f = π/2; (c) is related to K = 0.02, and f = 4π/5. The left column describes local particle currents, and the right
column describes relevant occupancies.

Figure 4. The ground state corresponding to μ = 1, J = 0.2, K = 0.4, and f = 15π/16. (a) describes the particle currents, and (b) describes
relevant occupancies.

Figure 5. The particle currents of the flux ladder comprised of five legs, related to μ = 1, and J = 0.2. (a) corresponds to K = 0.02, and
f = π/2; (b) corresponds to K = 0.2, and f = π/10.

Table 1. Classification of quantum phases supported by the flux f
and the value of K/J.

Quantum phase Physical parameter

inner-Meissner 0< f� π/10, K/J � 1
super-vortical lattice π/2 � f� 7π/8, 0< K/J � 0.1
staggered-current 7π/8< f< π, K/J > 1
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