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Abstract
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In this paper, we propose a symmetric difference data enhancement physics-informed neural

network (SDE-PINN) to study soliton solutions for discrete nonlinear lattice equations (NLEs).
By considering known and unknown symmetric points, numerical simulations are conducted to
one-soliton and two-soliton solutions of a discrete KdV equation, as well as a one-soliton

solution of a discrete Toda lattice equation. Compared with the existing discrete deep learning

approach, the numerical results reveal that within the specified spatiotemporal domain, the
prediction accuracy by SDE-PINN is excellent regardless of the interior or extrapolation
prediction, with a significant reduction in training time. The proposed data enhancement
technique and symmetric structure development provides a new perspective for the deep learning
approach to solve discrete NLEs. The newly proposed SDE-PINN can also be applied to solve
continuous nonlinear equations and other discrete NLEs numerically.

Keywords: symmetric difference data enhancement physics-informed neural network, data
enhancement, symmetric point, soliton solutions, discrete nonlinear lattice equations
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1. Introduction

In the rapidly evolving era of artificial intelligence (Al), the
application of Al in mathematics and physics, particularly in
the study of nonlinear partial differential equations (NPDEs),
has become a pivotal issue. The research on NPDEs is of
paramount importance because they play a central role in
describing natural phenomena and engineering systems.
Many scientific fields rely on these equations to model
complex dynamical processes, such as fluid dynamics, heat
conduction, and biophysical processes. Through emerging
technologies such as machine learning, researchers are
exploring how to discover and solve these equations more
effectively. Many scientific fields rely on these equations to
model complex dynamical processes, such as fluid dynamics,
heat conduction, and biophysical processes. Researchers have

0253-6102/25/065002+9$33.00

developed a computation method based on physical principles
—physics-informed neural network (PINNs) [1], which has
garnered significant attention.

Innovations in this field continue to emerge, including
the optimization of the architecture of fully connected neural
network models [2-4], the improvement of loss functions
[5, 6], the optimization of training processes [7, 8] and the
enhancement of sampling points based on residuals and gra-
dients [9, 10]. Research has introduced a PINN method for
the Hausdorff fractional order derivative Poisson equation,
showing enhanced flexibility and accuracy in irregular
domains and non-uniform node distributions [11]. Further-
more, a multi-domain PINN has been developed, utilizing
domain decomposition to divide the problem into subdomains
and applying continuity conditions between sub-networks to
solve forward and inverse problems [12, 13].
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Figure 1. The data enhancement process. Black is the initial point, other colors are new points generated by data enhancement.

To improve the training efficiency and solution accuracy
of PINNs in addressing NPDEs, researchers have devised
several adaptive enhancement algorithms [4, 14-16]. Certain
investigations have focused on employing deep neural net-
works constrained by predefined control equations to optim-
ize all parameters, thus effectively elucidating solitary waves
and their interaction dynamics [14]. One research group
introduced a methodology that integrates weighted PINNs
with adaptive residual point distribution, which enhances
adaptability to steep gradient solutions through the dynamic
selection of training points [17]. Furthermore, a separate
research team has advanced an algorithm that integrates
gradient-enhanced PINNs with adaptive mixed sampling.
This algorithm attains high-precision solutions for variable
coefficient resonant nonlinear Schrodinger equations under
non-uniform parameter conditions by embedding residual
gradients into the loss function and adaptively modifying the
distribution of training points [18].

Moreover, the macroscopic properties of the solutions,
such as symmetry and conservation laws, are crucial for
physical constraints, but research in these areas remains
limited. Existing studies have proposed integrating PT sym-
metry into the loss function for optimization [19] and incor-
porating conservation law optimizations [20].

Current research primarily focuses on continuous
NPDEs, with relatively less exploration in discrete nonlinear
lattice equations (NLEs). However, recent studies have begun
to explore architectures based on pseudo-grids for the study of
discrete NLEs [21]. To further delve into discrete NLEs and
improve the solution accuracy, we propose a streamlined
processing architecture termed symmetric difference data
enhancement physics-informed neural network (SDE-PINN).
The core concepts underlying this architecture are as follows:

* Employing data enhancement techniques to create
datasets that reflect both differential and symmetric
demands, which are subsequently used as inputs for the
neural network, can significantly enrich the data without
being restricted to discrete equidistant sampling points.

» The outputs generated by the neural network facilitate
efficient differential computations by converting the
differentiation operations within the continuous model’s
loss function into forward and backward difference

operations in the discrete model. This approach reduces
computational complexity and enhances efficiency.
Building upon the symmetrical properties inherent in the
solutions of physical equations, this study proposes an
adaptive symmetric point learning method. By dynami-
cally selecting symmetric points and imposing symmetry
constraints on the network outputs, the model’s solutions
are ensured to adhere to the principles of physical
symmetry.

The structure of this paper is as follows: section 2 will
provide a detailed introduction to the SDE-PINN. Section 3
will discuss the prediction and extrapolation of the discrete
KdV equation under both known and unknown symmetric
points. Section 4 will discuss our model and existing discrete
neural network models for an already solved discrete Toda
lattice equation. The final section will sum up the results and
provide conclusions.

2. Model description

In this section, we describe how to solve the discrete NLEs by
building and evaluating the SDE-PINN. The process is divi-
ded into three main parts.

2.1. Data enhancement

In terms of input, discrete NLEs require training and predic-
tion on integer grid points. Given the irregular distribution of
solitary points near peaks, additional prior information is
needed. Inspired by [9], we use firstly the Hammersley
method to generate data N7. Then we map it to create sym-
metrical — NT using symmetric point P, and average both
inputs to achieve outputs. This method satisfies the equation’s
symmetry requirements. The symmetric point P can be preset
or learned through a neural network. Different from the space
discretization for NPDEs, we need to create additional data-
sets via shift operations (i.e., Ef (n, t) = f(n + 1, ) represents
the forward shift, while £~ 1f (n, ©) = f(n — 1, 1) denotes the
backward shift) and simulate spatial differences using neural
network outputs. The data enhancement process is depicted in
Figure 1.
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Figure 2. SDE-PINN architecture diagram.

2.2. Training process and optimization strategies

The first step is to impose the hard constraint on the boundary
conditions. During the training process, the hard constraints
on the boundary conditions cause their corresponding loss
components to approach zero, considering the inherent errors
in data values. Therefore, the discussion henceforth only
focuses on the initial and internal points.

This diagram illustrates the architecture of the neural
network, where the neural network operator O processes
inputs NT and its negative counterpart — NT. The parameters
of the neural network, denoted by 6, include the weights and
biases that are learned during training to optimize the net-
work’s performance. The architecture is designed to leverage
symmetry in the input data, which can enhance the model’s
performance by effectively capturing underlying patterns.
Below are the key equations defining the operation and
components of the system. The combined output of the neural
network is defined as

~ 1
Un.r:0) = E[O(NT) + O(=NT)]. ey

The term E =+ i represents a differential operator applied
to the system’s evolution, specifically defined as
Ex+i=Unsiro— Unrop i=123... (2
The loss function used to optimize the neural network
parameters 6 is structured as follows
Loss(#) = wy -

MSE ,0 + w2 - MSE nLE, 3

where wy and w, are the weights for the respective mean
squared error (MSE) terms. The two MSE terms are defined

as follows

MSE ,(0) =

Z |U(nl’ l? [Jllza

MSE nie(6) = Z lus — E(u, E £ D, “

] 1

in which N, is the number of initial condition samples, N is

the number of samples at which the NLEs residual is eval-
uvated, U (1;, n;) represents the predicted output at the initial
condition, U; is the actual output at the initial condition, and
&(u, E £ i) represents a nonlinear function.

The second is the optimisation of the training process.
Initially, the training optimizes solely for the initial points,
adhering to the causal sequence. This approach not only trains
points that are already accurately determined but also sub-
stantially speeds up the training process, rapidly reducing the
loss function within a very short period. Once the initial
conditions are satisfied through preliminary training, the
second phase begins. This phase introduces a regularization
penalty term for NLEs, focusing on training the internal
points. Additionally, a significantly larger weight w is
assigned to the loss function term for initial conditions to
ensure that after satisfying the initial conditions, the NLEs
penalty term is utilized to further optimize training for internal
points. This method significantly reduces time and conforms
to the actual causal training sequence.

The complete SDE-PINN architecture is shown in
Figure 2.

In terms of setting the weights of the components of the
loss function, wy denotes an initial weight, typically set to 1,
while K represents a large weight, often chosen as 1 x 10° in
the model.
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2.3. Network settings and effectiveness evaluation

In the presented numerical outcomes for the discrete NLEs,
the network setup used includes a two-dimensional input
layer that processes spatiotemporal data. In the intermediate
hidden layers, four fully connected layers with eight neurons
each are chosen. The optimizers chosen are Adam and
LBFGS, which adaptively switch based on changes in the loss
function. The learning rates are set at 1 x 10~ for Adam and
1 for LBFGS.

The model’s performance is assessed using the relative
error (RE) as the evaluation metric. The RE is defined in a
discrete structure as follows

P—I~Bi—1 -
~ Xilo Xjtoluij — il

B—IP—1
Zir:o j”:() |ui,j|

RE 5)

where P, is the total number of time points, P, is the total
number of spatial points, u;; is the actual value at time #; and
space n;, 1;j is the predicted value at time #; and space n;.

We utilize the time interval [ — #1yy, 1] for training and
prediction. To evaluate the model’s predictive performance,
we select the time intervals [ — fgyxi, — o] and [f1ra, tExi] fOr
extrapolation. Within the training range, the RE is denoted
as REy,. For the extrapolation range, the RE is denoted as
REgx.

The code is run in a Python 3.11.7 setting, utilizing PyTorch
version 2.3.14-cul21, on a high-performance computer outfitted
with an NVIDIA GeForce RTX 3060 Laptop GPU.

3. Numerical simulation of discrete KdV equation

The first example in this section numerically simulates the
discrete KdV equation in [22], which can correspond to the
famous KdV equation through the continuous limit. The
discrete KdV equation and its initial boundary problem are
considered below

2
Upr = U, (un+l - un—1)7
1, (to) = u(n, to), ©)
up = upi, Un = Up).

u,=U(m,t)=1—

2\ — MDA — 4)cosh (2€) + (A — 4)cosh (2&,) — AT + AJ]

3.1. Known symmetric point: one-soliton solution of
equation (6)

The initial values are obtained from the exact analytical
solution in [22], from which one-soliton solution is given by
-9

Uy =Un, 1) =1+ 42

e _ N2
X sech2[nln(/\'+ al 4)+ a Azl 4t]. @)

2

Here we choose A\; =4 and N = [ — 10, 10] representing a
finite one-dimensional lattice. We set f1, = 1 and fg, = 1.5,
initializing the system at f = — 1 as per equation (6) to establish
initial conditions. The boundary values for the potential func-
tion u,, are set as u;,; = up, = 1. Training and prediction occur
within Ry, = {(n, Hln € [ — 10, 10], r € [ — 1, 1]},
while extrapolation tests are conducted in Ry = {(n, Hln €
[—10,10],t e[ — 1.5, — 1]JU [1, 1.5]} to evaluate the model’s
extrapolative capabilities.

In the first phase, the Adam optimizer is initially used,
and after 300 training iterations, it is switched to the LBFGS
optimizer. Subsequently, the loss function value rapidly
decreases to 1.54273 x 107°, with a total of 400 epochs
completed in 10.0 seconds.

In the second phase, the Adam optimizer is used for the
first five iterations. Due to the application of a large initial
weight and the addition of an NLEs penalty term, the loss
function initially increases. After 405 iterations, the optimizer
is switched to LBFGS, and after 410 epochs, the loss function
reaches 9.12466 x 1077, with the initial value residual being
5.76309 x 10'° and the NLEs penalty term value being
3.36157 x 10~". The second phase involves 50 epochs and
takes 119.6 seconds.

The final REs are RE;,, = 6.1314 x 107 in R;,, and
REg, = 5.6612 x 107 in Roy. The spatiotemporal domain
for model training is illustrated in figure 3. It is evident that
under prior symmetric point conditions, the SDE-PINN
model achieves very high accuracy with rapid convergence.

3.2. Unknown symmetric point: two-soliton solution of
equation (6)

In more cases, we do not know the prior symmetric points, at
which point the coordinates of the symmetric points can be
added as parameters to the model training. For the selection of
the initial point, a preliminary model can be trained to cal-
culate or estimate an approximate symmetric point coordi-
nate. We train our model by using a two-soliton solution of
equation (6) in [22] as follows

®)

[y — 4 — 0N — d)cosh (€, + &) + My M — 4 + AN — 4)cosh (&, — )P
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Figure 3. Numerical solution of equation (6) for one-soliton solution with known symmetric point. (A) shows the true density map of u,;
(B) exhibits the model output of u,,, where inside the white dashed line is the predicted range and outside the white dashed line is the extrapolated
range; (C) shows the absolute value of the difference between the true and predicted values; (D) shows the value of the NLEs penalty term in the

loss function.
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Figure 4. The training process diagram, where the straight line is the
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the optimizer transformation, as well as the stage transformation
during the training process.

v e
where & = nln(A'Jr\/z/\' 4) + A'\/AZ‘ Y for i = 1, 2. Here

we choose \ = % X2 = 3 and keep other settings consistent
with those described in section 3.1.

Firstly, we train a SDE-PINN model without a symmetric
point as a preprocessing step, then observe and estimate that
the symmetric point P, of the two-soliton solution is near the
origin. In this stage, we initially set P at (0,0), considering
that the first phase only involves training initial values, so the
symmetric point parameter is not included in the model.
However, upon entering the second phase, this symmetric
point will be integrated into the model as an important
parameter of the neural network.
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Figure 5. The time evolution of a two-soliton solution at six different
space-time points.

The training process is illustrated in figure 4. Observation
of the centroid coordinate changes reveals that incorporating
the coordinates as neural network parameters into the training
can be more effective in adaptively finding symmetric point
P,. The actual symmetric point is (0,0) and the adaptively
found symmetric point is (0.0144, -0.0049). For ease of
observation, the epochs of the first phase are scaled by
dividing by 10, compressing the range from [0,400] to [0,40],
while the second phase epochs are represented as actual
counts, from [400,600] to [40,120]. The first phase takes
4.4s and the second phase takes 81.7s. The final REs
are  REp, 75230 x 107* in R, and REg, =
9.6901 x 10™*in Roy.

Six space-time points are equidistantly selected for
visualization in figure 5, and it is found that the model’s
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Figure 7. The impact of different initial symmetric point selections on the loss function evolution.

fitting effect is also very good in the case of a two-soliton
solution. The spatiotemporal domain for model training is
illustrated in figure 6. As observed in figure 6 (C), the pre-
dictive performance within the designated range is notably
robust, with the potential for minor extrapolations.

To quantitatively analyze the impact of the initial point
selection, we conducted a grid-based numerical experiment,
focusing on points near the true symmetric point (0, 0). In the
experiment, the first five training iterations employed the
Adam optimization method, while the subsequent iterations
utilized the LBFGS method. Each group was trained for 100
iterations. The variations in the loss function are depicted in
figure 7. It can be observed that, with the exception of the
initial point (0.0, — 0.2), which results in a higher loss value
compared to the true value 0, 0, the loss values for other
initial points are relatively smaller. It is noteworthy that the
loss function values for three particular initial points are of the
magnitude E-6, specifically: for the point (0.5, 0.0), the value
is 2.35 x 1075; for the point (0.0, 0.1), the value is
2.06 x 107>; and for the point (0.0, -0.1), the value is
1.72 x 107>,

Further predictions and extrapolations of the model are
presented, with the results visualized in figure 8. It is evident
that the selection of the initial symmetric point has a sub-
stantial impact on the training performance of the model.
Specifically, when the initial symmetric point is aligned with
the true symmetric point, the model’s performance, given the
current parameters and training conditions, is less favorable
compared to scenarios where alternative initial points are
utilized. Furthermore, the model’s performance demonstrates
a heightened sensitivity to the selection of time coordinates,
as indicated by the significant fluctuations in relative error
observed across the seven distinct time points.

4. Model comparison through the Toda lattice
equation

To further evaluate the performance of the SDE-PINN, we
continue to compare to existing discrete soliton learning
models, specifically against the PG-PhyCRNet proposed in
[21] under the no pseudo-grid condition through the Toda
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Figure 8. The REy, and REg,, under different initial symmetry point selection conditions. (A) depicts the heatmap of prediction errors at
various coordinates. (B) shows the heatmap of extrapolation errors at different coordinates. In both panels, lighter colors represent smaller

relative errors, indicating better model performance during training.

Table 1. Comparison of RE for different models.

Model REin REgx Times
u, Vn Total u, Vo Total
PG-PhyCRNet 2.0567724E-05 2.2417906E-04  2.4474679E-04  1.0692835E-03  1.3986321E-02  1.5055604E-02 1003 s
SDE-PINN(1)  1.0501234E-04 1.2644633E-03  1.3694756E-03  1.2041807E-04  1.5070488E-03  1.6274669E-03 156 s
SDE-PINN(2)  4.4054545E-05 5.0257038E-04  5.4662493E-04 7.9619436E-05 9.1176821E-04 9.9138765E-04 622 s

lattice equation

Upr = un(vn - Vn—l),
Vpgt = Up+1 — Uy,

u,(to) = un, to), vu(to) = v(n, to),
Uy = Upl, Uy = Up, VI=Vp, VN = V.

€))

Next, we adopt the same initial-boundary conditions and space-

time range used in handling equation (9) by that model in [21],
where the space-time domain NT: [ — 12, 13] x [ — 0.5, 0]
is utilized for model training and prediction, while
NT: [ — 12, 13] x [0, 0.5] is used for extrapolation. Considering
that the symmetric points in the solutions for u,, and v, are not
consistent, we initially set both symmetric points Py, and Py, to
(0, — 0.25). Subsequently, these two distinct symmetric points
are incorporated as parameters into the model.

As shown in table 1, we compare the three models:
PG-PhyCRNet, SDE-PINN(1) (with only differential
enhancement), and SDE-PINN(2) (with symmetric differ-
ential enhancement for unknown symmetric points). We
observe that SDE-PINN(1), which employs differential
enhancement alone, achieves a total relative error
(REpt, Totar) of 1.3695E-03 for interior points, which is
higher than PG-PhyCRNet’s 2.4475E-04, but still reason-
able. In extrapolation, SDE-PINN(1) achieves a total relative
error (REgyx, Tow) Of 1.6275E-03, which is significantly
smaller than PG-PhyCRNet’s 1.5056E-02. This shows that
SDE-PINN(1) performs better in extrapolation with nearly
no significant overfitting phenomena and consistent results
between interior prediction and extrapolation.

Further incorporating symmetric enhancement, SDE-PINN
(2) approaches the predictive performance of PG-PhyCRNet.
SDE-PINN(2) achieves a total relative error (REp,, Totar) Of
5.4662E-04 for interior points, which is still slightly larger than
PG-PhyCRNet’s 2.4475E-04, but performs significantly better
in extrapolation, achieving a total extrapolation relative error
(REEx¢, Totar) Of 9.9139E-04, much lower than PG-PhyCRNet’s
1.5056E-02.

Regarding the time cost, the SDE-PINN models employ-
ing data augmentation demonstrate superior performance
compared to the PG-PhyCRNet. Notably, SDE-PINN(1)
achieves the shortest training duration of 156 seconds, whereas
SDE-PINN(2) requires 622 seconds. In contrast, PG-PhyCRNet
necessitates 1003 seconds for training. The spatiotemporal
domain utilized for training the SDE-PINN(2) model is
depicted in figure 9. The neural network is capable of deter-
mining the coordinates of P, and Py, as (1.260, — 0.25) and
(0.759, — 0.25), respectively. In comparison, the true coordi-
nates are (1, — 0.25) for Py, and (0.5, — 0.25) for P,. It can be
observed that when symmetric point coordinates are used as
parameters in SDE-PINN, the network accurately learns the
true coordinates, which not only speeds up the training process
but also enhances the precision of the training.

Compared with the existing discrete soliton learning
method PG-PhyCRNet, the SDE-PINN demonstrates a sig-
nificant advantage in terms of time efficiency and extrapola-
tion capabilities. While the prediction accuracy remains
comparable, our model exhibits minimal signs of overfitting.
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Figure 9. Numerical solution of equation (9) for one-soliton solution with SDE-PINN(2), where the spatial and temporal scales below the
white dotted line are training and prediction, and above is the extrapolation.

5. Conclusions

In traditional neural network learning methods for NPDE:s,
the focus is predominantly on continuous NPDEs. This paper
discusses the discrete soliton deep learning method for the
discrete NLEs through SDE-PINN. In this approach, the shift
operator substitutes the higher-order dispersion terms
observed in continuous NLEs, naturally fulfilling symmetry
by constructing symmetric structures. The discussions cover
known and unknown symmetric points, with numerical
simulations conducted for one-soliton and two-soliton solu-
tions of equation (6). The numerical analysis demonstrates
that, within the designated space-time domain and over a
short interval, both internal predictions and extrapolations
show outstanding accuracy. Meanwhile, compared with the
existing discrete soliton deep learning method PG-PhyCRNet
through equation (9), we find that the SDE-PINN has an
undeniable advantage in time efficiency as well as in the
extrapolation effect without a pronounced overfitting
phenomenon when the prediction effect is similar. The con-
cepts of data enhancement and symmetric structures intro-
duced in this paper also provide a novel approach for
addressing the continuous NPDEs through this newly pro-
posed discrete learning technique.

In addition, some novel findings are observed during the
training process. For instance, if the initial symmetric point
are selected near the range of the initial values, adjusting
parameters can result in better training accuracy than using
the exact given symmetric point directly. This may be due to
the increased sampling near the initial values and symmetric
point evolving towards true symmetry. Determining the initial
symmetric points and improving the learning of true

symmetric points during the training process will serve as a
future research direction. Furthermore, embedding attributes
of discrete NLEs such as the discrete symmetry and con-
servation laws into neural networks will remain a focal point
of future research.
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