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Abstract We present a class of regular black holes with cosmological constant A in nonlinear electrodynamics. Instead
of usual singularity behind black hole horizon, all fields and curvature invariants are regular everywhere for the regular
black holes. Through gauge invariant approach, the linearly dynamical stability of the regular black hole is studied. In
odd-parity sector, we find that the A term does not appear in the master equations of perturbations, which shows that
the regular black hole is stable under odd-parity perturbations. On the other hand, for the even-parity sector, the master
equations are more complicated than the case without the cosmological constant. We obtain the sufficient conditions for
stability of the regular black hole. We also investigate the thermodynamic properties of the regular black hole, and find
that those thermodynamic quantities do not satisfy the differential form of first law of black hole thermodynamics. The

reason for violating the first law is revealed.
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1 Introduction

Black hole physics is an interesting subject in modern
theoretical physics. Usually black hole is always associ-
ated with a singularity inside the black hole. In the past
few years, however, several interesting so-called regular
black hole solutions!! 5! have been found by coupling gen-
eral relativity to nonlinear electrodynamics (NED). For
these black holes, instead of usual singularities at their
center, all fields and curvature invariants are regular ev-
erywhere, and they asymptotically behave as ordinary
charged Reissner—Nordstrom black hole solutions. The
existence of these solutions does not contradict with the
singularity theorems.

An important issue in general relativity is to analyze
stability of a given static or stationary field configura-
tion via perturbation. Often, the perturbation problem
is divided into two parts, one is static background, which
is solution of the coupled Einstein and electromagnetic
field equations; the other is dynamic fluctuations (usually
only linear sector involved) of gravitational and electro-
magnetic fields. Perturbations are small deviations from
static background spacetime filled with electromagnetic
field, and their motion equations are linearized ones de-
rived from background equations. Investigation of stabil-
ity usually generates two possible outcomes. i) Fluctu-
ations’ amplitudes grow in time. In that case the back-
ground is not physical since it is unstable. ii) Fluctuations
decay in time, perturbed configuration eventually settles
down to the background after possible emissions of grav-

itational and electromagnetic radiation; this case is just
the so-called quasi-normal modes, which has been exten-
sively studied (see comprehensive reviews, %7 and refer-
ences therein).

Stability for regular black hole with NED source in
the absence of cosmological constant has been studied by
Moreno and Sarbach[® recently. Their result is that for
odd-parity perturbations, the solution is stable without
any constraint, while for even parity, it is stable only if
the NED source satisfies some conditions. These condi-
tions are satisfied for the sources of the regular black holes
found in Refs. [1] ~ [3].

On the other hand, over the past years, there is much
interest in black holes in asymptotically (anti-)de Sitter
(AdS) spaces due to the AdAS/CFT (conformal field the-
ory) correspondencel® and dS/CFT correspondence. 1!
According to the AdS/CFT correspondence, one can not
only describe the outside geometry of black holes in AdS
spaces by using the boundary CFTs, but also the inside
geometry. Therefore it is interesting to find the regular
black holes in AdS spaces, in order to see the differences
from the one corresponding to the AdS black holes with a
singularity behind black hole horizon, from the viewpoint
of dual CFTs.

In this paper, we will present a class of regular
black holes in AdS spaces in NED, and further study
dynamical stability of regular black holes by adopt-
ing gauge-invariant perturbation formalism introduced in

*The project supported by National Natural Science Foundation of China, Ministry of Education of China, Ministry of Science and

Technology of China, and Shanghai Education Commission
TE-mail address: enjuanmo@163.com
fE-mail address: cairg@itp.ac.cn
$E-mail address: rksu@fudan.ac.cn



454 MO Wen-Juan, CAI Rong-Gen, and SU Ru-Keng

Refs. [11] ~ [14]. This formulism together with spheri-
cal harmonics tensor'®='8] and parity decoupling form an
effective method to perturbation stability, which will be
briefly reviewed in Sec. 2.

We will also study thermodynamics of black hole hori-
zon. The mass, Hawking temperature and entropy are
calculated, but we find that these thermodynamic quanti-
ties do not obey the differential form of first law of black
hole thermodynamics. The reason will be discussed.

The regular black hole solution with A is presented in
Sec. 2. In Sec. 3, we discuss the stability of the solution
in odd parity, while even-parity perturbation will be ad-
dressed in Sec. 4. Thermodynamics of black hole horizon
is investigated in Sec. 5.

The metric signature is (—, +, +, +), and we use stan-
dard notations 2w(gqp) = wap + wWpe and 2wW[ep = Wab — Wha
for symmetrization and anti-symmetrization, respectively.
Throughout this paper, Greek letters u, v denote space-
time indices, taking values in 0, 1, 2, 3, while Roman letters
a, b will denote 0, 1, and A, B denote 2, 3. In addition,
for the spacetime manifold M = M x S2, the metric is
decomposed as g = § + 2§, we use “~” to denote quanti-
ties on M while “*” to denote quantities on 52, e.g. %, A
denote the Hodge * dual operator and Laplace operator
with respect to g.

2 Regular Black Holes

The action of gravitational field coupled to a nonlinear
electromagnetic field with a cosmological constant A can
be written as

S A) =4 [VEgdta[R-2n - ap)]. )
where R denotes the scalar curvature of spacetime metric
9uv, and L(F') is an arbitrary function of F' = F*F),, /4.
In Einstein—-Maxwell theory, L(F) = F, while for regular
black holes in NED, its form will be fixed later.

Varying the action with respect to metric and electro-
magnetic potential, one has the Einstein-NED equations
and electromagnetic field equation and Bianchi identities
in the so-called F-framework,

1
G = z[cFF;;Fm — (c + 5Aﬂ : 2)
Vo (LpFPe) =0, (3)
V% PR =0, (4)

By dual transformation,
9w = Gy Fuw — *Pu,, L(F) — —H(P),

where P,, = LrF},,, the hamiltonian H is a function of
P =P, P"/4=(Lp)*F, and

dH = (Lp) 'd((Lp)*F) = HpdP.
Also we have Legendre transformation

H=2FLpr—L, L=2PHp-—H, (5)
and *xPH* x PY® = pPHepYe — 260 P then in the P-
framework, corresponding equations to Egs. (2) ~ (4) are

G/ = 2[HpPua P =3, (2PHp — H + %A)} . (6)
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V, Pt =0, (7)
V. (xHpPH) =0, 8)

which are equivalent to the corresponding ones in the F-
framework only if OF /0P and P/JF are both nonzero.
The above F-P duality is useful when transforming some
results obtained under one framework into the other (for
a more detailed analysis of duality of nonlinear electrody-
namics, see Ref. [19], and so we will discuss our problem
just in P-framework for convenience. In the meantime,
Hamiltonian H is supposed negative and satisfies the weak
field limits, i.e. H(P) ~ P as P — 0, see Ref. [1]), and
‘Hp is assumed to be regular and positive for all r > 7y,
where r;, denotes the horizon radius of black hole.

A spherically symmetric spacetime is defined as a man-
ifold which admits SO(3) to be a group of isometries, with
the group orbits of a space-like 2-surface of constant posi-
tive curvature and can locally be written as M x 52, where
M is a 2-dimensional pseudo-Riemannian manifold. The
metric takes the form

Juv = Japda” da’® +12gapda’ da”. (9)

We discuss a static electrically charged black hole solution
so that one has P,, = 25{;5::]D(T), from Eq. (7). Thus

Pop = %nab, Pay = Pap =0, (10)

where 7, is the volume element corresponding to g and
g is an integration constant that represents the electric

charge as shown later. Then P = —¢?/2r* and equation

(6) reduces to

G =2 (H— 5A), Car=0,

GaB = —20ap (E + %A) )

On the other hand, the components of Einstein tensor can

(11)

be written as
2~ =~ 1 x
Gop = —;VaVbT + 72(27=Ar + g(dr, dr) — 1)gas, (12)
GAb = Oa

Gap = (r&r - %7"2]%)@43 ,

(13)
(14)

where R is the Ricci scalar of §.

Since we are considering static solutions of Einstein-
NED equations, where the Birkhoff theorem still holds,
then the metric of M can be written as § = —Ndt? +
N=1dr?, where N = 1 — 2m(r)/r. Furthermore, by
Eq. (11), one has 9,m = —r?(H — A/2), i.e.

0o A 3
m(r) :MJr/ rszrJrTr,
where M is an integration constant. Thus given a func-

(15)

tion H, one has an exact solution to equations of motion.
Here we use the Hamiltonian H given in Ref. [1],



No. 3 Regular Black Holes with Cosmological Constant 455

1—-3y—-2¢%P 3 —2¢2P \5/2
H(P) = P, Ch) 3 (VP (16)
(14++/—2¢2P)®  2¢°s\1 4 /—2¢P
where s = |q|/2m, and m, ¢ are parameters. The corresponding Lagrangian occurs to be
o pl- 8v/—2¢?P —64°P 3 (=2¢°P)"*(3—2\/—2¢*P) (17)

(1++/-2¢2P)4 4¢°s (1++/—2¢2P)7/2
It is easy to find that the Hamiltonian (16) reduces to Maxwell theory in the weak field limit, H a P, and obeys the
weak energy conditions with H < 0 and Hp > 0.

Substituting Egs. (10) and (16) into Eq. (15), we arrive at

0 (12 _ 222 2 3
2m(r):2/\/l—q2/ ((r Sq)r + Gmr )dr—l—A—T. (18)

(r2 + ¢2) (r2 + q2)5/2 3
Note that the integrand above can be expressed as ar(q2 (7.22’12:)3 75 — (rlﬁﬁ)? ). Thus we find the solution
2mr? ¢*r? Ar? 2mr? q*r? Ar2\ -1
—_(1- : ——)dt2 (1— ——) ar? +12402, (19
9 ( (r2 + ¢2)3/2 + (r2 + ¢2)2 3 + (r2 + q2)3/2 + (r2 + ¢2)2 3 Tt (19)

in which we have set the integration constant M = m, otherwise there is still a singularity at » = 0. The associated
electric field strength E is given by

r2 — 5¢? 15 m

E=F,=HpD = qﬁ*((r2 o) + 202 +q2)7/2) .
When A = 0, the solution reduces to the case discussed in Ref. [1], where it is shown that the field strength and all
curvature invariants are regular everywhere. On the other hand, when m = ¢ = 0, the solution is just the dS (A > 0
or AdS (A < 0) space. It is easy to see that the appearance of cosmological constant does not destroy the regularity
of the solution. Therefore the solution (19) describes a regular black hole in dS/AdS space. In the large » limit, this
solution asymptotically approaches a Reissner—Nordstrom black hole in dS/AdS space depending on the sign of the
cosmological constant A. Near the origin, however, the solution reduces to

(20)

2mr?  r?  Ar? 9 2mr?  r? Ari\-1 o, 2 13
g:—(1—q—3+q—2—T)dt+(1—q—3+q—2—T) dr? +12d02. (21)
Clearly, this solution is a dS or AdS space depending on the sign of the quantity (6m/q® —3/¢*> + A).
To analyze stability of the regular black hole, we first derive the linearized perturbation equations from Egs. (6)

and (7) in terms of dg,,, and dA,, as well as related small perturbations 6P and dP,,,,
[e% [e3% ag 1
6Gyus = 2{ (Hpp Py Pood = 9k Hp)SP + Hp(2P 0P, )0 — B, P, 305,) = 09,0 (2HpP —H + 5A) |
k=14 2Hp "HppP, (22)
1
V(6P = 20900 P + 5g"ﬂég(,ppw) —0. (23)

Before proceeding, let us introduce some basic concepts and steps of the method for the stability analysis.

(i) In the polar coordinate system, orthogonal decomposition based on spherical harmonics function Yy, (scalar)
is the standard method in many physical problems. As a generalization from local area to the whole manifold, the
spherical harmonics tensor arises naturally (see for example, Ref. [15]). When an unknown object is tensor-like, while
the metric and the background manifold are spherically symmetrical, we can use spherical harmonics tensor as the
orthogonal bases of background manifold which can be viewed as a “global polar coordinate system”, and express the
tensor as a combination of these bases with some unknown scalar coefficients which are more convenient to deal with,
especially for the gauge invariant approach. Here we just give some fundamental knowledge for (k,[)-tensor (for more
details, see Ref. [8]).

e Base of (0, 0)-type, scalar function :

standard spherical harmonics function Y, even parity (—1)".

e Base of (1,0) or (0, 1)-type, vector or 1-form:

SA = ’ITL}BVBYlm, SB = n'L}BVAYlm = (;lem>Ba Odd parity (—1>l+1; SA = VAYZm, SB = VBYlm = lem;
Y dr, even parity (—1)%.

e Base of (2, 0) or (0, 2)-type, e.g. metric:

V(aSp) (base for symmetric tensor), odd parity (=) V4VBYi,, even parity (—1)°.
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The construction of these bases can be viewed as a multiplication of Y;,, and certain operators which transform
as required tensor properties. According to parity, we can classify the operators into two cases: parity preserved type,
e.g. d, V4, and parity reversed type, e.g. n%,, .

(ii) An observation: under parity transformation @ — —z, a spherically symmetrical metric is invariant, i.e. the
parity can be seen as a kind of integration constant of equations of motion. So we can divide the perturbation
amplitudes into two types: odd parity and even parity. Notice that the [ = 0 case means Y, is a constant, there is no
gravitational perturbation and it is just the background solution. The [ = 1 case is a little bit different from the [ > 1
case, but this case is more easy to analyze. Hence we will mainly concentrate on the [ > 2 case in this paper.

(iii) The next is to use the gauge freedom to simplify those unknown coefficients. Here we have 3 steps: First, make an
infinitesimal coordinate transformation generated by a vector field X#, and observe the corresponding transformation
of the coeflicients in the expanded form for the perturbation amplitudes dg,, and 6A4,. Second, find some new
amplitudes composed of the coefficients which are gauge-invariant, and then specify a gauge so that some coefficients
of the amplitudes vanish, which simplifies the form of other perturbation amplitudes and equations. Third, obtain the
perturbation equations in terms of gauge invariant amplitudes.

3 0Odd-Parity Sector
On the sphere S? (t,r = const.), when one rotates the frame around the origin, the perturbation amplitudes
(which have 14 independent components: 10 for dg,,, and 4 for A, ) transform as a set of 3 scalars (dgas), 3 vectors
(0gas, 0A,), and a 2-rank tensor (dg.5). Hence the odd-parity perturbations of dg,, and dA, are parameterized in
terms of two scalar fields k, v, and a one-form vector h = h,dz® on the two-dimensional pseudo-Riemannian orbit
space M = M/SO(3),
5gab = 0, 6gAb = hbSA, 59AB = QkV(ASB) , 5A#dl’p’ = I/SBdeB . (24)

Consider an infinitesimal coordinate transformation | where ¥ and aT = %d % denote the Hodge dual and co-
with odd parity, which is generated by a vector field X*.  differential, with respect to metric §. This equation is the
The vector must have the form!'? same as the case without the cosmological constant.!®!

Xe—0. XA— f(xa)gABSB. (25) The right side of linearized Einstein-NED equation
’ r? (22) can be obtained as
Under the transformations of dg,,, and 6 A, by the vector, Sa
it is not difficult to find the following transformations: 6G apda® = 4(g(*dv) — T2ﬁh)ﬁ —ARSa,
hHh+r2d(i2), ks k+f, vev.  (26) 0Gap =0, 6Gap=0. (30)
r

The A-term appears only in 6G 4, component of Einstein-
i i NED perturbation equation since dgq, = 0 (scalar expan-
h=h-— r2d( ) . (27)  sion) and 6gus = 0 (RW gauge). On the other hand,

2
r . . . . .
Then we can always fix a gauge so that k = 0, and 7 = h ‘;1011(: 2(;1:)errespond1ng components of linearized Einstein ten-

(usually called as Regge-Wheeler (RW) gauge). Now the

Thus the required gauge invariant amplitude is a 1-form,

form of related amplitudes and equations are simplified — 6Gapda® = {&T [r4d (%)] + {1+ 1)72+7’2Gg)h}5—‘2 ,
under the RW gauge. " ~t 2r

For the electromagnetic field, we have P = 0 since in 0Gay =0, 0Gap=—d hV(ASB) . (31)

the odd parity sector all scalar perturbations vanish, and  Comparing the above equations (30) and (31), and noting

from F,, = dA =0,A, — 0,A,, we have from Eq. (10) that GB = —4(L£ + A/2), then the main
6P, = ’)—[1;15(1/1 = H;ld(SA = H;ld(z/SdeB)W linearized Einstein-NED equation in the RW gauge is

= Hp' [dv A (Spda®) + vd(Spda®)],, . ' [ (%)} HFAh—dgidy =0, A= (I-1)(+2). (32)

Because We find here that the A term disappears and thus the con-

d(Spdz”) = d(n; Va Yimda” clusion is the same as the case without the cosmological

=vamit va Yin)dzs* A dx® constant.
— AY,,dQ = 1+ 1) Yy dQ, On the other hand, the equation concerning the com-

then one arrives at ponent 6G 4 of Einstein-NED equation deduces to

~T
5P, = Hp'[dv A Spda® — 11+ )Y mdQ,, . (28) dh=0, (33)
Note the fact g*?8gqs = 0, and use the background equa- which .is void fqr =1 case, since when l' = 1, VaSp)y =0.
tion (10) and the simplified form (28) of §P,,, the lin- Equation (33) Is called .mteg.rable condition. .
earized electromagnetic equation (23) turns to be Because h is gauge-invariant, we can replace h in the
I(1+1) above equations with h to get the general perturbation

_ - . (h
2 HP11/+q*d(r—2) =0, (29) equations under arbitrary gauge. Furthermore, under

Azt dw) +
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some reasonable assumption on the topology structure of
M, due to Eq. (33), we can always find a potential ¥ so

that 1
h=—%d(r¥ ,

where introducing the factors A and r turns out to be con-
\/AHp
and express the perturbation equations in terms of those

two new amplitudes. Following Ref. [8], we obtain the
following perturbation equations for the case [ > 1:

ANH q@}}:o,

oo (5eri () - Y2

(34)

venient later. In the meantime, we define ® =

_ JDH
—Ae - Vg [W U YRR
T T
2
+ %Hp]eb - (35)

where A = —&Td = V%V, is the Laplace operator with
respect to metric g. The perturbation for the case [ = 1
will produce a slowly rotating black hole. These two equa-
tions can be transformed to the form of a coupled system
of wave equations with symmetric potential and then the
stability of this regular black hole with cosmological con-
stant can be directly deduced. Note that these two equa-
tions (35) can be cast into

(D+5) v =0
@ - b
where

—TV“ V r 0
D= ,
0 —Hy PVOHS IV H

(36)

INH,q
1 A R

5=z INH 4
—T”q (l+1 )+iH

4 Even-Parity Sector

Perturbation problem is more complicated in the even-
parity sector than in the odd-parity case due to more
unspecified coefficients involved. Luckily, the gauge-
invariant approach is still effective.

Let us first recall the usual spherical harmonics ten-
sor of even parity (—1): Yy, (scalar), VaYim, dYim,
Yimdr (vector, 1-form), and VaVEYimn, gasYim (0, 2)-
type tensor. The perturbations of gravitational field and
electromagnetic field can be expanded in this case as

1
6gab = HabYlm = igabHYlm + Hnglm s

59(13 = QavBYlm ;

1
0Gap = KTQgABYlm + Gr? (vAvB + il(l + 1)gAB)Ylm s
0A, dz" = aYyy, + pd Y + Y du,

0F,, = 0,04, — 0,04, = [Yimda+dY, Aa)u,, (37)
where H,y, is a symmetric tensor field with its trace part
H and trace-free part H ab, Q = Qpda®, o = opda’ are
two one-forms and K, G, p are three scalar fields which
are all defined on the orbits space M. Notice that here
we have made a further decomposition for dgup, 095 (i-e.
trace part + trace-free part), which is useful to the anal-
ysis below.

The related vector field X to generate the gauge trans-
formation with even parity has the form!*?

= faYlm 5 4 = ngBVBYlm 5 (38)
where £% is a vector field and f a function, both belong-

ing to M. Correspondingly, the transformations of the
perturbation coefficients behave as

Hay — Hap + 2V &), Qp— Qo+ & + 1V f
ST a4y,

a—a+ 'Hp%%(fadxa).

K— K+2——

G—G+2f,

Now by observing the above formulas, it is convenient
to introduce a vector field p, = Qq — (1°V,G)/2, which
changes as p, — pq, + &, The gauge invariants for even
parity can easily be constructed as!'¥

Hab = Hgp — QV(apb) )

_ p*Ver 1
2 —I(l+1
r + 2 ( + )G7

(39)

K=K-

(40)

As the case of the odd-parity sector, we can fix a gauge
(RW gauge for even parity) to make p, = 0, Qp = 0,
G = 0, and the simplified perturbation amplitudes be-
come

_ q - "
a=a-— Hpﬁ*(padx ).

1
§gabHYlm + Hnglm )

0gap = KT2gABYlm .

6gab = HabYlm =
09 =0, (41)

Next we can obtain the components of linearized Ein-
stein tensor by the above perturbations,

965G u =T Y, 0G°Virdazb =VY,,,

1
5GAbd.'L‘b = §UVAYlm )

1
6Gop = S(VAVB + 51(1 + 1)gAB) Yim,

where two scalars S, T and two 1-forms U, V can be ex-
pressed by HY, H, K, and N(= 1 — 2m(r)/r). Since
these functions are not explicitly related to the cosmolog-
ical constant, we conclude that the concrete forms of them
are the same as those in the case without the cosmological
constant (see Eqgs. (35) ~ (38) in Ref. [8]). The cosmo-
logical constant appears in the Einstein-NED equations
(for the corresponding equations without the cosmologi-

cal constant see Eqgs. (39) ~ (41) in Ref. [8]),

(42)

k—1g¢q

H U—4Hp Lde — 2AQ,da’
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1
idg = —Hpla, V= (H - 5A)rdK. (43)
From the fixed gauge @, = 0 and the background equation of G g, as well as the simplified form of §g,5, we find that
0G ap is proportional to g,p, i.e.
~ 1, ~ 1, -~
0Gap = (TAT — §r2R>6gAB = K(TAT — ETQR)gAB Yim - (44)

Since the trace-free part of G 4p vanishes, one has S = 0. By some straightforward calculations we get S = —H/2.%!
Thus we then have H = 0.
Following Ref. [8], after a tedious calculation, we get the perturbation equation of gravitational field,

2rg(de, dr) +1(1 + 1)s + [m +6m + 2 (H - %A)}K - SNHp%ng =0, (45)

where K can be eliminated by

d'z - 252, dr) - (; + 4HPT—B>K +4[fd ('Hpr—Zdr> +2NHp 5 — =——IHp|s =0, (46)

and Z = C —rdK +4H,¢(q/r*)dr = ds. On the other hand, we have the linearized equation for the electromagnetic
field,

I(1+1)

r

Hp'd (Hpdg) + & 6+ %(%K—H) —0, (47)

where ¥d¢ = —Hp'a as mentioned above. By introducing the following two functions (a = 6m(r)/r + 2r?(H — A/2)):

_ N _ q <
U=VA <I>—\/4Hp<¢—;a+/\>, (48)

we can cast the perturbation equations of gravitational field and electromagnetic field into

(D+S)<\IJ):O, (49)

o
where
5 (—}ﬁﬂr?@a,{ 0 ) g_ [ mrmla ] — Sty @+ 23] (50)
= —1/2&q = -1/2 ) > = 2 )
0 ~Hp PV HPV H — YRRy 4 200 L e, 4 2]
with )
b:/\+4ﬁp%, cl=A+1-N—22H+Ar?, co=c1+4Nk, w=ci+2Nk. (51)

Before getting into the main issue to discuss stability of the regular black hole, we would like to recall some general
concepts and methods involved in the stability analysis. The usual approach to analyze the linear stability problem is
to look for solutions growing exponentially in time. For example, consider a hyperbolic equation with “mode solution”,
02U /ot? = AV — VU, U(t,z) = ®(x) ek, then we have the eigenvalue equation D® = —k2®, D = —A + V. If k is
real and positive, we call the system is unstable. Further, we introduce the concept of stable structure which is the
analog of causal structure in general relativity. If the system has no exponentially growing solution, we call it 1-stable
or stable (conversely if that kind of solution exists, called unstable); if the system has no linearly growing solution, it
is 2-stable or linearly stable (conversely if it has no exponentially growing solution but has linearly growing solution,
called linearly instable); if all solutions with acceptable initial data remain bounded with time, it is 3-stable or bounded
stable; while if all solutions are bounded and some solutions are still stable after a certain perturbation (e.g. change
some coefficients by adding a constant or give a small perturbation on initial data etc.), it is 4-stable or strong stable.
One tool of analyzing stability problem is the spectral theory (see for example Ref. [20]). Here for our purpose we just
introduce a theorem.

Theorem For a wave-like equation with symmetric potential of the form
- - \
(-PV*P™2V,P+S)u=0, or (0 — Pd,, P29, P+ NS) <(I)> =0, (52)

where the second equation above is under Schwarzschild coordinates and 0,.,, = N0, denotes the derivative with respect
to the tortoise coordinate and P is a positive-definite symmetric matrix and S is a symmetric matrix. If the potential
matrix S is strictly positive for Vr > ry, where 7, is the horizon radius of the black hole, while initial data is smooth
and has compact support, then the system is bounded stable (i.e. 3 bound C' < oo such that |u(t,r.)| < C for all
t > 0and r. € R). If S is just nonnegative when r > 7, the system is linearly instable (i.e. exists linearly growing
perturbation).

Now let us return to our problem. It is not difficult to see that equations (36) and (49) just belong to this type
of equations described in the theorem. So we can obtain the condition from the theorem for the bounded stability
of regular black holes with A term. At first let us consider the odd-parity case (36). It is clear that the matrix S is
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positive-definite, therefore the regular black hole is stable under the odd-parity perturbations even when a cosmological
constant is present. In the even-parity case, the stability of solution requires the matrix S to be strictly positive. From
Eq. (50), we see that the positive-definiteness of the diagonal elements of the matrix requires

2Nb (1+1) 4Hyq’
Cl+a+)\>0, K 3 r4(a+)\)(62+a+)\)>0’ (53)
and det S > 0 yields
kI(+ 1)[(a + N)er + 2AN] + SNRHPT%[I(Z +1)— 2Nk > 0. (54)

We can see that due to the appearance of the cosmological constant, the stability conditions turn out to be more
complicated than the case without the cosmological constant.

(i) The case of a negative cosmological constant, namely the solution is asymptotically anti-de Sitter. In this case,
N > 0 outside the black hole horizon. If ¢; > 0, H < 0, H,, > 0 and & > 0 outside the black hole horizon, the condition
(53) can be naturally satisfied, while the condition (54) certainly be obeyed if 0 < 2Nk < (I + 1). Note that a > 0 for
r > 1y always holds. Its proof is as follows.

Proof Recalling N =1— (2m(r)/r), m(ry) = /2, we have
2m —2m'r  2m+ 2r3(H — A/2)

< A
— 2
O, N - 2 0 < rAr|p—p, =rh0-N(rp) =1+ 2r;, (H — —2) )
In addition, we have
6m(rp,) 9 A 2 A 2 A
B — — =] = — =) = — ) >
a(ry) - +2rh(H 2) 3+2rh(H 2) 2+1+2rh(H 2)_2.

On the other hand, we can show

Or(ra) = 9, [6m + 2r* (M — A)} = —6r? (- %) +6r% (M - %) +23Hp P, = 4

2
This finishes the proof of the required result. | On the other hand, since the solution (19) asymptotically
(i) In the case of a positive cosmological constant. The  approaches a Reissner—Nordstréom-dS/AdS solution, con-
solution is asymptotically de Sitter. In that case, a cos-  sidering the dS /AdS space as the background, we find
mological horizon r. will appear; outside the cosmological  that the parameter m is just the black hole mass M, i.e.
horizon, N' < 0, while N > 0 between the black hole hori- 37 _ 1, Note that the black hole horizon is determined by

zon rp, and cosmological horizon r.. We see from Eq. (51) the equation N(r)|,—,, = 0. The black hole mass there-
that within the same condition above, ¢; > 0 is easier

to be satisfied than the case with a negative cosmological
constant between the black hole horizon and cosmologi-
cal horizon. Because of the complex of the expressions of M= (ri +4%)% (i A ¢ ) (56)
Egs. (53) and (54), it seems difficult to further derive some 2

Hpg?

>0.
r2

fore can be expressed as a function of the horizon radius
rp, and charge ¢,

—_ + -
r2 3 (r}+4¢?)?
qualitative conclusion on the stability of the regular black According to electrodynamics, the electric potential can
holes (19). But anyway we have obtained the sufficient

A\ v be calculated in the usual way
condition (53) and (54) of stability for the regular black

(oo}
hole solution (19). ¢ = / Edr
5 Thermodynamics of Regular Black Holes ©r15  myt yi(y? — 5¢?)
An important point of the black hole is that it has ther- = q/r [? (y% + ¢2)7/2 + (y% + )" dy. (57)

modynamic properties like an ordinary thermodynamic
system. In Einstein gravity theory, a black hole has en-
tropy proportional to its horizon area and Hawking tem-

Note that the integrand above can be expressed as
9y[(3/2)my® | (v* + ¢*)°/* — v*/(y* + ¢*)®]. Thus one

perature proportional to its surface gravity on the hori- ~ #TVes at 5 5
zon, and in particular, these thermodynamic quantities ¢ = 3m 3mr i qr . (58)
obey the first law of thermodynamics.?!! In this section, 2g  2q(r24¢%)52 (12 +¢2)?

we study thermodynamic properties of regular black hole  The Hawking temperature on the event horizon for any
(19) by calculating the mass, electric charge, electric po-  gtationary black holes is always given by the formula

tential, temperature and entropy of the black hole. Then 7 _ /27, where & is the surface gravity on the horizon.
we check whether the first law of black hole thermody- . {}e regular black hole (19), we get
namics still holds or not for the regular black holes. 1
Using (20), the black hole charge Qpp, can be calculated T =——(=91) lr=ry,
by the following formula on a large radius surface, m 21 (g 2) o -
1 5 . 1P =) mra(2¢° — T
Qon = o /T_}OO Fyrsinfdfde =q. (55) = 271_( CETE CETOE 3 ) . (59)
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Entropy of this black hole still obeys the so-called horizon
area formula, S = A/4 = 7r}. It is quite remarkable to
note that these thermodynamic quantities do not satisfy
the first law of charged static black hole thermodynamics,
dM = TdS + ¢dq. And dM — TdS — ¢dq also can-
not be expressed as a differential form. These conclusions
remain valid even when the cosmological constant is ab-
sent. Furthermore, we find that the first law of black hole
thermodynamics also does not hold for all regular black
holes found in Refs. [1] ~ [5]. However, it is interesting to
note that the first law of black hole thermodynamics has
been shown to hold for any NED theory.[??l The question
naturally arises why the first law of black hole thermo-
dynamics does not hold for these regular black holes in
the NED theory. In the usual black hole solutions, the
black hole mass and charge are two integration constants
of equations of motion derived from a certain Lagrangian,
the mass and charge are two parameters labelling the fam-
ily of solution of the theory under consideration. However,
for the so-called regular black hole solutions like Eq. (19),
the mass m and charge g appear as two parameters in
the Lagrangian like Eq. (17). Thus different m and ¢ rep-
resent, different black hole solutions in different theories.
This leads to the invalidness of the first law of black hole
thermodynamics, which relates different integration con-
stants in the same family of solutions.

6 Summary
In this paper, an exact solution of regular black hole

with cosmological constant in general relativity coupled to
a kind of NED sources has been presented, which asymp-
totically behaves as an RN-dS/AdS black hole in the large
radius limit, and as a dS/AdS space near the origin. We
have studied linear stability of the solution. For the odd-
parity perturbations, we have found that the cosmological
constant does not appear in the master equations, which
shows that the regular black hole is stable for the odd-
parity perturbations. For the even-parity, we have also
obtained sufficient conditions for stability of the regular
black holes. In this case, the master equations are more
complicated than the case without the cosmological con-
stant.

We have also discussed thermodynamic properties of
the regular black hole. The mass, electric charge, Hawk-
ing temperature and entropy have been calculated. In
particular, we have checked out that the differential form
of first law of black hole thermodynamics does not hold for
so-called regular black holes. The reason has been pointed
out. The invalidness of first law is due to the appearance
of mass and electric charge of black hole solution in the
Lagrangian of NED.
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