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Vacuum Black Hole Mass Formula Is a Vanishing Noether Charge*
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Abstract The Noether current and its variation relation with respect to diffeomorphism invariance of gravitational
theories have been derived from the horizontal variation and vertical-horizontal bi-variation of the Lagrangian, respec-
tively. For Einstein’s GR in the stationary, axisymmetric black holes, the mass formula in vacuum can be derived from
this Noether current although it definitely vanishes. This indicates that the mass formula of black holes is a vanishing
Noether charge in this case. The first law of black hole thermodynamics can also be derived from the variation relation

of this vanishing Noether current.

PACS numbers: 04.20.Cv, 97.60.Lf

Key words: black hole, mass formula, Noether charge, diffeomorphism invariance

1 Introduction

It is well known that Noether’s theorem links the con-
servation law of certain quantity with certain symmetry.
From 1970’s, one of the most exciting discoveries in GR
is the black hole mechanics that relates among others the
geometric properties of black holes with the thermody-
namic laws. In thermodynamics, the first law exhibits the
relation among the changes of energy, entropy and other
On the other hand, in either
classical mechanics or field theories the energy conserva-

macroscopical quantities.

tion law is directly related with the time translation in-
variance. Furthermore, its covariant form is closely related
with the re-parametrization invariance of spacetime coor-
dinates, i.e. the diffeomorphism invariance of the theory.
Therefore, it is significant to explore whether the diffeo-
morphism invariance of the gravitational theories should
be behind the mass formula and its differential one, i.e.
the first law of black hole thermodynamics.

During last decade, Wald and his collaborators as well
as other authors (see, for example, Refs. [1]-[5]) have
studied this problem and found certain link between the
first law of black hole thermodynamics and the diffeomor-
phism invariance of the gravitational theories. They have
also claimed that the black hole entropy is the Noether
charge.2~% But, some problems are still open even for
the classical black hole thermodynamics such as how to
relate the formula for mass itself with the conservation
current with respect to the diffeomorphism invariance, in
what sense the black hole entropy is a Noether charge and
so on so forth.

In this paper we explore these problems by the vari-
ational approach based on Wald’s approach. We mainly
work out the relation between diffeomorphism invariance
and the mass formula as well as the first law of black
hole thermodynamics in a manifest way. We first sketch
the derivation for the Noether current and its variation
relation with respect to the diffeomorphism invariance of
the Lagrangian 4-form by taking horizontal variation and
vertical-horizontal bi-variation of the Lagrangian 4-form
of the gravitational theories on (M3, g), respectively.
For the vacuum gravitational fields in GR, we show that
this current vanishes definitely. However, for the vac-
uum stationary, axisymmetric black holes, this vanishing
Noether charge of the vanishing current leads to the mass
formula for the black holes. This indicates that the en-
tropy of the black hole itself cannot be regarded as an en-
tire Noether charge at least for the vacuum cases instead
the mass formula, as a whole, should be regarded as the
vanishing Noether charge in a certain sense. Further, we
derive the first law of black hole thermodynamics!” from
the variation relation of the Noether current. Finally, we
end with some concluding remarks.

2 Diffeomophism Invariance and Its Noether
Currents
Let L be a diffeomorphism-invariant Lagrangian 4-
form for gravitational field metric theory on the space-
time manifold (M3, g) with metric g of signature —2.
This means that if f is a diffeomorphism map on M3,
the Lagrangian 4-form satisfies

fT(L(gab)) = L(f*(gab)) » (1)
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where f* is the induced map by f.
The horizontal variation of L with respect to the dif-
feomorphism is defined as

. d .
SL= SLfgw)|_ = Lellgm), ()

where f} denotes the induced map of a one-parameter dif-
feomorphism group f generated by a vector field £ on
M3, L¢ is the Lie derivative with respect to &.
It is easy to show the following formal equation (see,
for example, Ref. [1])
OL = Ebg+ dO(dg), (3)

where E = 0 gives rise to the Euler-Lagrange equation for
the gravitational field theory and @ the symplectic poten-
tial. In addition, from the diffeomorphism invariance of
the Lagrangian it follows

SL=L:L=d(¢-L). (4)
Combination of Egs. (3) and (4) directly leads to a con-
servation equation
d*j+ Eég=0, (5)
where j is the Noether current with respect to the diffeo-
morphism invariance

j:=xO(0g)—¢ L),
It is conserved if and only if the field equation E = 0 holds.

mod (xda) . (6)

This current (6) derived from the horizontal variation of
the Lagrangian 4-form with respect to the diffeomorphism
invariance is in the same form as the one defined by Wald
et al. Note that if £ is a Killing vector, equation (4) van-
ishes and the Noether current becomes

j:=%@(0g), mod (*dB). (7)

In order to derive the differential formula of mass, i.e.
the first law of the black hole thermodynamics, it is needed
the variation relation of this Noether current. To this end,
it is natural to calculate the following bi-variation with re-
spect to vertical and horizontal variation § and 5 of L,

60L = §(Ebdg+ dO(dg)) = 6d(¢- L). (8)
Therefore, from Eqs. (6) and (8), it follows the variation
relation of this Noether current

0=0(Edg)+dé*j, (9)

where we have used the commutative property between
the vertical variation operator and the differential opera-
tor, i.e. dd = dd. Thus, for the conservation of variation
of the Noether current (6), i.e.

déxj3=0, (10)
the necessary and sufficient condition is

§(Edg) =0. (11)

3 Diffeomorphism in General Relativity

3.1 Black Hole Mass Formula Is a Noether Charge

Let us now consider the vacuum gravitational fields
in GR. The Hilbert—FEinstein action in natural units on
(M3 g) reads

1
L=—
1671'R6’

where R is the scalar curvature and e the volume element

(12)

determined by ggqp.
According to Eq. (3), the horizontal variation of the
Hilbert—Einstein action induced by fy can be calculated

o 1 ~
SL= T [Guleg™ + Vu(@ (G)le, (13
where G,y is the Einstein tensor and
A 1
0%(d0g) = 167[2Vavb§b — V, Vi =V, VP

On the other hand, the diffeomorphism invariance of the
Lagrangian directly leads to
. 1 1
L=—— = — e.
0 167r£5(Re) 167rVC(R€ )e

From the above two equations, it follows the covariant

(14)

conservation law for the Noether current Eq. (6) with re-
spect to the diffeomorphism invariance for the vacuum
gravitational fields in GR

1 A
0= —Gudg® + V%, 15
1o, Car09" + Vi, (15)
where the Noether current is given by
. 1 b o b
= 5_Ua TAa aSb — al - 1
Ja = g Gabd” + 16— [V'Vab = VIVika] (16)

In this paper, we focus on the case of stationary, ax-
isymmetric black holes and with £ being the Killing vector

£ =1"4+Qpuo®, (17)

where t* and ¢® is the time-like and space-like Killing
vector of the space-time, respectively. Since ¢ is a Killing
vector, the corresponding conserved current j is given by
Eq. (7) or Eq. (16). The current (16) becomes

1 1
o = —Rap&® + —Gapt® 18
Jo = g- b§+87r b€ s (18)
where the following equation has been used
1
Rebgb = va[efb] = _ieefabvfeab(:dvcgd . (19)

It is now very obvious but important to note that this
Noether current and consequently its charge on an entire

Qi [ 4

definitely vanish for the vacuum gravitational fields with

Cauchy surface X,

(20)

the Killing vector (17) due to the Einstein equation. It
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is significant to emphasize, however, that although this
Noether charge vanishes, it still leads to the mass formula.

Let us now show how this vanishing Noether charge
leads to the mass formula. From the definition (20), this
vanishing Noether charge is given by

1 a
0=Q = = /E[va[agb] + Gaptt)do®, (21)

where do® is the surface element on ¥. The first term is
a total divergence, whose integral may reduce to the sur-
face one on the boundary of 3. The second integral van-
ishes due to the Einstein equation. Note that the entire
Cauchy surface ¥ has two boundaries. One is the spatial
infinity S and the other is the bifurcate surface S;;) of
the event horizon, where the upper index (—) denotes the
opposite orientation. Thus, the vanishing Noether charge
is composed of two parts Oy and Q.. at S;;) and S,
respectively. Namely,

Qi=Qu—Qu=——v

167 Seo

1
*d£+16ﬂ_/SH *dg. (22)

By definition, the Komar mass and the angular mo-
mentum are given by

1 1
M:=—— [ «de, J:=— [ =d 23
87T/S°Oﬂl< & 167 Soc* & (23)

respectively. For the case of Killing vector, the Komar
mass M is the same as the ADM mass of the black hole
configurations. Thus it follows the expression for Q..

1 1
o= —— dé=-M—-QgJ. 24
Q 67 Js_ "= 2 alf. (24)
On the other hand, for the Killing vector (17),
Veed = ke (25)

on Sy, where « is the surface gravity and ¢%® the bi-normal
to Sy. Thus it is easy to get the expression for Qg

Qy:= «d¢ = S%A, (26)

“Tor Js,

where A is the area of the bifurcate surface of the event
horizon. It is Qg that is called as the Noether charge in
Ref. [2].

Therefore, it has been shown that the vanishing
Noether charge, as a whole, with respect to the diffeomor-
phism invariance leads to the mass formula for the vacuum
gravitational fields of stationary, axisymmetric black holes
in GRI67]

Q:%(M—ZQHJ—ﬁA):O. (27)

3.2 The Differential Mass Formula

Let us now derive, from the variation relation of this
vanishing Noether charge, the differential formula for
mass, i.e. the first law of black hole thermodynamics, for

the vacuum stationary, axisymmetric black holes in GR
by the variational approach.

For the vacuum gravitational fields in GR, the vari-
ation relation of this vanishing Noether current Eq. (9)
becomes

1 5 ab .
_ a a 2
0= 16W6(Gab(sg ) 6[ y Ja] ) ( 8)

where 7, is given by Eq. (16). As was mentioned before,
it is obvious that the conserved current 3 vanishes for the
Killing vector field £* (17) if the vacuum Einstein equa-
tion holds. Further, if the variation or the perturbation
dg is restricted in such a way that both g and g + dg are
stationary, axisymmetric black hole configurations and £¢
is the Killing vector (17), the vanishing Noether current
now is Eq. (18) and the variation of the conserved current
should also vanish, i.e. 47 = 0 as well.
Thus it is straightforward to get

_1 by — L
o_g/za[Rabg a0} = 6[M — A —20,7], (20)

and equation (11) is also satisfied. Here ¥ is the Cauchy
surface.

It should be noticed that equation (29) is just the start
point of Bardeen, Carter and Hawking’s calculation for
the first law of the black hole mechanics.®! As was re-
quired in Ref. [8], under the above perturbations, the po-
sitions of event horizon and the two Killing vector fields
in Eq. (17) are unchanged. Consequently, equation (29)
definitely gives rise to the differential formula for mass,
i.e., the first law of black hole thermodynamics, among

the stationary, axisymmetric black hole configurations!%:7!

SM — Z5A—Que=o0. (30)
8

Thus both the mass formula (27) and its differential
formula (32), i.e., the first law of black hole thermodynam-
ics for the stationary, axisymmetric black hole configura-
tions are all derived from the diffeomorphism invariance
of the Lagrangian by the variational approach. Especially,
they are in fact the vanishing Noether charge and its per-
turbation among the stationary, axisymmetric black hole
configurations.

4 Concluding Remarks

Finally, a few remarks are in order:

1) From the derivation via the variational approach
in this paper, it can be seen that neither the entropy of
black holes nor the total energy of the gravitational fields
is the entire Noether charge of the conserved current with
respect to the diffeomorphism invariance on the Cauchy
surface at least for the vacuum gravitational fields. In fact,
the entire mass formula (27) itself, as a whole, should be
viewed as a Noether charge of the current Eq. (16) on the
Cauchy surface and this charge definitely vanishes.
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2) At first glance it seems to be intricate why the
conserved current j (18) for the stationary, axisymmetric
black hole configurations vanishes. In fact, the Bianchi
identity may shed light on this point from another angle
of view, since the Bianchi identity may be viewed as a
consequence of the diffeomorphism invariance. Using the
Bianchi identity and the vacuum Einstein equation, it is
easy to show

VY Gup®) =0, Ve.

This means that the conserved current j3 can be gotten

(31)

from the Bianchi identity up to a constant factor. There-
fore, at least for the stationary, axisymmetric black holes,
it would have to also be shown that the mass formula and
the first law of black hole thermodynamics are the conse-
quences of the Bianchi identity and are its perturbation
as well. In addition, this also indicates why the Noether
charge of the conserved current j should vanish.

On the other hand, it also seems to be a consequence
of the equivalence between gravitational mass and inertial
mass. In ordinary local field theories including the grav-
itational field, the charge, as an integral over a Cauchy
surface of the time-like component of the conserved cur-
rent with respect to the diffeomorphism invariance under
some orthogonal normal tetrad, is the local energy density.
But the above equivalence indicates that there should be
no local energy density for the gravitational field in gen-
eral relativity. Otherwise, if there were local mass for

the gravitational fields, not only this equivalence could
no longer be correct but GR even Newton’s theory could
be reformulated to fit the observations. The vanishing
Noether current and its vanishing charge with respect to
the diffeomorphism invariance just reflect this fundamen-
tal property for the gravitational fields.

3) It should be noticed that the requirement on &%
being a Killing vector might not be necessary. In fact,
for the vector £* what are needed possibly are its asymp-
totic behavior near the horizon and that at the spatial
infinity. If it is required some appropriate quasi-local
horizon condition® such as isolated horizon, the mass
formula Eq. (27) could also be gotten. In other words,
the derivation of the mass formula might be general-
ized into some non-stationary space-time configurations,
which have been considered by other authors from differ-
ent motivation.[!

4) In this paper what have been dealt with are the
vacuum gravitational fields of 4-dimensions. In principle,
all these results may be formulated for the gravitational
fields with sources and of other dimensions. This topic

will be published elsewhere.
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