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Hawking Tunneling Radiation of a Particle with Electric and Magnetic Charge from

Kerr Newman Kasuya Black Hole∗

LEI Jie-Hong†, LIU Zhi-Xiang, and YANG Shu-Zheng

Institute of Theoretical Physics, China West Normal University, Nanchong 637002, China

(Received January 15, 2007; Revised March 26, 2007)

Abstract Extending the Parikh’s quantum tunneling method of an uncharged particle, we investigate the quantum

radiation characteristics of a particle with electric and magnetic charge via tunneling from the event horizon of the

Kerr–Newman–Kasuya black hole. The derived result supports the Parikh’s opinion and the correction to the thermal

spectrum is of precisely the form that satisfies the underlying unitary quantum theory, and finally provides a might

explanation to the black hole information puzzle.
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At the beginning of 1970s, B. Carter and D.C. Robin-

son put forward the no hair theorem for black holes, which

implies that all information about the collapsing body is

lost from the outside region apart from three conserved

quantities: the mass, the angular momentum, and the

electric charge.[1] In 1975, the loss of information was first

introduced by S.W. Hawking. After that, a great num-

ber of arguments were continued for years without any

resolution either way. Finally, it was settled in favor of

conservation of information by a conjectured duality be-

tween string theory in anti-de Sitter [ADS] space and a

conformal field theory [CFT] on the boundary of anti-de

Sitter space at infinity.[2] But it still was not clear how

information could get out of a black hole.

In 2000, Parikh and Wilczek treated the Hawking radi-

ation as a tunneling process, where a particle moves in dy-

namic geometry, and derived the Hawking radiation spec-

trum formula for the static Schwarzshild and Reissner–

Nordstrom black holes.[3,4] The result shows that the ex-

act Hawking radiation spectrum has corrections of higher

order in ω, the presence of which ensures the Hawking ra-

diation is not pure thermal. This is exciting news because

arguments that information is lost during the black hole

evaporation rely in part on the assumption of strict ther-

mality for the radiate spectrum. The non-thermal spec-

trum can open the way to looking for the lost information.

In this method, the energy conservation and the particle’s

self- gravitation are taken into account, and a coordinate

system well-behaved at the event horizon is introduced

into the tunneling frame. Following this method, Hem-

ming and Keski–Vakkuri have investigated Hawking ra-

diation from AdS black holes,[5] and Medved found that

from a de Sitter cosmological horizon,[6] both the derived

results support the Parikh’s opinion.

In 2005, Zhang and Zhao extended the Parikh’s

method to stationary black hole, and obtained the tunnel-

ing radiation spectrum of an uncharged particle from the

Kerr–Newman and Kerr black holes,[7] in which they intro-

duced general Painleve coordinate transformation to elim-

inate the coordinate singularity, and perform the dragging

coordinate transformation to make the event horizon and

the infinite red-shift surface coincide with each other. The

results still support the Parikh’s opinion. In this paper,

the quantum tunneling radiation of a particle with elec-

tric and magnetic charge from the Kerr–Newman–Kasuya

black hole is discussed. Different from that of an un-

charged particle, the geodesics followed by a particle with

electric and magnetic charge is not light-like, but decided

by the phase velocity and the group velocity. The derived

result shows that the Hawking pure thermal spectrum de-

rived in the fixed space-time need to be modified. Taking

the particle’s self-gravitation interaction into account, the

true radiation spectrum deviates from the pure thermal

one.

According to Ref. [8], the line element of the stationary

axisymmetric Kerr–Newman–Kasuya black hole is

ds2 = −
(

1 − 2mr − Q2 − Φ2

Σ

)

dt2
KNK

+
Σ

∆
dr2

+
[ (2mr − Q2 − Φ2)a2 sin2 θ

Σ
+ (r2 + a2)

]

sin2 θdϕ2

+ Σdθ2 − 2a sin2 θ

Σ
(2mr − Q2 − Φ2)dt KNKdϕ , (1)

where

Σ = r2 + a2 cos2 θ , ∆ = r2 + a2 − 2mr + Q2 + Φ2 ,
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and tKNK is the coordinate time of the black hole. The

electrical potential and magnetic potential can be written

as

Aµ = (At, 0, 0, Aϕ), Bµ = (Bt, 0, 0, Bϕ) , (2)

respectively. Here

At = −Qr

Σ
, Aϕ =

Qra sin2 θ

Σ
,

Bt = −Φr

Σ
, Bϕ =

Φra sin2 θ

Σ
.

In Eq. (1), as the existence of the rotation freedom, it is

not convenient for us to investigate the Hawking radiation

at the event horizon. (i) The infinite red-shift surface and

the black hole horizon are not coincident with each other,

so the geometrical optics limit is not reliable. (ii) The ex-

istence of rotation contributes the dragging effect of the

coordinate system in spacetime and that of the matter

field in the energy layer near the horizon. Obviously, a

rational and physical picture should be described in the

dragging coordinate system. Performing the dragging co-

ordinate transformation

dϕ

dt
= −g03

g33
=

a(r2 + a2 − ∆)

(r2 + a2)2 − ∆a2 sin2 θ
, (3)

to Eqs. (1) and (2), the metric, and electrical potential as

well as magnetic potential can be rewritten as

ds2 = ĝ00dt2
KNK

+
Σ

∆
dr2 + Σdθ2 , (4)

A′
t = − (r2 + a2)Qr

(r2 + a2)2 − ∆a2 sin2 θ
,

B′
t = − (r2 + a2)Φr

(r2 + a2)2 − ∆a2 sin2 θ
. (5)

In Eq. (4), there still exists a coordinate singularity at

the black hole horizon. Now, performing general Painlevé

coordinate transformation to Eq. (4), that is,[9]

dtKNK = dt + G(r, θ)dr + F (r, θ)dθ , (6)

and demanding that constant-time slices are flat Eu-

clidean spaces in radial yields

ds2 = ĝ00dt2 + 2

√

ĝ00

(

1 − Σ

∆

)

dtdr + dr2

+ [ĝ00G
2(r, θ) + Σ]dθ2 + 2ĝ00G(r, θ)dtdθ

+ 2

√

ĝ00

(

1 − Σ

∆

)

G(r, θ)drdθ . (7)

According to the Landau’s condition of coordinate clock

synchronization, the integrability condition ∂θG(r, θ) =

∂rF (r, θ) can be also derived by the condition of coor-

dinate clock synchronization. Obviously, the Painlevé–

Kerr–Newman–Kasuya line element has the following at-

tractive features: Firstly, it does not have coordinate sin-

gularity. Secondly, the event horizon and the infinite red-

shift surface are coincident with each other. Finally, it

satisfies Landau’s condition of the coordinate clock syn-

chronization. All of these are necessary for us to investi-

gate the tunneling radiation characteristics.

From Eq. (7), we can obtain the null geodesics of the

uncharged massless particle in radial near the event hori-

zon,

ṙ =
dr

dt
=

√

−Σ

∆
ĝ00 −

√

ĝ00

(

1 − Σ

∆

)

. (8)

But, the particle via tunneling from a charged and mag-

netic black hole should be charged and magnetic, so the

null geodesics of the uncharged massless particle is not

applicable here for describing the true tunneling behavior

at the event horizon. de Broglie’s hypothesis implies that

the outgoing particle corresponds to a kind of wave, and

its phase velocity and group velocity satisfy

vp =
1

2
vg . (9)

Since the tunneling process is an instantaneous effect, and

the metric in Eq. (7) satisfies Landau’s theory of the co-

ordinate clock synchronization. So the difference of coor-

dinate times of two events taking place simultaneously in

different places is

dt = −g01

g00
drc , (dθ = dϕ = 0) , (10)

where rc is the location of the tunneling particle. So the

phase velocity (the radial geodesics) is

ṙ = νp =
1

2

drc

dt
= −1

2

g00

g01

=
∆

2

√

Σ

(Σ − ∆)[(r2 + a2)2 − ∆a2 sin2 θ]
. (11)

Next, we will study the tunneling radiation charac-

teristics of a particle with electric and magnetic charge

at the event horizon of the Kerr–Newman–Kasuya black

hole. Considering energy conservation, charge conserva-

tion, magnetic conservation, and angular momentum con-

servation, when a particle with energy ω, charge q, and

magnet φ tunnels out of the event horizon, the mass,

charge, and magnet parameters of the black hole will be

replaced by m − ω, Q − q, and Φ − φ in Eqs. (7) and

(11). Applying the WKB approximation, we obtain the

tunneling rate[10]

Γ ∼ e−2 Im S , (12)

where

Im S = Im

∫ tf

ti

Ldt , (13)

L is the Lagrangian function of the matter-gravity system.

When a particle with electric and magnetic charge tunnels

out, the effect of the electromagnetic field should be taken
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into account. So the matter-gravity system consists of the

black hole and the electromagnetic field outsides the hole.

As the Lagrangian function of the electromagnetic field

corresponding to the generalized coordinates described by

Eq. (5) is −(1/4)FµνFµν , we can find that the generalized

coordinate is an ignorable coordinate. In addition, the line

element (7) is obtained in the dragging coordinate system,

so the coordinate ϕ is also an ignorable coordinate. In or-

der to eliminate the freedoms, the imaginary part of the

action should be written as

Im S = Im

∫ tf

ti

(L − Pϕϕ̇ − PA′

t
Ȧ′

t − PB′

t
Ḃ′

t)dt = Im

∫ rf

ri

∫ (Pr,Pϕ,Pt)

(0,0,0)

[

dP ′
r −

ϕ̇

ṙ
dP ′

ϕ − Ȧ′
t

ṙ
dPA′

t
− Ḃ′

t

ṙ
dPB′

t

]

dr , (14)

where Pϕ and Pt are the canonical momentum conjugate to the coordinates ϕ and A′
t, and ri and rf represent the

locations of the event horizon before and after the particle with electric and magnetic charge emission, they are often

regarded as the two turning points of the tunneling potential hill, the distance between them depends on the energy,

charge and magnet of the outgoing particle. According to Hamilton canonical equation, we have

ṙ =
dH

dPr

∣

∣

∣

(r;ϕ,Pϕ;A′

t,PA′

t
;B′

t,PB′

t
)
, dH|(r;ϕ,Pϕ;A′

t,PA′

t
;B′

t,PB′

t
) = d(m − ω) ,

ϕ̇ =
dH

dPϕ

∣

∣

∣

(ϕ;A′

t,PAt
;B′

t,P
′

B
;r,Pr,)

, dH|(ϕ;A′

t,PAt
;B′

t,P
′

B
;r,Pr,) = aΩ+d(m − ω) ,

Ȧ′
t =

dH

dPA′

t

∣

∣

∣

(A′

t;B
′

t,PB′

t
;r,Pr;ϕ,Pϕ)

, dH|(A′

t;B
′

t,PB′

t
;r,Pr;ϕ,Pϕ) =

(r2 + a2)r(Q − q)

(r2 + a2)2 − ∆a2 sin2 θ
d(Q − q) ,

Ḃ′
t =

dH

dPB′

t

∣

∣

∣

(B′

t;r,Pr;ϕ,Pϕ;A′

t,PA′

t
)
, dH|(B′

t;r,Pr;ϕ,Pϕ;A′

t,PA′

t
) =

(r2 + a2)r(Φ − φ)

(r2 + a2)2 − ∆a2 sin2 θ
d(Φ − φ) , (15)

where Ω+ is the dragging angular velocity at the event horizon. Substituting the above formula into Eq. (14), we have

Im S = Im

∫ rf

ri

∫ (m−ω,Q−q,Φ−φ)

(m,Q,Φ)

[ dH|(r;ϕ,Pϕ;A′

t,PA′

t
;B′

t,PB′

t
)

ṙ
−

dH|(ϕ;A′

t,PAt
;B′

t,P
′

B
;r,Pr,)

ṙ

−
dH|(A′

t;B
′

t,PB′

t
;r,Pr;ϕ,Pϕ)

ṙ
−

dH|(B′

t;r,Pr;ϕ,Pϕ;A′

t,PA′

t
)

ṙ

]

dr ,

= Im

∫ rf

ri

∫ (m−ω,Q−q,Φ−φ)

(m,Q,Φ)

2
√

(Σ − ∆′)[(r2 + a2)2 − ∆′a2 sin2 θ]
√

Σ ∆′

[

(1 − aΩ′
+)d(m − ω′)

− (r2 + a2)(Q − q′)r

(r2 + a2)2 − ∆′a2 sin2 θ
d(Q − q′) − (r2 + a2)(Φ − φ)r

(r2 + a2)2 − ∆′a2 sin2 θ
d(Φ − φ′)

]

dr, (16)

where

∆′ = r2 + a2 − 2(m − ω′)r + (Q − q′)2 + (Φ − φ′)2 = (r − r′−)(r − r′+) ,

ri = m +
√

m2 − a2 − Q2 − Φ2 , rf = (m − ω) +
√

(m − ω)2 − a2 − (Q − q)2 − (Φ − φ)2 ,

r′± = (m − ω′) ±
√

(m − ω′)2 − a2 − (Q − q′)2 − (Φ − φ′)2 , Ω′
+ =

a

r′2+ + a2
. (17)

As r = r′+ is a pole, the integral can be evaluated by deforming the contour around the pole. Doing the r integral

firstly, we have

Im S = π

∫ (m−ω,Q−q,Φ−φ)

(m,Q,Φ)

2(r′2+ + a2)

r′+ − r′−

[

(1 − aΩ′
+)d(m − ω′) − (Q − q′)r′+

r′2+ + a2
d(Q − q′) − (Φ − φ′)r′+

r′2+ + a2
d(Φ − φ′)

]

. (18)

Finishing the integral, one obtains

Im S = − π

2

[

2(m − ω)2 − (Q − q)2 − (Φ − φ)2 + 2(m − ω)
√

(m − ω)2 − a2 − (Q − q)2 − (Φ − φ)2

−2m2 + Q2 + Φ2 − 2M
√

m2 − a2 − Q2 − Φ2
]

= −π

2
(r2

f − r2
i ) . (19)
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The areas of the event horizon before and after the particle

tunneling out are

Ai =

∫ √−g dθdϕ = 4π(r2
i + a2) ,

Af =

∫ √−g dθdϕ = 4π(r2
f + a2) . (20)

So the tunneling rate can be expressed as

Γ ∼ e−2 Im S = eπ(r2

f−r2

i ) = e∆SBH , (21)

where

∆SBH = SBH(M − ω,Q − q,Φ − φ) − SBH(M,Q,Φ)

is the change of Bekenstein–Hawking entropy. Obviously,

the true radiation spectrum deviates from the purely ther-

mal one, and is connected with the change of Bekenstein–

Hawking entropy.

Note that equation (21) satisfies the underlying uni-

tary theory. Since the tunneling rate in quantum me-

chanics is obtained by

Γ(i → f) ∼ |Afi|2 (phase space factor) , (22)

where |Afi|2 is the square of the amplitude for the tunnel-

ing action. The phase space factor is derived by averaging

the number of the initial states and the number of the

final states, and the number of the initial and final states

are the exponent of the initial and final entropies

Γ ∼ eSfinal

eSinitial

= e∆S . (23)

Obviously, equation (23) is consistent with our result

obtained by applying the Parikh’s tunneling method. So,

equation (21) satisfies the underlying unitary theory in

quantum mechanics, and then provides a might explana-

tion to the black hole information puzzle.
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