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Abstract In this paper, we consider a model system with two identical time-delayed coupled layers. Synchronization
and anti-phase synchronization are exhibited in the reactive system without diffusion term. New segmented spiral waves,
which are constituted by many thin trips, are found in each layer of two identical time-delayed coupled layers, and are
different from the segmented spiral waves in a water-in-oil aerosol sodium bis(2-ethylhexyl) sulfosuccinate (AOT) micro-
emulsion (ME) (BZ-AOT system), which consists of many small segments. “Anti-phase spiral wave synchronization”
can be realized between the first layer and the second one. For different excitable parameters, we also give the minimum
values of the coupling strength to generate segmented spiral waves and the tip orbits of spiral waves in the whole bilayer.
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1 Introduction

Spiral waves are ubiquitous in various biological,

chemical, and physical systems, such as cardiac muscle,

the oxidation of CO on platinum, and the Belousov–

Zhabotingsky (BZ) reaction.[1] Spiral waves are a kind

of beautiful and significative patterns in nature, and are

broadly studied, for example, the motion of the tip and

the control of spiral waves.[2−7] Further study of spi-

ral waves has revealed the existence of more phenom-

ena, multiarmed,[8] super-,[9] ripple,[10] zigzag-,[11] and

inwardly propagating (anti-) spirals[12] have successively

been found. Recently it has been the fact that the spi-

ral and concentric (target) waves are always not smooth

and continuous: The formation of a period-doubled spiral

waveform with broken rotational symmetry is investigated

in oscillatory media exhibiting period-doubling bifurca-

tions; The experiment of the BZ reaction in a water-in-

oil aerosol sodium bis(2-ethylhexyl) sulfosuccinate (AOT)

micro-emulsion (ME) (BZ-AOT) system exhibits also the

segmented spiral waves.[13]

In this paper, a model system with two identical time-

delayed coupled layers is considered. The model is prac-

tical, and can be used to simulate many real systems,

for example, two layers of intestine, two coupled neurons,

cardiorespiatory system, and BZ systems. With the de-

velopment of experiment technology and condition, two

distributed BZ systems with local coupling are also ex-

perimentally investigated.[14] Coupled spatially extended

systems have attracted increasing attention. As a result

of our work, segmented spiral waves consisting of many

thin trips can be observed, and anti-phase spiral waves
synchronization can happen in our considered model.

2 The Model

Each layer in the considered model is described by the
FitzHugh–Nagumo (FHN) model,[15] which was derived to
mimic Hodgkin–Huxley membrane dynamics while main-
taining the simplicity and physical meaning of the famous
Van der Pol oscillator. The FHN model was widely used to
simulate the dynamics of biological systems, including mi-
crobial populations and heart. The term of time-delayed
couple is applied in the FHN model of each layer, the stud-
ied bilayer can be described by the following equation:

∂u1

∂t
=

1

ε
[f(u1, v1) + c(u2(t− τ)− u1(t− τ))] +∇2u1 , (1)

∂v1

∂t
= g(u1, v1) , (2)

∂u2

∂t
=

1

ε
[f(u2, v2) + c(u1(t− τ)− u2(t− τ))] +∇2u2 , (3)

∂v2

∂t
= g(u2, v2) , (4)

where f(u, v) = −v − u(u − a)(u − 1) and g(u, v) =
−γv + βu − δ. In the model, u and v describe separately
membrane voltage (fast or activator variable) and v-gate
(slow or inhibitor variable), a represents the threshold for
excitation, ε represents the excitability and β, γ, and δ are
parameters that can change the rest state and dynamics.
By truncating a travel wave, a spiral wave can be formed
in each layer without the coupling. Here, we consider the
system consisting of two time-delay coupled layers, which
are common in real systems, especially in biological sys-
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tems, where bilayer membranes or multilayer are often
found. Previously, we have also considered the dynamics
of the model with a spiral state and a rest one.[16] Here
the model with two spiral states, which has a phase dif-
ference with each other is considered for a certain domain
in details, and segmented spiral waves, which are new and
anti-phase synchronization satisfying a spiral wave can be
found. We will also study the tip dynamics in the whole
bilayer under different coupled intensity in details, and
give the domain of segmented spiral waves.

3 Dynamical Behavior of Reactive System
Without Diffusion Term

We consider firstly the dynamical behavior of the cor-
responding reactive system. Without the diffusion term,

at the same time, we take t′ = 1/εt, r = γ × ε, b = β × ε,
the following equation is obtained:

∂u1

∂t′
= −v1 − u3

1 + (a + 1)u2
1 − au1

+ c(u2(t
′ − τ ′) − u1(t

′ − τ ′)) , (5)

∂v1

∂t′
= −rv1 + bu1 , (6)

∂u2

∂t′
= −v2 − u3

2 + (a + 1)u2
2 − au2

+ c(u1(t
′ − τ ′) − u2(t

′ − τ ′)) , (7)

∂v2

∂t′
= −rv2 + bu2 . (8)

Fig. 1 The time evolution of the activator variables in the reactive system without the diffusion term. (a) u1 vs. the
number of time step n; (b) u2 vs. n; (c) u1 − u2 vs. n; (d) u1 + u2 vs. n.

The point (u1, v1, u2, v2) = (0, 0, 0, 0) is the stationary

solution of the equation, but its stability depends on τ ′.

The characteristic equation of the whole reactive system

is

41(λ)42(λ) = 0 , (9)

where

41(λ) = [(a + λ)(r + λ) + b + 2.0c e−λτ ′

(r + λ)] , (10)

42(λ) = [(a + λ)(r + λ) + b] . (11)

Let us first answer the question of local stability of the

stationary point for all time-lags. In complex analysis,

if complex-valued function f(z) is meromorphic in a re-

gion R enclosed by a contour C, let N be the number

of complex roots of f(z) in C, and P be the number of

poles in C, with each zero and pole counted as many

times as its multiplicity and order, respectively. Then

N − P = (1/2π i)
∫

C
[f ′(z)/f(z)]dz. Defining w ≡ f(z)

and σ ≡ f(C) gives N − P = (1/2π i)
∫

σ
(1/w)dw, the
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above contents are called as argument principle. On the
basis of argument principle, Rouch’s theorem can be de-
rived. Rouch’s theorem tells us that if the complex-valued
function f(z) and g(z) are holomorphic inside and on some
closed contour C, with |g(z)| < |f(z)| on the C, then f(z)
and f(z) + g(z) have the same number of zeros inside C,
where each zero is counted as many times as its multi-
plicity. This theorem assumes that the contour C is sim-
ple, that is, without self-intersections, and it is oriented
counter-clockwise. Due to Rouch’s theorem, the existence
and the number of roots about complex equations can
easily be known by the existence and the number of roots
about simple equations. According to argument principle
and Rouch’s theorem, we have proved that the stationary
point remains locally stable for all time-lags if the coupling
constant is below some value cτ ′

, which is given by

cτ ′

=

√

a2r2 − 2b + 2
√

b(2r2 + 2ar + b2)

4
. (12)

The previous expression for cτ ′

is valid if b > r2 and
4(b/r) > (a − 1)2, which is always satisfied in our model.
When c > cτ ′

, local stability of the stationary depends on
τ ′. More details are obtained by the analysis of the bi-
furcation. We can get the corresponding critical time lag,
if

sin(ωτ ′) =
ω3
± − (b − r2)ω±

2c(ω2
± + r2)

> 0 , (13)

then

τ ′j
1,± =

1

ω±

[

2jπ + cos−1
(−aω2

± − (ar + b)r

2c(ω2
± + r2)

)]

,

j = 0, 1, 2, . . . , (14)

and if

sin(ωτ ′) =
ω3
± − (b − r2)ω±

2c(ω2
± + r2)

< 0 , (15)

then

τ ′j
1,± =

1

ω±

[

(2j + 2)π − cos−1
(−aω2

± − (ar + b)r

2c(ω2
± + r2)

)]

,

j = 0, 1, 2, . . . , (16)

where ω± =
√

(−A ±
√

A2 − 4B)/2, A = a2+r2−2b−4c2,

B = (ar + b)2 − 4c2r2. The previous formulas give bi-

furcation curves in the plane (τ ′, c) for fixed values of

the parameters a, b, and r. The bifurcations are either

subcritical Hopf on the cures τ j
1,− leading to a disappear-

ance of one unstable plane, or supercritical Hopf on τ j
1,+

resulting in appearance of an unstable one. The point

(τ ′, c) = (4, 0.27), which is used in the following, is above

the curve τ0
1,+ and below the curve τ1

1,+, and far below the

curve τ0
1,−, so the stationary solution is unstable.

Fig. 2 The time evolution of the inhibitor variables in the reactive system without the diffusion term. (a) v1 vs. the
number of time step n; (b) v2 vs. n; (c) v1 − v2 vs. n and (d) v1 + v2 vs. n.
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In the following, we consider the evolvement of the whole reactive system with time, as shown in Figs. 1 and 2.

The initial states of (u1, v1) and (u2, v2) correspond respectively to the excited and the recovery ones. Due to the

instability of the stationary solution, the system cannot stay in the stationary state, but is continuously excited. It is

easily seen from Fig. 1(d) that the anti-phase synchronization with certain condition and synchronization happen. In

addition, the time development of (u1 + u2) and (v1 + v2) is smooth, and in one period, very similar to that of u and v

in single FHN reactive system. These phenomena lead to complex behaviors in the corresponding spatially extended

system together with diffusion effect. Figure 3 depicts their phases.

Fig. 3 Phase chart in each layer of the bilayer. (a) In the first layer; (b) In the second layer.

4 Segmented Spiral Wave and Anti-phase Spiral Wave Synchronization

Fig. 4 Segmented spiral waves consisting of many thin trips and “anti-phase spiral wave synchronization”. (a) The
pattern in the first layer; (b) The pattern in the second layer; (c) A smooth spiral wave in the bilayer, which results from
anti-phase wave spiral waves synchronization. (d) The enlarged pattern of (a).

The numeric experiment of the spatially extended system (depicted by Eqs. (1) ∼ (4)) is undergone. In each layer,

the number of space grids is 200 × 200 and no-flux boundary is used. We take a = 0.03, δ = 0.0, β = 2.5, γ = −1.0,

c = 0.27 and ε = 0.001. Two different evolutive states of the same spiral wave are respectively used as the initial states

of the first layer and the second one in the bilayer system. After the transient adjustment, figure 4 can be very easy

to be observed. It is surprising that each layer reveals segmented spiral waves, as shown in Figs. 4(a) and 4(b), which

are different from the ones observed in the experiment of BZ-AOT. The former segmented spiral wave is consisting

of many thin trips, while the later is formed by many small segments. In order to observe carefully and clearly the
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segmented spiral wave in each layer, figure 4(a) is zoomed up and figure 4(d) is obtained.

Fig. 5 The time evolution of the activator variables on the point (150, 100) of the segmented spiral waves. (a) u1 vs.
the number of time step n; (b) u2 vs. n; (c) u1 − u2 vs. n and (d) u1 + u2 vs. n.

Fig. 6 The time evolution of the inhibitor variables on the point (150, 100) of the segmented spiral waves. (a) v1 vs.
the number of time step n; (b) v2 vs. n; (c) v1 − v2 vs. n, and (d) v1 + v2 vs. n.
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The change of the variables u1, v1, u2, and v2 with time t on the point (150,100) is recorded in Figs. 5 and 6.
It is the fact that the recovery process on the point is smooth and steady, and accord with the recovery one on a
certain point in each layer without the coupling, but the developmental process of the original excited state is asway
and alternates between the state of u > 0.5 and the one of u < 0.5, which is called as “oscillating excited states” by
us. The steady recovery process between the first layer and the second one is synchronous, but the developmental
one of oscillating excited state should be anti-phase synchronous, as shown in Figs. 5 and 6. It is easily seen that
the state of the whole system (u1 + u2) is a full spiral wave (shown in Fig. 4(c)), according to the concept of chaotic
anti-phase synchronization, the phenomena are named as “anti-phase spiral wave synchronization”. Figures 5(d) and
6(d) reveal respectively the evolution of u1 + u2 and v1 + v2 with time, which agree with the ones of spiral wave in
single FHN system. The tip trajectory of the spiral wave in the bilayer is unique, and different from spiral waves in
single reactor-diffusion systems. The tip of the spiral wave moves along the petaline curve (Figs. 7(a) and 7(b)) in the
single FHN system with the same parameter, while for the bilayer, the trajectory of the tip is coarsely astral (shown
in Fig. 7(c)).

Fig. 7 The motive trajectories of the tips. (a) and (b) depict the motion of spiral wave in single FHN model, which is
petallike; (b) Is a unit of (a). (c) Reveals the motion of smooth spiral waves in whole bilayer system, which is coarsely
astral.

Fig. 8 The excited periods Texcited and the minimum coupling parameters cmin to generate segmented spiral waves
change with the excitable parameters ε. (a) Texcited vs. ε.(b) cmin vs. ε. The numeric results are illustrated by dot. The
lines show the results by linear fit.

Considering the behaviors under the different excitable parameter ε, we find that the excited periods Texcited in a
single layer without coupling (shown in Fig. 8(a)) and the minima of the coupling cmin to generate segmented spiral
waves (shown in Fig. 8(b)) will nearly linearly increase with ε. For a single layer with vanishing coupling intensity,
with the increasing of ε, the motive domain of tips will be enlarged. When ε ≤ 0.0037, the orbits are petal-like. When
ε ≥ 0.0037, simple rotation spiral waves can exist in the system. Figure 9 depicts the motive trajectories of the tips for
two different excitable parameters (ε = 0.003 and ε = 0.0038). The tips of spiral waves in the whole coupled bilayer
move in the domains lesser than the motive ranges of tips in single layer without coupling. The shape of orbits in the
whole bilayer approaches a circle when c is very large.

5 Conclusion and Discussion

In this paper, new segmented spiral waves are observed in each layer of the model system with two identical
time-delayed coupled layers, which are built up by many nice trips, and are different from that in the experiment of
BZ-AOT. “Anti-phase spiral wave synchronization” between two layers is named according to traditional anti-phase
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synchronization relation between the chaotic systems. The phenomena contact with the dynamical nature of the
corresponding reactive system without diffusion term, which represents two time-delayed coupled units. Bifurcational
analyses of the system tell us that the stationary solution is instable due to supercritical Hopf, and that the system
cannot stay finally in the stationary, and can be perpetually excited. The time evolvement of the variables reveals the
information related with the phenomena happening in the corresponding spatial extended system. It is true that there
exist many complex patterns in nature, experiment, and numerical simulation, which is formed on the basis of the
dynamics of the corresponding simple systems. We also discuss the tips in the whole bilayer and the minimum value
of coupling intensity to generate a segmented spiral wave in a single layer.

Fig. 9 The motive trajectories of the tips for two different excitable parameters (ε = 0.003 and ε = 0.0038). (a) and
(b) depict the motions of spiral wave in single FHN model with vanishing coupling intensity (indicated by c = 0.0) and in
the whole bilayer (signed by c = 0.75 and c = 0.88). (c), (d) show the enlargement of the drawing indicated by c = 0.75
and c = 0.88 in (a), (b).
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