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Abstract Covariant helicity amplitude analysis for the process of J/v — PP is discussed. Starting from the S-
matrix elements of decay process, we deduce the formulae of helicity coupling amplitudes for two-body decay process.
These formulae are used to analyze intermediate resonance states in the process of J/ decay to ynm, YK K, ynn’ etc.
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1 Introduction

It is generally believed that quantum chromodynamics
(QCD) which has SU(3). symmetry is the most prospec-
tive theory for strong interactions. QCD predicts the exis-
tence of gluon and bound states of gluon, such as glueball
and hybrid states. The most direct method to prove the
validity of QCD is to search for the evidence of the ex-
istence of glueball and hybrid states in experiments. Ac-
cording to theoretical calculation, glueballs will be abun-
dantly produced in J/v¢ radiative decays. So, it is an
ideal place for us to search for the evidence of the exis-
tence of glueball in J/v radiative decays. Many J/v¢ ra-
diative decay channels belong to the type of yPP, where
P stands for a pseudoscalar meson, such as J/v decays
to yrm, yKK, ynn, ---, etc. Some important glueball
candidates or states which contain large gluon content,
such as fo(1500), f;(1710) and £(2230), appear in these
channels. In this paper, we give out the covariant helic-
ity amplitude analysis for J/¢¥ — PP which is proved
to be a powerful tool in experimental data analysis. We
have used this method in BES physics analyses and have
already obtained some meaningful results.

2 S-Matrix for Two-Body Decay Process

First, let us discuss the following two-body decay pro-
cess
a—b+ec. (1)

The S-matrix element for this process is!' 6l
(PopeApAclS|paJ M), (2)

where pj, p. are space momenta of two final state parti-
cles, p, is the four-momentum of the initial state particle.
The state |p,J M) is the direct product state of the plane
wavefunction and the angular momentum wavefunction of

the particle a. Ay and A, are helicities of two daughter par-
ticles b and ¢, J and M are spin and magnetic quantum
numbers along Z-axis of mother particle a. The normal-
ization for two-particle direct product state is

= (2m)°2E,2E.8°(5y — $5)0° (B — D)0 x, 00 » (3a)

and for the sake of simplicity, the normalization for initial
state wavefunction is selected as

(D M’ |pa JM) = 5* (Pl — pa)615Sarnr -

Because S matrix is translation-invariant, we get

(3b)

(DoPeAoAc| S|paJ M)
2m)* S o
OO 540 — o — 2 NI M) (1)

is the volume of infinite four-dimensional

where ()
Minkowski space. For the final state two-particle system,

we can separate the center of mass motion from the rela-

tive motion!”8l

WS 0alP).  (5)

| DoDeApAc) = (27T)3 |Z7‘

where s is the invariant mass of the final state two-particle
system, | P) stands for the plane wave of center of mass mo-
tion. The renormalizations of the states |P) and |0pApA.)
respectively are

(P'|P) =0&%(P' - P), (6)
(0 ' NALIOPAp ) = 6(cosf’ — cosh)
X 3(¢ = @)orr0nn. - (7)
P, is the momentum of center of mass system

P, = (Po +pc)u . (8)
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In the center of mass system, the space momentum of par-
ticle b is p and the space momentum of particle ¢ is —p.
Ac-
cording to Eq. (5), the S-matrix element will be changed

The magnitude of momentum p is denoted as [p].

into
<ﬁbﬁc)\b)\c|s|paJM>

_ ( Q) 4\_(|>54(P — Pa)(POSN S|P I M) . (9)

The state | POpAp ) is a reducible state. We can write
it into another form

|POdI, ) Z\/ W(300)|PimApA.), (10
jm
PimAc) = 2];; :
/s1n€d0d¢D"L/\(¢00)|P0¢>\b)\c>, (11)
where A\ = Ay — A.. The renormalization of the state
|PijmApAc) is
(P'§'m/ ML PimApAe)

= 64 (P" = P)&j1j0mimOx x,0x0 2. - (12)

The set of all states |PjmApA.) is a complete set, they
satisfy the following completeness relation

/d“PZ > [PjmAsA) (PimApAe| = 1.

jm ApAe

(13)

Using all these relations, we can rewrite the S-matrix as

<pbp(')\b>\ |S|pa<]M

NGRS
(27)? “\f\/ I L 4P po) DI ($00)FY. . (14)

where
Q

(2m)*

Relation (14) is the S-matrix element for two-body de-

Y\ = (PIMMNA|S” (P)|pa M) . (15)

cay process. In the above relation, F )\Jb x, is called the
helicity coupling amplitude. The part of S-matrix which
depends on angular argument is completely contained in
the D-function. The helicity coupling amplitude F' )\Jb A, 18
independent of angular argument, it only depends on the
mass of center of mass system, the relative momentum of

two final state particles and their helicities.

3 Helicity Coupling Amplitude

Helicity coupling amplitude F' )‘\Ib A, can be constructed
from spin wavefunction of all three particles and relative
orbital angular momentum wavefunction of two final state
particles.5=8] Tt is known that the spin wavefunction of a

spin-0 particle is a scalar, the spin wavefunction of a spin-
1 particle is a four-vector, and the spin wavefunction of a
spin-n particle is an nth-order tensor. So, we always set
the spin wavefunction of a spin-0 particle to 1. In canoni-
cal rest frame, the spin-1 wavefunction is usually selected

as
6"() = F5(0.1,£0,0). (16)
gzﬁa(()) = (0, 0,0, 1) . (17)

The spin wavefunction for higher spin can be constructed
from spin-1 wavefunction by using Clebsch—Gordan coef-
ficient. Such as, the spin-2 wavefunction is

¢ (m) = Y (Imalmso|2m)é™ (m1)” (ms)

mima2

(18)

where (1my1lmg|2m) is the Clebsch-Gordon coefficient.
And the spin-(n + 1) wavefunction is

P10z ant1 (m) = Z (nmllmz\(n + 1)m)

mimsa
X @R (my )¢t (ma)

It can be strictly proved that the spin-n wavefunction is

(19)

a symmetric and traceless tensor, and it is orthogonal to
the momentum of the particle

P (m) =M (m) = - = ¢ (m) , (20)
Jara @2 (m) =0, 2D

Pay @127 (m) = 0. (22)

These states are orthonormal and complete states

Dovr gy (M) () = (=1)" O (23)
(n)

Z¢’a102 an ()05, 8,..8, (M) = Poo, oy ppp, o (24)

where Po(m)JK2 P o B, 1S & Projection operator for nth-

order symmetric and traceless operator. The above spin
wavefunctions are only for rest particles. After making a
Lorentz transformation, we can obtain the spin wavefunc-
tions for moving particles.

The total spin angular momentum is constructed from
two spin angular momenta of final state particle system,
it is
gt ine (Pom) = 37 (mymynems|nm)

mimsa

X waloﬂ'”anb (])b7 ml)ganb+1an,b+2'”anb+nc (pc, m2) , (25)

where |n, — n.| < n < np +n. (nis the total spin quan-
tum number). Because particles b and ¢ have different
momenta, ¢{"F7e)102 Anyinc (P m) is not a completely
symmetric and traceless tensor. Therefore, this total spin

angular momentum wavefunction cannot be obtained from
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projection operator for completely symmetric and trace-
less tensor. According to quantum mechanics, the projec-
tion operator is

PC(“?ZYT"anb+7lc6162“'ﬁnb+nc (pbpc)
=3 Bty e (P)OG g, (Pom). (26)
m
If n = ny +n. and p, = p. = 0, this projection
operator will become the projection operator for (n, +
n¢)th-order symmetric and traceless tensor. The nor-

malization of the spin angular momentum wavefunction
¢(nb+nc)a1a2~~anb+nc (p, m) is

+ne N ,
gi%éz?fgtzbJrnc (P? m)¢(nb+nb)ala2 Gnptne (P7 m’)

= (_1)nb+nc5mm/ . (27)

Generally speaking, this spin wavefunction is not orthog-
onal to the four-momentum P, = py, + pc,u, but its first
nyp indices are orthogonal to four-momentum p;,, and the

last n. indices are orthogonal to four-momentum p,,

By O aeumy o (Py0) = 0, (28)
PO Gy e (Pym) = 0. (29)

Besides, the first n; indices are traceless and the last n.
indices are traceless

92O g 1 () = 0 (30)
G260 iramyszanan, (P) = 0. (31)

The orbital angular momentum wavefunction in mo-
mentum space is also a tensor. Generally speaking, if the
orbital angular momentum quantum number is [, the cor-
responding wavefunction is represented by an [th-order
tensor. For S-wave, its [ equals zero. Its orbital angu-
lar momentum wavefunction in coordinate space is homo-
geneous. The orbital angular momentum wavefunction
in momentum space is obtained after a Fourier transfor-
mation, it is independent of relative momentum . For
P-wave, | = 1. Its wavefunction is a four-vector. In mo-
mentum space, its wavefunction is similar to spin-1 wave-

function. They are

Ha(s) = ;\%(o, 1,+i,0), (32)
tM(0) = (0,0,0,1). (33)

The orbital angular momentum wavefunction with higher
quantum numbers can be constructed from [ = 1 wave-
function, such as the [ = n+1 orbital angular momentum

wavefunction can be constructed from [ = n orbital angu-

lar momentum wavefunction,

trhesesani(m) = " (nmy Ima|(n + 1)m)

mim2

x tmerazan (g Ypent1 () (34)

In the canonical rest frame, the relative momentum is
along the Z-axis, so the orbital angular momentum is
It means that the orbital
angular momentum in canonical rest frame should be

orthogonal to the Z-axis.

tere2 e (m = 0). The orbital angular momentum wave-
function can also be obtained by using the projection op-
erator for completely symmetric and traceless tensor. In
this way, it is defined by

i (Maiaz--an _ p(n)araz--anfifz--fn (35)

8T8z " T »
where r* is the relative momentum four-vector and
pnarazanfifafn ig the projection operator for sym-
metric traceless tensor. Two methods give the same re-

sults, because

Tnt(n)oqo@---oc" (m _ O) _ {(n)alazuun , (36)

where r is the magnitude of relative momentum.

The helicity coupling amplitude is a scalar which can
be constructed from spin wavefunction, orbital angular
momentum wavefunction, energy-momentum four-vector
of initial and final state particles, metric tensor and Levi—
Civita tensor. Now, we will use the technique of covariance
analysis to construct the helicity coupling amplitude for
the two-body decays which will be used in J/v — vPP.
We will use the following notations to represent a definite
decay process

J—s5+o0, NiNsTo » (37)

where J,s and o represent the spins of initial and final
state particles, n5,ns and 7, represent parity of the cor-
responding particles. Suppose that parity is conserved in
the decay process, then the helicity coupling amplitude
will have the following symmetry

F, =nmme(=1)"*"7F7,_,, (38)

and orbital angular momentum quantum number [ must
satisfy the following relation

(_1)l77Jns77cr =+1. (39)

The helicity coupling amplitudes which will be used in

the analyses of the process J/i¢p — yPP are respectively
discussed below.

()1 —>0+1, n,msn, =+1

The second particle is photon. Because of parity con-
servation, the orbital angular momentum quantum num-
ber [ must be 0 or 2, and Fol)\ = Fol_/\. Because the
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helicities of photon can only be £1, there is only one in-
dependent helicity coupling amplitude, it is Fj;. Denote
the polarization four-vectors for J/¢ and photon as ¢ and
w respectively. The helicity coupling amplitudes for { = 0
and [ = 2 are Ag = w¢* and A,

The total helicity coupling amplitude is the liner combi-

= (wt @ ¢*) respectively.

nation of them
Foy = g0Ao0(A) + g2 Aa(N) .
In canonical rest frame, it is
Fyy) = go — g2r%/3,
where gq is a scalar.

(i) 1 = 2+ 1, nynsn, = +1

The second particle is photon. Because of parity con-
servation, the orbital angular momentum quantum num-
ber [ must be 0, 2 or 4, and F}, = F',
three independent helicity coupling amplitudes, they are

_,- There are
F3,, F}; and F};. Denote the total spin wavefunction as
) (J = 1,2,3), which is constructed from spin-1 and
spin-2 wavefunctions. (/) is a third-order tensor. There
are five covariant amplitudes

= oyl 7, Ay = ¢oy) T@07
A= 6"V, O, Aa= gy g i

As = ¢t a‘é)wqﬂ(?))ﬁw )
The total helicity coupling amplitude is the linear combi-
nation of them
Fy, = q1Ai(W) + 9242 (W) + g3 A3 (M)
+ 94A4(A\v) + g5 A5 (Av) .

In canonical rest frame, they are

o +l r +i 2
21 — 091 3092 1893

2 2

— —g5(3 4+ 492

45g4r 55953 T4,
Fl = ——~,(—315¢1 + 105go72
11 525\/5’7 ( g1 g2

+ 70947‘2 + 4Sg5r4) ,

1

), = (73591 + 2459572 — 175g3r>

1050v/6
+280g41% — 72957 — 96g5’y§7“4) ,

where g1, g2, g3, g4 and g5 are scalars.

(iii)) 1 - 44+ 1, nynsne = +1
The second particle is photon. Because of parity con-
servation, the orbital angular momentum quantum num-

ber [ must be 2, 4 or 6, and F/{V = Fl/\ There are

—v*

three independent helicity coupling amplitudes, they are
F3, Fly and FJ,.
(T =

spin-4 wavefunctions. There are five covariant amplitudes

Denote the total spin wavefunction as
3,4,5), which is constructed from spin-1 and

¢oz*1/) (3)8 t(2)p<7

Bapo ’

(ba*w 3 i @) Bypo
afypo )

ax (4 o ax (5 o
Ay =6 wéﬁ)wot @Byee A, =4 wéﬁ)wat(zl)ﬁw ’
Quk 06
=¢ taﬁvp05¢ e

The total helicity coupling amplitude is the linear combi-
nation of them

Fiy = 91A1()\V) + ngz()\V) + 93A3()\u)
+ 91A4(A\V) + g5 A5 (W) .

In canonical rest frame, they are

Fj, = ————(—13475g,7% — 269509, 21>
2= G9300v7 9 91
+ 3465951 + 1386092721t + 891gsr?
+ 3564g372r* + 1584g4r* + 6336947274
— 400g57r° — 2880g572r% — 640g5727°) ,
1
Fl, = ———7,(—1925¢172 — 3850g,72r>
11 10395\ﬁ7 ( g1 g17
+ 495gor* + 1980goy2r* + 396g,7*
+ 1580947?7“4 + 480957 + 64Og5ﬁr6) ,
1
Foy = ————7,(—2695g17% — 5390g172r*
01 6930\/%7‘( g1 917

+693go7t + 2772g2752r4 —297gr?
— 1188g372rt 4 792g47* + 31689421
—200g5r° — 1440g572r° — 320g5747°) ,

where g1, go2, g3, g4 and g5 are scalars.

(iv) 0 = 0+ 0, nynsne = +1
The orbital angular momentum quantum number is 0.
There is only one independent helicity coupling amplitude,

it is F'/ = Fy, = g, where g is a scalar.

(v)2—=0+0, nynsne = +1

The orbital angular momentum quantum number is 2.
There is only one independent helicity coupling amplitude.
The only one covariant amplitude is A = ¢*P*¢ (EQB)

The helicity coupling amplitude is proportional to
the above covariant amplitude. In the rest frame, it is

F7 = Fyj, = gr%, where g is a scalar.

(vi) 4 = 040, nynsno = +1
The orbital angular momentum quantum number is 4.

There is only one independent helicity coupling amplitude.
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The only one covariant amplitude is A = (;5“575*{;25)75.
The helicity coupling amplitude is proportional to the
above covariant amplitude. In the rest frame, it is F/ =
Fgly = gr#, where g is a scalar.

4 Sequential Decay

There are three final state particles in the process of
J/¢¥ — yPP. Suppose that this radiative decay is realized
through two-body sequential decays

J/p — V+X

— P+ P. (40)

The helicity coupling amplitudes which describe the above
process is generally written as

A, = chjgi BWx (s,m,T)MZY | (41)

where ¢ is a constant, Sx is the spin of the resonance,
M i];\i is the decay amplitude for the process J/1¢ — VX,
M(f’é is the decay amplitude for the process X — PP,
BWx (s,m,T) is the Breit—-Wigner propagator for the res-
onance X,

—mI‘el

BWx(s,m,I') = (42)

s—m24+iml’
In the above relation, m and I'" are the mass and width
of the resonance X, I'y; is the partial width of the reso-
nance, s is the invariant mass of two final state particles.
The M fb‘l/\c is used to represent the decay amplitude of the
following process

a—b+c,
Slla — S 4 G (43)
It is
M. = F D (g -n (44)

where A\, A\p and A, are helicities of the corresponding
particles.

In this process, there usually are several resonances
which have different spins and parities. Besides, there are
background events. The total differential cross section

which describes the whole process is

do

= (45)

Z |Ag + As + Ay + -+ |* + BG,
Ag/p Ay
where A; represents the total amplitude of spin s, ® rep-
resents all angular arguments and BG represents the con-
tribution from background.
Maximum likelihood method is used to fit the whole
mass spectrum. The normalized probability density func-

tion which is used to describe the whole decay process

do

flz,a) = w5/ %

(46)

where x represents a set of quantities which are measured
by experiments, a represents some unknown parameters
which are needed to be determined. o is the total cross

section

do
= | W(®)—dd 47
o= [w@)isae. (47)
where W (®) is the integration weight. The total cross
section can be determined by Monte Carlo integration

Nune
> (JAo+ Ay + Ay + -+ > + BG),

i=1

1
ch

g =

(48)

where NV, is the total number of Monte Carlo events. It
is required that these Monte Carlo events are obtained
through real detector simulation and they have passed all
cut conditions which are used to obtain the data sample
of this process.

Maximum likelihood function is given by the adjoint
probability density for all data. It is

Nevent

H flz,a).

=1

L= (49)

Then we define

S=—InL. (50)

In our data analysis, the goal is to find the set of values,

«, which minimize S.

5 Conclusion

In the global helicity analysis, not only the informa-
tion about the mass spectrum, but also the information
about the angular distribution are used. Because more
information is used, the results obtained by this method
are more reliable. This method is used in BES physics

analysis. It has the following three advantages:

(i) Supposed that there are some peaks in the mass
spectrum which are not real resonances. If we use
the conventional Breit—Wigner function to fit them,
we cannot differentiate them from the real reso-
nances. But if we use the global helicity analysis
to fit the whole spectrum (Including mass spec-
trum and angular spectrum), we can differentiate
them by mass and width scan. Those peaks caused
by statistical fluctuations have no structure in the

mass and width scan.
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(ii) In the traditional Breit—Wigner fitting, we usually
need to divide the whole mass spectrum into sev-
eral bins. And the results sometimes depend on the
manner how we separate the mass spectrum. But
in the global helicity analysis, we do global fitting
to the whole spectrum. So, our results are inde-
pendent of the manner how we separate the mass
spectrum and are not affected by small statistical

fluctuations.

(iii) In the global helicity analysis, the interference be-
tween various resonances is considered in the fit-
ting. And because of destructive interference, a
resonance sometimes shows a dip, rather than a
peak, in the mass spectrum. This phenomenon is

found in our fitting.[®1%]
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