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Abstract In this paper we propose an Ising model on an infinite ladder lattice, which is made of two infinite Ising
spin chains with interactions. It is essentially a quasi-one-dimessional Ising model because the length of the ladder lattice
is infinite, while its width is finite. We investigate the phase transition and dynamic behavior of Ising model on this
quasi-one-dimessional system. We use the generalized transfer matrix method to investigate the phase transition of the
system. It is found that there is no nonzero temperature phase transition in this system. At the same time, we are
interested in Glauber dynamics. Based on that, we obtain the time evolution of the local spin magnetization by exactly

solving a set of master equations.
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1 Introduction

As we know, the one-dimensional Ising model with
nearest neighbor interactions in a most simple spin model,
the partition function of which has been exactly calcu-
lated by spin variables transformation and transfer matrix
methods. It has been found that there is no finite temper-
ature phase transition, namely, the critical temperature is
zero. Since then various variations of the model were in-
vestigated, such as one-dimensional long-range interaction
Ising mode,* 3! non-period Ising chain, alternate interac-
tions linear Ising chain,*% and so on.

On the irreversible dynamical problem, Glauber( and
Kawasakil”) have respectively investigated dynamical be-
haviour of Ising system under un-conservation and con-
servation condition of order parameter. In this paper, we
only focus on Glauber dynamics. Glauber assumed that
only single-spin-flip is allowed each time in the process of
evolution, he then exactly solved the evolution equation
— master equation, and successfully obtained the solution
exhibiting the critical slowing down phenomena. In the
last several decades the Glauber dynamics was extensively
extended to one-dimensional system with different kinds
of interactions, such as nonperiodic Ising chains® and al-
ternating linear chains.[®’ Droz, Kamphorst Leal da Silva,
Malaspina (DKM) investigated the critical dynamics of
an Ising chain with two different near-neighbor interac-
tion strength.'% Z.R. Yang'!! considered one-dimensional
Ising model with not only nearest-neighbor but also next
nearest-neighbor interactions in the absence of external
field. The higher-dimensional Ising system was exten-
sively investigated.!'?l Very recently, the Glauber dynam-
ics was also extended to Gauss spin system.[l?’] However,
for higher-dimensional spin system, the solution of mas-
ter equation cannot be exact, this is because the evolu-
tion equation becomes non-linear. Usually it is solved by
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decoupling approximation methods,!** renormalization-
group methods,'®! and computer simulations.[16—19]

In this paper we investigate an Ising model on an in-
finite ladder lattice. The length of this ladder lattice is
infinite while the width of the ladder is finite. Thus it es-
sentially is a quasi-one-dimensional lattice. Our purpose
is to study the phase transition and dynamical behaviour
of Ising model on such a system.

This paper is organized as follows. In Sec. 2, we de-
scribe the model and investigate equilibrium phase tran-
sition. In Sec. 3, we study Glauber dynamics, and give
the expression of time evolution of local magnetization.
Finally, in Sec. 4, a short conclusion is presented.

2 Model and Phase Transition

We now consider the Ising model on an infinite lad-
der lattice, which is constructed with two parallel lattice
chains and 2(2N + 1) spins located on the lattice sites, as
shown in Fig. 1.

Fig. 1 The infinite ladder Ising system and periodic
boundary condition 0_n = Onit1,5—N = Sni1-
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Ising spin o; and s; (i = —N, ..., N) take the values  k; and ko respectively indicate interactions between spins
=£1 only. Suppose the Hamiltonian of the system is on the same chain, and k3 interactions between spins on

the different chain.
—BH =k Z Oi0i+1 + ke Z SiSi+1 To investigate phase transition property of the system,
=N =N we firstly calculate the partition function of the model
Hamiltonian (1). As usual, the partition function is de-

+ k3 Z aisi, (1) (1) P
N fined as

where = 1/kpT, ky is Boltzmann constant, and T' tem-
perature, k; = 8J; (i = 1,2, 3) are interaction parameters,
in which J; represents the exchange integral between near-
est neighbor particles. For ferromagnetic model, J; > 0, By introducing the following 4 x 4 transfer matrix:

1
flo,s,0',8) =exp [kzlcro" + koss' + §k3(03 + o’s’)}

N
N = Z exp Z (klaiai_H +k‘28i8i+1 +k330'i8i). (2)
{oi,si} i=—N

fana, Jana,-1 Jan 1,1 fan-1,-1)

fa-yay  fa-va-y  fa-neny fa-yen-
feinyay  feuna-y  feuneny fenyen-n
fei-vpay fen-va-y fen-neny  fe-nen-n

exp (k,+ko+ks) exp (k,—k2) exp (—k,+k2) exp (—k,—ko+k3)
_ exp (ky—Fk2) exp (ky+ka—ks) exp(—k,—ka—ks3) exp (—k,+k2) (3)
exp (—k,+k2) exp (—k;—ko—ks) exp(k;+ka—ks3) exp (k;—k2)
exp (—k,—kao+ks)  exp(—k +k2) exp (k;—kz) exp (k;+ka+k3)

The partition function Z can be rewritten as

Zn = Z f(o-stfNo'fNi»lstﬁ»l) to f(01510232)f(02520333) cot f(JNSNa—stfN)
0,8
_ Z f2N+1(U—NS—NU—NS—N) = Tr f2N+1 — )\%N-{-l + )\§N+l + )\§N+l + )\421]\/'-{-1 , (4)
O_N,S—N
where we have considered the periodic boundary condition: oy, = 0_y,Sy;1 = S—n, and A; (2 = 1,2,3,4) are the
four eigenvalues of the transfer matrix f, which can be found through solving the following secular equation:

exp (ky+katks) — A exp (k,—k2) exp (—k,+k2) exp (—k,—ko+ks)
exp (k,—k2) exp (ky+ka—ks) — X exp(—k,—ka—k3) exp (—k,+k2) 0 (5)
exp (—k,+k2) exp (—k;—ko—ks)  exp (k;+ka—ks) — A exp (k;—k2)
exp (—k,—ko+ks) exp (—k,+k2) exp (k,—k2) exp (k;+ka+ks) — A
The explicit expressions of the eigenvalues are given as follows:
A1 = 2cosh(ky+ks) cosh ks + \/cosh(2k1+2k2)(cosh 2ks — 1) + 2 cosh(2ky — 2k2) 4 cosh 2ks + 1,
Ay = 2cosh(ky4ksy) cosh ks — v/cosh(2k; +2ks ) (cosh 2ks — 1) + 2 cosh(2k; — 2ks) + cosh 2ks + 1,
A3 = 2sinh(ky4ks) cosh ks + v/cosh(2k; +2ks ) (cosh 2ks — 1) + 2 cosh(2k; — 2ks) — cosh 2ks — 1
Ay = 2sinh(k;4k2) cosh ks — v/cosh(2k; +2k)(cosh 2kz — 1) + 2 cosh(2k; — 2ky) — cosh 2kz — 1. (6)

To compare the four eigenvalues, we set
A = 2cosh(ki+ko)coshks, A’ =2sinh(ky+ks)coshks, B = cosh(2k;+2ks)(cosh2ks —1),
C = 2cosh(2ky — 2ks), D =cosh2ks+1. (7)
Thus A\; (i =1,2,3,4) can be rewritten as
M=A+VB+C+D, MN=A-VB+C+D, M=A+VvB+C-D, \M=A-VB+C-D. (8)
Because of the function coshz > 1, the values of A, B, C, and D are non-negative. The value of A is always
larger than A’ because of coshx > sinh x. Comparing the above four expressions of eigenvalues, it is obvious that the
eigenvalue \; is the largest one among the four eigenvalues.
In the thermodynamics limit (N — 00), the free energy per site can be expressed as follows:

_kBT 2N+1 2N+1 2N+1 2N+1
[ ( In(ATYF AT AT+ AT )}

—ksT
F= 1l 71 Z }: li _—
im nzy im 50N +1)
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o —k,T N Ao\ 2N+1 A3\ 2N+1 Mg\ 2N+1
= W SeN 1) MM {1 + (AT) + <71) + (,\T> }

Obviously, function F' is only related to the largest eigenvalue A;.

From Eq. (7), it is very evident that the values of A, B, C, and D are continuous and gradually increased with the
increase of k1, ks, and k3. Therefore according to the formula (6), the value A; is also continuously increased with the
increase of ki1, k2, and k3, and approaches infinite at k1 — oo, ks — o0, k3 — oco. From Eq. (9), it is clear that the
free energy is divergent just only at zero temperature (T = 0). Therefore we can obtain the conclusion that there is
no nonzero temperature phase transition in our model.

If we choose k1 = k, ko =0, k3 = 0, from Eq. (6), the four eigenvalues reduce to

A =4coshk, X =0, A3=4sinhk, N =0, (10)
(20]

(—RBT) In ;. 9)

which reproduces precisely the result of one-dimensional Ising chain.

3 Irreversible Dynamics

In this section, we study the time evolution of the system from the nonequilibrium state to the equilibrium state.
The evolution originates from interaction between spins and interaction between the system and heat resource. Since
the latter is stochastic, the process of evolution is considered as a stochastic one, in which the spin can randomly flip
between values £1.

3.1 Master Equation

Glauberlfl assumed that in the transition process only single spin can change spin value each time. There-
fore the transition probability from a spin configuration {o_x(t),...0;(t),...,on(t),5-n(t),...,5;(t),...,sn(t)} to
another one {o_x(t),...,—0;(t),...,0n(t),s—n(t),...,5;(t),...,sn(t)} can be written as W;(co;(t)), which means
that only spin o;(¢) flips, while the others remain unchanged. Now let us suppose the probability distribution
function of the system being in configuration {o_y(t),...,0;(t),...,0n(t),s—n(t),...,5;(t),...,sx(t)} at time ¢ is
Plo_y(t)y...,on(t),s—n(t),...,sn(t)), then the time derivative of P(o_y(t),...,0n(t),s—n(t),...,8x(t)) can be ex-
pressed as

+Y Wi (=i () P(o—y (), ... —0j(t), . on(t),5_n(t), ..., 5x (1))
+ D Wi ()P0 (t), - o (), 5o (t), - —55(1), ..., sx(E), (11)

where the first and second terms on the right-hand side denote the decrease of probability distribution function
Plo_n(t),...,0n(t),8-n(t),...,Sn(t)) per unit time due to transition of spin from o;(t) to —o;(t) and from s;(¢) to
—s;(t), respectively, and the third and fourth terms denote the increase of P(o1(t),...,0x5(t), s1(f),...,sx(t)) per unit
time due to transition of spin from —o;(¢) to o;(t) and from —s;(¢) to s;(t), respectively. Equation (11) is usually
called master equation.

It is most important that to solve the equation we must firstly find the transition probability W;(o;(t)) (or
W;(s;(t))). In principle, it can be found by solving quantum many-body problem. However it is so difficult that
it cannot be done. Usually, we employ some general principle and argument to determinate the transition probability
W;(o;(t)). They are, for example, W;(c;) should be positive and satisfies the detailed balance condition. Based on
the above, we can write the following:

W;(oj) _ Po(0_nyoi iy =0, yON SN,y Sy) _ exp|—ki0j(0j_1+ 0j41) — k30js;] (12)
Wj(—O'j) PC(O'_N,...,O'j,...,O'N,S_N,...,SN) exp[klaj(aj_1+aj+1)+k3crjsj] ’
Wj(Sj) Pe(O'_N,...,O'N,S_N,...,—Sj,...,SN) exp[—kgsj(sj_l+sj+1)—k30jsj]
_ = : (13)
Wj(—Sj) PE(O',IW...7JN,S,N,...7S]',...,SN) GXp[kQSj(Sj,1+Sj+1)+k30j8j]
where Po(0_x,...,0j,...,0x,5_n,...,Sy) denotes the equilibrium canonical distribution function. However, equations

(12) and (13) still do not uniquely determine the transition probability W;(c;).
The exponential functions, which occur in the ratios (12) and (13), may be written in the forms:

1
exp(:l:klaj(aj,l + O'j+1) = COSh[kl(O'j,1 + O'j+1)]{]. + 50‘7‘(0371 —+ O'j+1) tanh 2]61} s

1
exp(tkas;j(sj—1 + sj41) = coshlka(sj—1 + Sj+1)]{1 + isj(sj,l + sj41) tanh 2k2} ,
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exp(+ksojs;) = (coshks)(1 £ 0;s; tanh k3) . (14)
Similar to what Glauber did we choose W;(o;) and Wj(s;) as
1 1 1
Wj(Uj) = §Oé|:1 - §5laj(0j—1 + O'j+1) - ’}/30ij + 561"}/38]'(0]‘_1 + O'j+1):| 5 (15)
1 1 1
Wj(Sj) = §OZ|:]. - 55233'(8]'_1 + Sj+1) — Y3045, + 552730—j(3j—1 + Sj+1):| (16)

with d; = tanh(2k;), d2 = tanh(2ks), and 5 = tanh(ks), where we have used the equality (14), which is valid special
for Ising spin and « is an arbitrary constant indicating relaxation time of non-interacting spin system.
We are interested in the evolution of local magnetization (local order parameter). It is defined as

(01 = 3 OkOPO (), (B 5w (D), - 50 (8)). (17)
{o,s}

(sk(t)) = Z sk(t)P(o-n(t), .- on(t),s-n(t),...,5n(t)). (18)
{o,s}

According to the above definition and the master equation (11), we can derive the time-evolution equations of
(ok(t)) and (sk(t)) (see Appendix A),

(o (t)) = —(ow(t)) +%51(0k—1(t) + or1(8)) +3(sk(1)) *%51’)/3«‘71«(t)sk(t)gk—l(t)> +{ok(®)sk()orr1 (1)), (19)

o
o | &

~

S~—

d(at) (se(t)) = —(sk(t)) +%(52(8k71(t) + sp41(t))+v3(ok(t)) —%5273(<0k(t)sk(t)sk,1(t)) + (o (t)sk(t)se41 (1)) . (20)

They are a set of two coupling equations.
Noting that there are three-spin correlation functions in Egs. (19) and (20). For getting the solution, we have to
employ some approximate technique. Here we use decoupling technique as!'!]

<0'k5k0'k—1> ~ (O’k5k><0k—1> = Tk,k<0'k—1>a <0'k-5k0'k+1> ~ <Uk5k><0'k+1> = Tk,k<0'k+1>7
(Orsksk—1) = (OkSk)(Sk—1) = Tk k(Sk—1) 5 (OkSkSk+1) = (OkSE)(Skr1) = Tk k(Sk+1) - (21)
In which rg; = (ogsk) is two-spin, located at two different spin chains, correlation function. For simplicity, we

approximately use ry , = 6o, an equilibrium correlation function, instead of ry j, then equations (19) and (20) are
simplified as

d((it) <0'k(t)> = 7<O’k(t)> + %61(0k_1(t) —+ Uk+1(t)) —+ 73<5k(t)> , (22)
d((izt) <Sk(t)> = _<Sk(t)> + %5/2(816,1(15) + 5k+1(t)) + ’Vg<0k(t)> , (23)

where
611 = 61(1 - 00’73) ’ 65 = 52(1 - 90’)/3) . (24)

3.2 Solutions of Master Equations

To solve the coupling master equations (22) and (23), let us construct two generating functions,

o0 oo

FLt) = Y M),  GAt)= > M(s(t). (25)

k=—oc0 k=—00

According to Egs. (22) and (23), the two generating functions F(A,t) and G(\,t) satisfy the differential equations,
0 1

d(at)
_ 1 ry—1
Bat) G\ t) = -G\ t) + 252()\ + MG\ t) +93F(\ ). (26)
Let us define L .
y=-1+ 55’1()\—1 +A), ye=-1+ 55’2()\—1 +A). (27)

The differential equations (26) can be simplified as
0 0

—F(\t) =y F(\t G\ t), ——G(\t) =G\t F(\ ), 28
which are typical linear and homogeneous differential equations. Evidently, we can obtain their solutions as follows:
FOL D) = FOL0) 221 exp(Brat) + GOA, 0 =L exp(Brat)
B2 — b B — D2
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p1 —
F(A, O)ﬁ ﬁ L exp(fBaat) + G(A,0)

ﬁ ﬁl
(B — e )(ﬂﬂf);i%) exp(fBiat) + G(A,0)

4 1(51“_)(52)73 ””expwmt)wu,m? 5 exp(at)., (29)

where F'()A,0) and G(A,0) are respectively the initial values of F'(\,t) and G(A,t), and 81 and (2 are respectively as
follows:

eXp(ﬂQ O[t) )

Bi—m exp(ﬁlat)

G(\ t) =F(A,0) Br — B

+ F(),0)

g, = Mt 2Vt (n =)/ 4E] e = 23V [(n = 92)? /4]
2 I - 2 .

If we consider the case that k; is close to ko , and thus (y1 — 72)/273 < 1, then the expression (30) can be expressed
approximately as

(30)

Y1+ 72 11— 72)? 7+ 11— 72)?
T U T L S e

2 8’}/3 2 ° 8'73
We note that each term on the right-hand side of expression (29) can be expressed in virtue of the Bessel functions
of the imaginary argument. The detailed process is given in Appendix B.
Then the four terms of F'(A,t) in the expression (29) can be written respectively as follows:

(31)

F(\,0) Pazm exp(frat) = —lF()\, 0) exp[(—1 4+ 3 + n)at]
B2 — B
X Z ML, (nat) { I —om(yrat) + ;i[lk72m+1(’y+at) + Ik72m71(’7+at)}} ) (32)
G 0) =L exp(fhat) = 1G(A, 0) expl(~1+ s + n)a]
B1 — B2
x z N T (nat){ (1= 1) Loz (208) = 4 [Te-zmsa(v:01) + Teoom—a(vrat)] |, (33)
B — 1
F(X,0) L exp(faat) = F(A, 0) exp[(—1 —v3 — n)at]
B — 52
X Z AT (—nat) {Ik—2m(7+at) + ;i[lk—zmﬂ(%at) + Ik—2m—1(7+04t)]} ; (34)
G(A,0) =L exp(fhat) = 1G(A, 0) expl(~1 — 75 — n)at]
B2 — B

X Z AR T, (—nat) {(—1 + 1) Ie—2m (v4at) + g[lk72m+2(7+at) + Ik72m72(7+04t)]} . (35)
where I, (x) is the modified Besael function, at the same time v, vy_ and 7 are respectively

Y+ = %[tanh(?lcg) + tanh(2k1)](1 — 6y tanh k3), ~— = %[tanh(ng) — tanh(2k;)](1 — 6p tanh ks), n = Pt (36)
73

In the same way, the four terms of G(\,t) in the expression (29) can be written respectively as follows:

(B —71)(B2 — )

F(.0) (B2 = B1)vs xp(frat)
— EF()\, 0) exp[(—1 + 73 + n)at]
A e 22 1)leantre00 + Llecamarea) +Teoam-atrvenl). 7
G(X,0) gi :Z}; exp(frat)
= 1G(/\7 0) exp[(—1 4 3 + n)at]
X Z ALy (nat) {kazm(%rozt) + ;i[lkf2m+1(7+at) + Ik*2m*1(’7+at)]} ’ (38)

(B1 —=m)(B2 — 1)
FO.0) (Br — B2)73

exp(f2at)
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= EF(/\, 0) exp[(—=1 — 73 — n)at]

ST (—nat) L2( 2L — 1) Lo (vaat) + L [Th_om at) + T_om_o(veat)] }, 39
DNl H{2(5 = D) leam(reat) + 2L [Tamsa(y0t) + Tiamoz(r50t)] (39)

G(A, O)g ; exp(fBaat)

= EG(/\, 0) exp[(—1 — 73 — n)at]

X Z ALy, (—nat) {Ik-—zm(%raf) - ;ﬁ[lk—2m+l(7+at) + Ik—zm—l(’7+0lt)]}~ (40)

We consider the case in which all of the spin expectations (o (t)) and (s (t)) vanish initially except for one, which
we may choose to be the one at the origin,

(0£(0)) =60, (5k(0)) = k0. (41)
From the formula (25), the initial value of the generating function is just one (F(\,0) = G(A,0) = 1). For convenience,
let us assume that the spin expectation is

(op(t)) = A1) + A(2) + A(3) + A(4), (sk(t)) = B(1)+ B(2) + B(3) + B(4). (42)
By comparing with the formula (25), we conclude that

A(l) = — %GXP[(—l + 73 + n)at]

Y—
X ;Im(nat){Ik—Qm(’Y-&-aﬂ + T%[Ik—Qm-l-l(’HO‘t) + Ik—2m—1('}’+0‘t)]} ,

A(2) = %exp[(—l + 73 + n)at]

X ZI (nat) {(1 - 7)11@ am(V+at) — 27:3[11@72m+2(7+04t) + 1k72m72(7+04t)]} ;

AB) = éexpu—l Y

X ZI —nat) {Ik—zm(%at) + ;T;Uk—zmﬂ(%at) + Ik—zm—l(%at)]}’

A4) = — %exp[(—l —v3 — n)at]
* D h(nat) {(1= ) tamrean) = 5 - [Tama(rsat) + Tiama(rran)] | (43)
and
BO) = — expl(—1 -+ +n)at]
Ui
X ZI (nat) { (% — 1)Ik om(Vrat) + %[Ik72m+2<’y+at) + Ik,gm,2(7+at)]} ,

B(2) = éexpu—l 3+ o]

X Z Im(nat){lk—2m(7+at) + i[lkﬁmﬂ(’wat) + Ik—gm—l(%rat)]} ,

m

B(3) = g espl(—1 — 7 — )t

X ZI —nat) {2(% - 1)Ik—2m(7+04t) + %[Ik—2m+2(7+at) + Ik—zm—z(%r@t)}} ;

B(4) = %exp[(—l — 3 — n)at]

x ZI =n0t){Tizm (v08) = 5= [Tiaman (7:0) + Tz (v108)] | (44)

The expressions (42) ~ (44) denote time evolutions of the spin expectations (o (t)) and (sx(t)).
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3.3 Discussion of the Result

Now we discuss our result. At first we investigate the asymptotic behavior of (o (¢)) and (sx(t)) as ¢ — oo by the
asymptotic expressions of I,,(x). Then we discuss two special cases: (i) k1 = ko = k and k3 # 0, which means the two
same Ising chains are dependent; (ii) k1 = k2 = k and ks = 0, which means the two same Ising chains are independent.

Since the asymptotic expressions of I,,,(z) as  — oo is

() = Qj%expm, () = <71>m%exp<x>. (45)

The asymptotic expressions of (o (t)) and (sg(t)) as t — oo are

D). (k) o exp((~1 45 + 20+ 5 )at) =esp(~L), (46)

(o(8)) o exp((—1 473 + 21 + 7+ )at) = exp(——
where
1
T = b
a(l =73 —2n—74)
which is the relaxation time of evolution of the system.

From the above expression and Eq. (36) we can find that the relaxation time depends on the temperature of the
system. For our model, in Sec. 2, we have known that the critical temperature is T, = 0. At the critical point (T, = 0),
ki — oo (i = 1,2,3), then 3 = tanh(k3) = 1, v+ = (1 — ) and n = 0, therefore the relaxation time is

1
o 04(00 — ].) ’

We can prove that the equilibrium value 6y = 1 (See Appendix C). From the expression (48), we get the relaxation
time is infinite at the critical point. It implies that the system will very slowly approach the equilibrium state, thus
the system will exhibit the critical slowing down phenomenon.

Now we discuss a special case in which the interactions are ky = ko = k and k3 # 0. The parameters in the
expression (36) are as follows:

(47)

. (48)

v+ = tanh(2k)(1 — tanh k3), ~- =0, n=0. (49)
We apply the relation of the modified Bessel function

L, (0) =6mo. (50)
The expression (43) reduces to

AQ1) = %exp[(—l +g)at] T(veat)], A(2) = %exp[(—l )] Te(yeat) |

A(3) = 5 expl(~1 — o] Te(vrat), A() = —3 epl(~1 =)o) (), (51)

and expression (44) reduces to

B(1) = g expl(~1 + s)ad] Te(rat), B(2) = 5 expl(—1+ )] ()

2
1 1
B(3) = —5 exp[(=1 = m)at]L(vrat),  B(4) = 5 exp[(—1 —3)at] L(v+at). (52)
Therefore the expression of the spin expectation (o (t)) and (s(t)) is completely the same and very simple.
(on(t)) = exp[(=1 + ys)at] Le(vrat)],  (sk(t)) = exp[(=1 + ys)at] Ly (v+at)], (53)

]
As t — oo, using the asymptotic expressions of Iy(v at), we obtain the asymptotic expressions of (o (t)) and
(sx(t)) as follows:
(or(t)) = (sk(t)) oc exp[(—1 + 73 + 74 )art]. (54)

So we can get the relaxation time
_— 1 - ! . (55)
a(l—7v3—7v4) a1l —tanh2k)(1 — tanh k3)

At the critical point (T, = 0), k& — oo, and k3 — oo, the relaxation time is also infinite. The system exhibits the
critical slowing down phenomenon again.

When k3 = 0, then 3 = 0, it implies that there is no interaction between the two infinite chains of the ladder. The
system[ ]becomes two independent chains. The expression (54) reproduces precisely Glauber’s one-dimensional chain
result. [

4 Conclusions

In this paper, we studied the equilibrium phase transition and dynamical properties of Ising model on an infinite
ladder lattice. In the first part, we investigate phase transition property of the system by using the transfer matrix
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method. It is found that there is no nonzero temperature phase transition as expected. In the special case of k1 = k,
ko =0, k3 = 0, our model reproduces precisely the result of one-dimensional Ising chain. In the second part, we study
the time evolution of the system from the nonequilibrium state to the equilibrium state. Based on Glauber assumption,
we solve a set of decoupling master equations and obtain approximation solution of the master equations under a special
condition ((y1 — 72)/2v3 < 1). We found the system will exhibit the critical slowing down phenomenon.

Finally, let us point out that the result about dynamics in this paper is obtained under the condition (y; — v2)/2v3 <
1, which implies that the conclusion is valid, only when k; is close to ks or ks = J3/kgT is large enough, i.e., Js large
enough or temperature low enough. Therefore for a ladder spin system with strong coupling between both spin chains
or a low-temperature ladder spin system, our result and conclusion are valid, especially, at zero temperature the
conclusion is true and credible.

Appendix A: Derivation of Egs. (19) and (20)
Let us multiply both sides of the master equation (11) by ok (t) and sum over all values of the o and s variables,
we obtain

% Z ok(t)P(o1(t),...,on(t),s1(t),...,sx(t)) = —2 Z o) Wi(ok(t)P(o1(t),...,on(t),s1(t),...,sx(t)). (A1)
{o,s} {o,s}
Based on the definition (17) of (o (t)), we have
Lon(t) = ~2eOWilor (1) (42

Substituting the form (15) for the transition probabilities into Eq. (A2) and considering o7 = 1, we obtain a differential
equation for the expectation values (o (1)),

Tz 7H(0) = =)+ 5510 (0012 () (58 = 5517 (158 () + (o )i (B) - (A3

Similarly we can get a differential equation for the expectation values (sg(t)). So we derived a set of coupling
equations (19) and (20) from the master equation (11).

Appendix B: Solutions for Generating Functions
From the expressions (31) and (27), we have

Bi=y)(Ba=m) 1772, 5 2
= - =042 -2, A4
Y3(B1 — Bz) 4 [4’73?( ) (Ad)
Bi—m 1 V= \—1
=1+ ——A\""+XN)], A5
pr—0B2 2 [ 2’73( )} (85)
(B2 —m) _ 1 V= (-1
=L =1 —(\" 4+ N, A6
(B2 — B1) 2{ 273( )] (A6)
where y_ = (1/2)[tanh(2ks) — tanh(2k;)][1 — 0 tanh(k3)].
We also have
2 2
— _ = T+ -1 = (2 2
exp(fiat) = exp{( 1+73+ 473)at} exp{ 5 A+ A)at} exp[gry3 A2+ A )at} , (AT)
2 2
= -1 — — 7; ’77—&- -1 777— ) 2
exp(fBoat) = exp{( 1—73 473)0415} exp{ 5 (A + )\)at} exp[ 5 A5+ A )ozt] ) (A8)
where v; = (1/2)[tanh(2k2) + tanh(2k;)][1 — 0y tanh(ks)].
Noting the generating function of the Bessel function of imaginary argument,©!
k=00
exp[g(xl +A)} = 3 M), (A9)
k=—oc0
and
k=00
exp[g(ﬁ +>\2)] = 3 M), (A10)
k=—oc0
we obtain 2 i 2
_ _ = n+2m =
exp(frat) = exp[( 1+ v+ 473))0475] ;n A L,(v+at) I (473 at) , (A11)
and 2 2 2
= ] — e — = n+2m _=
exp(fBaat) = exp[( 1—73 473)044 Z A L, (y4+at) Im( oo at) . (A12)

n,m
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From the formulas (A6) and (All), we obtain the first term of F'(\, ),

F(A0) gi : gi exp(frat)
= — %F(A, 0) exp{(—l + 3 + ng)at] { [1 2 e A)} mzmA”“m L.(y+at) Im<;fgat)}

el o] o ()

)

5 [A"”m L, (vyat) Im(Z;at) F AL (o) Im(zgat)”. (A13)

Consider the following property of the Bessel function of imaginary argument'

IRt ka o () Tm(y), - DAL ZA lham—1(2) (1),

n,m

Z)\n“m L ( Z)‘ Ii—2mi1(z) I (y) (A

simplifymg the formula (A13), we can get the first term (32) of F'(\,t). In the same way, the second term (33), the
third term (34) and the fourth term (35) can be obtained.

Appendix C: Proof of 6 =1
We define an equilibrium correlation function

Tz,k = 90 s (A15)
and the partition function is
N
ZN = Z exXp Z (klo—io-i+1 + k28¢8i+1 + kSJisi) . (A16)
{oi,8i} i=—N
We have
07 N N
8]{:N — Z < Z Jisi) exp Z (klo-io—iJrl + koSiSi+1 —|—k30’181)
3 lousi) i=—N =N
= Z (2N + 1)o0;s; exp Z (k10i0i+1 + kosiSir1 + k3o;s;) - (A17)
{oi,s:i} i=—N
From the definition of (o;s;),
N
<O'Z'Si> —_— Z 0;S; €Xp Z k10'101+1 + k237,31+1 =+ k30187,), (A18)
{01, i} i=—N
we can obtain | 87
N
— = (2N + 1){0;s;) . A19
T = (N + D(eis) (A19)
From the transfer matrix, we have the expression of the partition function
ZN _ )\%Nﬁ’l + )\§N+1 + )\?)}N“rl _|_ )\421N+17 (AQO)

where \; (i = 1,2,3,4) are the four eigenvalues and Ay is the maximum value among these four eigenvalues. Therefore
when N is very large (N — o), we have

Zn = N+ (A21)
From the formula (A19) we have
1 oM\
i5i) = T a5 A22
(@35) = 3 3 (A22)

where

A1 = 2cosh(kq+ks2) cosh ks + \/cosh(2k1+2k2)(cosh 2ks — 1) + 2 cosh(2ky — 2k2) 4+ cosh 2ks + 1,

since cosh 22 = 2 cosh? z — 1. A1 can be rewritten as

A1 = 2 |cosh(ki+ko) cosh ks + \/COShQ(k1+k2) cosh? k3 — cosh? (k14ke) + cosh? (k1—ko)| ,
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from the above formula, we have

% =2 COSh(k1+k2) sinh k3 +
Oks3

cosh? (k1+k2) cosh k3 sinh k3
\/coshz(kl +k2) cosh? ks — cosh2(k1 +ko) + COShQ(kl—kQ)

cosh k3

= 2cosh(ki+ke)sinh ks |1+
\/cosh2 ks — 14 cosh®(ky—ks)/ cosh? (ky+kz)

Because
cosh(k;i—kz) 1 —tanhk; tanh ky

cosh(ki+ky) 1+ tanhk; tanhky’

and tanh k; = 1 when k; — oo (i = 1,2), we have
cosh(ky—ky) 0
cosh(ki+ks)

then o
Tkl = 2 cosh(ki+ke) sinh k3 (1 + coth k3) ,
3

and
A1 = 2cosh(ky+kg) cosh k(1 + tanh k3) .

According to the formula (A22), we have

14 cothk
00 = <0151> = tanhkg((l—f—tal’ﬂ’lk/’z; =1
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