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Quantum Group Symmetry in Hofstadter Problem
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Abstract We show that there is a quantum Slq(2) group symmetry in Hofstadter problem on square lattice. The
cyclic representation of the quantum group is discussed and its application for computing the degeneracy density of the
model is shown.
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Hofstadter problem of two-dimensional Bloch electron
in a uniform magnetic field is an old problem and it still
attracts a lot of attention today.[1−14] The first character
of this problem is the interplay of two intrinsic periods,
the period of the lattice and that of the phase induced
by the magnetic field. This character brings many un-
expected structures into physics, such as the fractal and
self-similar structure, which can be observed in the energy
spectrum and the wave function.[1] The problem also has a
connection to the phenomenon of quasiperiodic system[2]

and high-temperature superconductivity.[3] Furthermore,
the problem is focused in the study of quantum Hall ef-
fect. The topological character of the Hall conductance in
this lattice model was revealed both for periodic boundary
conditions and for systems with edges,[4] and recently, the
interest in the Hofstadter problem on triangular and hon-
eycomb lattice is renewed by the experiment observation
of the quantum Hall effect in graphene.[5−7]

In the study of Hofstadter problem on square lattice,
Wiegmann and Zabrodin found a relation between the
magnetic translation and the quantum group Slq(2).[8] Us-
ing the relation, they rewrote the Schrödinger equation as
a functional equation and derived the Bethe ansatz equa-
tions. This discovery initiated the application of quantum
group technique to the problem,[8−10] but it should be
noted that Slq(2) group mentioned in the above works
is not the symmetry of the system and in this letter, we
will concentrate on the quantum group symmetry of the
system.

In the following, we firstly show that there is a quan-
tum group symmetry in Hofstadter problem. The basic
observation is that the problem has a magnetic trans-
lation group symmetry, and from this magnetic trans-
lation group we can construct a quantum Slq(2) group,
which plays the role as the symmetry of the Hamiltonian.

Then we establish the cyclic representation of the quan-
tum group based on the eigenstates of the Hamiltonian.
At last, we discuss the degeneracy density of the system
based on the knowledge of cyclic representation theory of
the quantum group.

The Hamiltonian of Hofstadter problem on a square
lattice can be written as

H = T̂x + T̂−x + T̂y + T̂−y , (1)

where
T̂µ =

∑
n

e iθµ(n)|n + µ〉〈n| (2)

is the magnetic translation operator. |n〉 is the Wan-
nier function for an electron at site n = (nx, ny) and
µ = ±x,±y is the lattice vector that x = (1, 0), y = (0, 1).
The phase factors satisfy the condition

∏

plaquette

e iθµ(n) = e−2iπφ , (3)

where φ = P/Q = Be/hc is the magnetic flux per plaque-
tte in the unit of magnetic flux quanta hc/e, and P and Q

are mutually prime integers. Similar to the usual electron
in the magnetic field, the Hamiltonian is gauge-invariant
when the number of the lattice’s sites tends to be infi-
nite, so naturally the physics is independent of the gauge
we choose and for convenience, we take Landau gauge of
θx(n) = 2πφny, θy(n) = 0 in the following discussions.

Now let us define another kind of magnetic translation
operators

Tν =
∑

n

e iτν(n)|n + ν〉〈n| , (4)

where

τx(n) = θx(n)− 2πφny ,

τy(n) = θy(n) + 2πφnx . (5)
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The phase factors of these operators satisfy the condition
contrary to Eq. (3)

∏

plaquette

e iτν(n) = e2iπφ , (6)

so Tν is different from T̂µ with an opposite magnetic field.
These two series of operators have their continuous ori-
gins that T̂µ corresponds to e−iµ·[(P+e)/cA]/h̄ and Tν cor-
responds to e−iν·[(P+e)/cA′]/h̄, where A′ = A + r × B

and 5 × A = B, 5 × A′ = −B. Straightforward
computation shows that [T̂µ, Tν ] = 0, corresponds to
[P +(e/c)A,P +(e/c)A′] = 0.[15] Thus the system has the
symmetry under the new defined magnetic translations
Tν , that [H, Tν ] =

∑
µ[T̂µ, Tν ] = 0 and we will obtain a

quantum group based on them. The magnetic trans-
lations satisfy the well-known Heisenberg–Weyl relation

TµTν = e i2πφ(µ×ν)·zTνTµ . (7)

From this relation, we can construct the Slq(2) algebra as
follows:

J+ =
qλTx − q−λT−x

q − q−1
T−y ,

J− =
qλT−x − q−λTx

q − q−1
Ty ,

K± = T±x , (8)

where q = e2iπP/Q, and λ is an arbitrary real number. It
is easy to check that these operators obey the commuta-
tion relations of the quantum group Slq(2)

[J+, J−] =
K+2 −K−2

q − q−1
,

K+J±K− = q±1J± . (9)

Comparing Eqs. (8) and the Slq(2) group mentioned in
Ref. [8] ∼ [10]:

J+ =
λi

q − q−1
(T̂−x + T̂−y) ,

J− =
i

q − q−1
(T̂x + T̂y) ,

K+2 = λqT̂−yT̂x ,

K−2 = λq−1T̂−xT̂y , (10)

where q = e iπP/Q, and λ = 1(−1) for P is even (odd),
the most important difference is that the definition of K±

is replaced by K±2 in the latter case. It has to be em-
phasized that the latter definition is taken in the discus-
sion about rewriting the Hamiltonian with the quantum
group operators,[8−10] and the detailed form of K± has
nothing to do with this object. However, when we con-
sider the symmetry of the system and the representation
of quantum group, there is an additional constraint that
K± should also be the combination of Tν , otherwise it is

not commutative with the Hamiltonian. From the defini-
tion of K±2, we cannot find such form of K± to satisfy the
constraint, and so the definition of Eqs. (10) should not
be chosen in our discussion. An interesting character of
quantum group is that it has a Q-dimensional irreducible
cyclic representation shown as follows:[16]

K±|s〉 = q±(λ−µ−s)|s〉 ,
J+|s〉 = [2λ− µ− s + 1]q|s− 1〉 ,
J−|s〉 = [s + µ + 1]q|s + 1〉 ,
|s + Q〉 = |s〉 , (11)

where s is the integer number ranging from 0 to Q − 1,
[x]q = (qx − q−x)/(q − q−1) and q = e2iπP/Q. As will be
shown in the following, this cyclic representation can also
be established in this Hofstadter problem.

To establish the representation, the key is to find
out the relation between the basis |s〉 and the eigenstate
of the Hamiltonian. Starting from the Landau gauge
θx(n) = 2πφny,θy(n) = 0, and corresponding τx(n) = 0,
τy(n) = 2πφnx, the magnetic translation operator along
x direction Tx is equal to the normal translation operator
in the absence of magnetic field, i.e Tx =

∑
n |n + x〉〈n|.

Because [Tx,H] = 0, we can define the common eigenstate
of Hamiltonian and Tx as

|E, k〉 =
∑

n

Cny
(k) e iknx |n〉 , (12)

where E and e−ik are the eigenvalues of the opera-
tors H and Tx. Then applying T±y on |E, k〉 we have
T±y|E, k〉 =

∑
n Cny∓1(k) e i(k∓2πφ)nx |n〉, which is the

eigenstate of Tx with eigenvalue e−i(k∓2πφ). Because
HT±y|E, k〉 = ET±y|E, k〉 results from [T±y,H] = 0, we
conclude that

T±y|E, k〉 = |E, k ∓ 2πφ〉 . (13)

From φ = P/Q, we also know that TQ
±y|E, k〉 = |E, k〉.

Now we define the basis of representation

|s = 0〉 = |E, k0〉 ,
|s〉 = (Ty)s|E, k0〉 = |E, k0 − 2πφs〉 , (14)

then |s + Q〉 = |s〉 and it is easy to check that we have
Eqs. (11) with λ − µ = k0/(2πφ) when the operators of
Eqs. (8) are applied to the basis |s〉. Thus the irreducible
cyclic representation of the quantum group has been es-
tablished in the subspace of eigenstates of the Hamiltonian
with the eigenvalue E. It should be noted that there is
more than one choice of |s〉 for a general lattice, because
when the number of k is bigger than Q, you can replace
k0 with k′0, and get a new basis series if (k′0 − k0)/2πφ

mod 2π 6= 0. If a Q × Q lattice with periodic boundary
condition is considered, the number of levels of the Hamil-
tonian is Q,[1] and then every subspace of one level can
include only one Q-dimensional cyclic representation of
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quantum group, because the total number of independent
states equals the total number of sites.

Now we apply the cyclic representation theory to
studying the degeneracy density of the Hofstadter prob-
lem. Theoretically, a real solid sample is always viewed
as a lattice with infinite sites. To consider the degeneracy
density, we firstly suppose that the lattice is finite with
each side as Nx and Ny satisfying the periodic bound-
ary condition, then let Nx and Ny tend to infinity at the
end of the discussion. The periodic boundary condition
|n′〉 ≡ |n+Nxx+Nyy〉 = |n〉 asks the elements in the op-
erator T̂x has e2iπφny |n+x〉〈n| = e2iπφ(ny+Ny)|n′+x〉〈n′|,
i.e e2iπφNy = 1, so Ny should be chosen to be integer times
of Q. Similarly, Nx also should be integer times of Q con-
sidering the operator Ty. Thus we set Nx = N1Q and
Ny = N2Q, where N1 and N2 are integer numbers. We
can define a new Wannier function through the following
Fourier transformation

|n; t〉 =
1√
N

∑

R

e it·(n+R)|n + R〉 , (15)

where R = (Rx, Ry)Q and N = N1 × N2 is the nor-
malized factor. t = (tx, ty) and tx = 2t1π/(N1Q),
ty = 2t2π/(N2Q), where t1(t2) is the integer ranging from
1 to N1(N2). It is obvious that |n; t〉 satisfies the periodic
boundary condition of |n+Qx; t〉 = |n; t〉 = |n+Qy; t〉, in
other words, the subspace consisting of |n; t〉 with a fixed
t can be viewed as a Q × Q lattice with periodic bound-
ary condition. With this new basis, the Hamiltonian is
divided into N1 ×N2 parts: H =

∑
t H(t) and

H(t) =
∑

µ

e−it·µT̂µ(t) , (16)

where

T̂µ(t) =
′∑
n

e iθµ(n)|n + µ; t〉〈n; t| , (17)

and
∑′

n ranges from (0,0) to (Q−1, Q−1). All the Hamil-
tonians H(t) and H have Q levels,[1] so they have to share
the same Q eigenvalues. Similar to the Hamiltonian, the
magnetic translation operator Tµ can be written as

Tµ =
∑

t

Tµ(t) e−it·µ , (18)

where

Tµ(t) =
′∑
n

e iτµ(n)|n + µ; t〉〈n; t| . (19)

Then there are N1 × N2 magnetic translation group
symmetry Tµ(t) in the physical system and accordingly
N1 × N2 quantum group symmetry K±(t), J±(t) by re-
placing Tµ with Tµ(t) in Eqs. (8). Similar to Eqs. (14),
the basis of the cyclic representation of K±(t), J±(t) is

|s; t〉 ≡ (Ty(t))s|E, k0; t〉 , (20)

where

|E, k; t〉 =
′∑
n

Cny (k; t) e iknx |n; t〉 (21)

and the representation is unique because the subspace con-
sisting of |n; t〉 can be viewed as a Q×Q lattice. Now we
have N1 × N2 independent quantum group symmetries,
and every quantum group has a Q-dimensional irreducible
cyclic representation, so every energy level of the system
is N1×N2×Q folds degeneracy. The simple algebra com-
putation shows that the degeneracy density of the sys-
tem is 1/Q, and can be rewritten as (1/P )eB/hc because
P/Q = eB/hc. This value of degeneracy density is inde-
pendent of N1 and N2, so nothing is changed when N1 and
N2 tend to infinity and the final result is just (1/P )eB/hc.

In summary, we have shown that there is a quantum
Slq(2) group symmetry in the Hofstadter problem. The
cyclic representation of the quantum group is established
in the subspace of the eigenstates of the Hamiltonian. We
have chosen Landau gauge in our discussion, but when the
lattice’s sites tend to be infinitely large, the system is in-
dependent of the gauge, and a different gauge will change
nothing but the detailed form of Eq. (12), i.e., eigenstates
of T±x. Based on the theory of cyclic representation, we
find that the degeneracy density of the Hofstadter problem
is very easy to obtain. The value (1/P )eB/hc is different
from the case of the usual Landau level for an additional
factor 1/P and shows the essential difference between the
magnetic field induced dynamics in the lattice system and
the continuous system. In the weak magnetic field limit
that P = 1 and Q tends to infinity, this difference is dimin-
ished, which is consistent with the usual method treating
the lattice system as a continuous system by replacing the
lattice momentum h̄ki with −ih̄∂i + (e/c)Ai.
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