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Abstract An improved algorithm for symbolic computation of Hirota bilinear forms of KdV-type equations with
logarithmic transformations is presented. In the algorithm, the general assumption of Hirota bilinear form is successfully
reduced based on the property of uniformity in rank. Furthermore, we discard the integral operation in the traditional
algorithm. The software package HBF'Trans is written in Maple and its running effectiveness is tested by a variety soliton

equations.
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1 Introduction

In 1971, Hirota developed a new direct method for con-
structing the exact multi-soliton solution of the Korteweg-
de Vries (KdV) equation.l!) Using this ingenious method,
Hirota then obtained the IN-soliton solution of the mod-
ified Korteweg-de Vries (mKdV),? sine-Gordon (SG)E!
and nonlinear Schrodinger (NLS) equations. The key
step of the Hirota direct method is to transform the given
equation into its Hirota bilinear form (HBF). Once the
HBF is obtained, the so-called perturbation expansion
method becomes algorithmic. Soon after, Hietarinta de-
signed a program on searching for bilinear equations pass-
ing Hirota’s three-soliton condition and obtained many
new integrable models such as the KdV-type,® mKdV-
type,l8 SG-type,[”! and NLS-typel® equations. In 1992,
Hereman and Zhuang!®! gave a summary on types of bilin-
ear equations based on the in-depth study of Hietarinta.
An extensive study of the Hirota direct method can be
found in Ref. [10]. Recently, a reliable algorithm for gen-
erating bilinear form of nonlinear partial differential equa-
tions (PDE) is described and a Maple package Bilineariza-
tion is established by Zhou, Fu, and Li.'¥ The package
can successfully and automatically construct the HBF of
many nonlinear PDEs of KdV-type by solving a system of
over-determined algebraic equations with respect to the
combinatorial coefficients. However, the general ansatz
of the bilinear form of nonlinear PDEs in Ref. [11] is so
complicated that the running efficiency is relatively lower.
In this paper, we make advantage of the scaling property
of nonlinear PDEs to simplify the computation, which is
partially based on the idea presented by Hereman!'? and
Yaol'¥ in computing the polynomial conservation laws of
nonlinear PDEs. Our algorithm can be used to compute

the HBF of single nonlinear PDE with a logarithmic trans-
formation. Moreover, the algorithm can be easily imple-
mented in any symbolic language. Here, we also present a
software package in Maple to automate the tedious compu-
tation for the construction of the HBF of nonlinear PDEs.

The paper is organized as follows. In Sec. 2, we outline
the algorithm and subroutines in detail. In Sec. 3, several
examples are presented. Finally, a short summary is given
in the Sec. 4. More details on how to use our package is
explained in Appendix.

2 Computation of Hirota Bilinear Form

2.1 Notation

(i) Independent Variables
x = (21,2, ... ,zy) denotes n-dimensional spatial and
time variables x1, xo, ...
(ii) Dependent Functions
u = (u,u? ..., u™) denotes m-component functions
with respect to the variable x.

(iii) Partial Derivatives

Ty

i i
§1,82,...,8n  S1L182%2°* Snn
OS1ts2ttsn
= u
Ozt Ox5? - - - Oz
denotes all the partial derivatives of the order k = Z?Zl
. $n, and u® de-

ug=u

%

Sj
of u® with respect to different s1, so,. ..
notes a vector whose components are all the partial deriva-
tives of the order 0 up to k of all the u’. Here, S is a
sequence of s;, and s; is the partial derivative order of u
with respect to z;.

(iv) Nonlinear Partial Differential Equations

L'(u™)y =0, i=12,...,m, (1)
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where L’ is a polynomial of u®*) denotes a system of m-
component PDEs of an order k.
(v) Functional Transformation

u=9(f), (2)
where £ = (f1, fo,..., f1) is a group of auxiliary functions

depending on variable x, and ® is a transformation.
(vi) Hirota Bilinear Form

Z [Z G xDsfsz}— , k=12,....0m", (3)

1<i,5<1

denotes the m’-component linear equation, where Dg is
the Hirota-D operator defined as

Dsfi-fj:[HD g

=11 (52 -~ 77) " 16086 e

k=1
1<i, j<lI, (4)
and cZ :7:k is the corresponding coefficient with respect to

the leota-D operator Dg.

2.2 Definition

For any arbitrary solution f of Eq. (3), if there exists
a functional transformation (2) and its transpositional re-
sult u is also a solution of Eq. (1), then we call Eq. (3)
is a HBF of Eq. (1). It is known that the notable KdV

equation
Uy + 6uty +uz, =0, (5)
admits three different HBFs. The first one is
Of-f=(Dy+DyDy) f-f=0, (6)
under a logarithmic transformation
u=2In(f)2s- (7)

The other two HBFs are both obtained under a rational
transformation, which are in the forms of

(D;+D3)g- f=0 with
D2f.f=2fg under u=g/f, (8)
and
(D; +D3)g-f=0 with
Dif-f=2Dsg-f under u=(g/f)s.  (9)
For the complexity of the nonlinear PDEs and the va-
riety of their functional transformations, the process of
bilinearization is far from being algorithmic. To show the

main idea of our algorithm, for simplicity, we restrict the
nonlinear PDEs (1) to

Lu®) =0,
the Hirota bilinear form (3) to

[>" csx Ds|f-1 =0,
S

and the functional transformation (2) to
u=ax (Inf)

(10)

sx ?

where a and cg are constant coefficients. It is clear that
the KdV equation (5) is form invariant under the scaling
symmetry transformation

(z,t,u) — (ANl A3, \2u) (13)
where A is a parameter. The scaling invariance, as a spe-
cial Lie-point symmetry, is an intrinsic property of many
integrable nonlinear PDEs. According to (13), without

loss of generality, one can introduce the rank of variables
as follows:

Qu)y=2, Qx)=-1, Q@) =-3. (14)
Now, if we define the rank of the partial derivative as

Ostts2ttsn,, Q U
(8xf18x Oz ) o (H?:l x; )

= Q) = > fsi x Q)]

i=1
then two clear and important results should be clarified.
The first is that all the monomials in Eq. (5) are uniform
in rank 5, while the second is that the transformation (7)
and the operator © in HBF (6) are uniform in rank 2 and
4, respectively. It should be emphasized that uniformity
in rank plays an important role in our algorithm.

Qus) =

(15)

2.3 Algorithm

The computer algebraic algorithm and routines of con-
structing the HBF for a single nonlinear PDE under a
logarithmic transformation are described in the following
steps.

(i) Determine the weights of variables and parameters

It is easy to determine the weights of the variables and
parameters by using the definition of uniformity in rank.
In our algorithm, we construct such a subroutine Weight
(EqList ::list, ParaList ::list) to compute the weights of
the variables and parameters, where FqList denotes a list
of equations and ParaList is a list of the parameters with
(unknown) weights. Take a (141)-dimensional nonlinear
PDE

Wy, + Bwy — 3wyw; — Wagy = 0 (16)

as an example, where the parameter 3 is assumed to have
an unknown weight. In this case, one can call the sub-
routine as Weight([w, + S w; — 3wyws — wagze = 0], [5]) to
determine the weights of {z, ¢, w, 8}. In detail, the proce-
dure proceeds as follows:

Collecting functions and its dependent variables of
EqList into the lists FuncList and VarList, respectively,
we have the result

FuncList = [w], VarList = [z,1].
Constructing the weight list with respect to the Fun-
cList, VarList and ParaList, respectively, we get the result
WPFuncList = [Q], WVarList = [Qy, Q4],
WParaList = [Qg].

Here, Q,,, Qz, Q, and Qg are all elements of an array 2
and denote the weights of w, z, ¢, and [ respectively.
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Combining the list FuncList, VarList and ParaList, we
derive the set
S0 ={w, =z, t, 5}.
Gathering all the monomials of the equation in FqList,
we derive the set
Sl = {w17 ﬁwh _3wwwt7 _w2LEt} .
Selecting all the partial derivatives of the equation, we
get the set
S2 - {wxa W, szt} .

Replacing each element in S2 by the formula
O'w/dx* — O'w/0x* = w/x*, we obtain the set
83 = {w, = w/x,wy = w/t, wape = w/z*/t}.
Substituting S3 into S1, we derive a new set
S4 = {w/x, Bw/t, —3w?/x/t, —w/2? t} .
Rewriting each element in S4 through the formula
h = In(h), we obtain
S5 ={In(w) — In(z), In(8) + In(w) — In(¢),
2In(w) — In(z) — In(¢) + In(3) + 7 I,
In(w) — 2In(z) — In(¢) + « I'}.
Removing all the monomials without weight in S5, we
have the result

56 = {In(w) — In(x), In(8) + In(w) — In(t),
2In(w) — In(z) — In(t),
In(w) — 2In(z) — In(t)}.
Replacing each element in SO by letting h — h =
exp(Q2y), then we have the set
ST ={w = exp(Qy),z = exp(Qy),
= exp(), B = exp(25)).
Substituting S7 into S6, we derive a new set
S8 = {Qy — 0, Qs + Dy —
20 — Q2 — e, Dy — 20, — Q)
Constructing the rank equation with the condition
of uniform in rank and adding the general assumption
Q, = —1 yield
S9={Qy — Q= Qg+ QL — Q,
Qu — Q. =20, — Qp — O,
Dy — =y — 20, — U, QO =—1}.

Begin
iFunc:= op(1,FuncList);
iVar:=op(1, VarList); £ Fetch out x into iVar;
iWFunc:= op(1, WFuncList);
iWVar:= op(1, WVarList);

If type(iNum,posint) Then

 Fetch out w into iFunc;

Solving the equations in S9 generates the solution
WSol = {Q, =1,0, =-1,Q, =1,Q5 =2}.

According to WSol, four cases should be considered:

(a) WSol is NULL, namely, the equation is not uni-
form in rank. The program prompts the information and
then ends the process.

(b) WSol with a free weight. It requires the user to
enter a value and then goes on.

(c) WSol with a fractal weight. In this case, one should
multiply each weight in WSol with the lease common mul-
tiple of the denominators in the fractal weights and then
goes on.

(d) otherwise, goes on.

Substituting the solution WSol into S8, we obtain the
weight of the equation

WEq =2.
Substituting the solution WSol into W~FuncList,

WVarList, and WParaList, respectively, we have the re-
sult

WPFuncList = [1],
WParaList = [2].

WVarList = [—1,1],

It is noted that our package is incapable in the case that
a function or parameter have a negative weights. That
is to say, the values in the list WFuncList and WParaL-
ist should be positive, otherwise the program shows the
information and then ends the process.
(ii) Determine the general form of functional transforma-
tion

Using the property of uniformity in rank, the func-
tional transformation (12) becomes

u=ax (Inf) s=—Qu)/Qx). (17)

Now, we use the weights of the variables and con-
struct a procedure called GenFuncTrans(FuncList :: list,
VarList :: list, WFuncList::list, WVarList::list) to deter-
mine the general form of the functional transformation.
Its algorithm is described as

sx )

f Fetch out the weight of w into iWFunc;
f Fetch out the weight of z into iW Var;
iNum:=-iWFunc/iWVar; § Compute s = =, / y;

FuncTrans:=iFunc= « * diff( f(op( VarList)),1Var$iNum));

f f is the name of an auxiliary function;
Return(FuncTrans);
Else

Error(‘Fail in computing the general form of functional transformation!);

Fi;
End
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Remarks:

Maple function op(n,pList): return the nth element of a list pList.
Maple function type(n,posint): check n is a positive integer number or not.
Maple function diff(pExpr,x$n): compute the nth-order derivative of pEzpr w.r.t. z.
Calling the subroutine GenFuncTrans([[w],[x,t],[1],[-1,1]), one can obtain the functional transformation of Eq. (16)

w=ax(Infl.=ax f./f.

(iii) Construct a general form of HBF

(18)

Substituting the obtained functional transformation (18) into Eq. (16), one can yield a complicated mulit-linear

equation with respect to the auxiliary function f
(3a —6)f3 fr —
+ f2[(3a - 3)f21fmt + fa2c -

(3a - 6)ffx(facfact + foft) -
faxft = 3fufout + Bfafi] = 0.

.fg(.fo + ﬂfxt - .f3xt)
(19)

According to the algorithm in Ref. [11], one should convert |
the multi-linear equation (19) into a quadratic equation
before constructing the general form of HBF. Applying
the HBM method!" or WTC method,!*® one can get

a=2. (20)
Then substituting « = 2 into Eq. (19) yields
f(fox + Bfut — fsot) — 3foufor + [2
— fsaft = 3fufout + Bfuft = 0. (21)

If Eq. (21) is not in a quadratic form, then it is required
to integrate the equation with respect of x once or sev-
eral times. Hereafter, using the general ansatz (3.8) in
Ref. [11], one can obtain the general form of HBF
las1D2Dy + a1 Dy Dy + asoD2] f - f =0, (22)
where as1, a11, and agg are constants to be determined
later. However, to convert a multi-linear equation to a
quadratic equation is usually rather tedious. Here, we in-
troduce a new procedure to construct the general form

of HBF avoiding such a tedious action. First, we rewrite
Eq. (11) in the form of

[ eonifrs = [ (o Lot TTo2))1 5
s 5,Q k=1

=0, (23)
where pp denotes a parameter with a weight, ¢ is the
power of py, @ is a sequence of qi1,¢2,... ,¢r, and cg g is
a constant coefficient without any weight. Then, we uti-
lize the property of uniformity in rank and the obtained
weights of the variables and parameters to construct the
general form of HBF.

For a given rank iRank, the procedure GetCombina-
tion( VarList::list, ParaList::list, WVarList:list, WPar-
aList::list, iRank::posint, MLEq::equation) will automat-
ically insert all the possible combinations into a set in the

form of QS = {[[¢1,q2,--- ,q+],[$1, 82, ... sp]]} which sat-
isfies
Z[qk x Q(pr)] Z sk X Q(xg)] = iRank , (24)
k=1 k=1
and
s < difforder(MLEq, z1,) , (25)

where MLEq is a multi-linear PDE, and difforder is a
maple function which evaluates the differential order of
an algebraic expression.

Taking MLEq (19), VarList=[x,t], ParaList=[f],
WVarList=[—1,1], WParaList=[2], and iRank=2 as an
example, the procedure proceeds in detail as follows:

Computing the differential order of the equation MLFq
(19) with respect to VarList, we have

MaxDiffOrderList = [3, 1].

Constructing all the possible combinations [s1, s, .. .,

Sky -+ -5 Sn) based on MaxDiffOrderList and the condition
(25) produces a list
iVarList = [[0, 0], [0, 1], [1, 0], [1, 1],
2,0, 2,1], [3, 0], [3, 1]

Computing the sum of weights for each combination
in iVarList by using the formula >"}_,[si x Q(z))] with
WVarList, we get

iWVarList = [0,1,-1,0,—2, -1, -3, -2].

Constructing all the possible combinations [g1, g2, - .,

Gk, - - -, ¢r) under the constraint g, X Q(p) < iRank yields

a list
[[0], [1]] -

Computing the sum of weights for each combination
in iParaList by the formula Y~ [qx x Q(px)] with WPar-
aList, we obtain

iParalist =

iWParaList = [0, 2].

For each element A; in iWVarList, if A; is a positive
even number, and there exists an element B; in iWParal-
ist satisfying B; — A; = iRank, then union the i-th element
of iVarList into a set. The result is

rVarSet = {[1,1],[2,0],[3,1]}.
According to the set rVarSet, one can easily construct an
HBF which is similar to Eq. (22). In general, under the
constraints of (24) and (25), the sum of the Hirota-D op-
erator of the general form of HBF is much less than that in
Ref. [11], which makes our algorithm more efficient. Tak-
ing the KdV equation as an example, the general form of
HBF under Egs. (24)—(25), and iRank = 4 reads
[c1D} + oDy Dy f - f = 0,

while the general ansatz of HBF in Ref. [11] becomes

[CL40D3 + angiDt + CLQOD% + alleDt]f . f =0.
The difference between two packages are illustrated
through some PDEs as shown in Table 1.
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Table 1 The running efficiency of the package HBF Trans.

Nonlinear partial

Terms of general ansatz of HBF

Total running time

differential equation (Bilinearization/ HBF Trans) (HBFTrans)
Kdv 4/2 0.282
SK 6/2 0.313
Boussinesq 6/5 0.891
SWW 3/3 0.266
BSK 9/3 0.453
KP 7/3 0.344
(3+1)-D KdV 8/5 0.484

After the function GetCombination( VarList::list, ParaList::list, WVarList::list, WParaList:list, iRank::posint,
MLEg::equation) is programmed, we can proceed. Using the obtained rVarSet with the definition (4), we intro-
duce another subroutine GenHBF( VarList::list, rVarSet::set) to compute the general form of HBF both in Hirota-D
operator form and in its expanded quadratic form. The algorithm is described in the following way.

Begin
iFuncl:=f(op(VarList));
f f is the name of an auxiliary function;
For ii From 1 to nops(VarList) Do

Od;
tExpr:=iFuncl * iFunc2;
rQFExpr:=0; rDFEzpr:=0;

For ii From 1 to nops(rVarSet) Do
nVarList:=op(ii,r VarSet); iQExpr:=tExpr;
For jj From 1 to nops( VarList) Do

ivar:=op(jj, VarList); t derivative variable;
idnum:=op(jj,nVarList); # derivative order;
iDExpr:=iDExpr*D[ivar] "idnum;

For kk From 1 to idnum Do

iFunc2:=f(op(VarList));

g variable substitution
iFunc2:=subs(op(ii, VarList)=Omegalii], iFunc2);

iDExpr:=c]ii];
# compute derivative

iQExpr:=diff iQExpr,ivar)-diffiQExpr,Omegaljj]);

Od;
Od;

rQEzpr:=rQEzpr+clii] *iQExpr;
0d;

3

For ii From 1 to nops(VarList) Do

Od;

Return(rQFEzpr,rDExpr);
End

Calling the function GenHBF([x,t],{[1,1],[2,0],[3,1]}), one
can easily obtain

rDExpr = ¢, D, D; 4 coD? + ¢3D3D, (26)
and
rQExpr = 2¢1 f fazr — 6¢1fo fout + 6¢1 fou fur
—2¢1 fauft + 2 f for — 2c2fs fi
+2¢3f fow — 2¢3f2. (27)

(iv) Determine the coefficients

In the previous subsection, we give out a subroutine to
construct the general form of HBF for a given rank. In this
subsection, by using the definition of the HBF, we con-
struct a subroutine GetHBF (MLEgq::equation,rQExpr) to
determine the coefficients ¢g in Eq. (11) and o in Eq. (12).

rDFExpr:=rDFExpr+iDExpr;

f variable inverse substitution
r@QEzpr:=subs(Omegalii|=op(ii, VarList), rQExpr);

Concretely, the procedure proceeds as follows:
Fetching out the maximum differential term of rQEzpr
(27), we have
MaxDiffTerm = f3,; .

Solving equation rQExpr = 0 with respect to MaxD-
iff Term, we obtain

iSol = (3clf$f21)t - 3clf21fwt + le3;ﬂft

—cof for + Cafeft — c3f fou + c3f3) /1] [
Substituting MaxDiffTerm = iSol into the multi-linear
equation MLEq (19) and then collecting all the coefficients
of the product of potential function and its derivatives,
yields an equation

iEq = {a3f + a1, —a3f — a1, —6az + 3aza,
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—ag — as, as + ag, 6as — 3asa}.

Solving the equations in iEq leads to a nontrivial so-

lution
rSol={a=2,6=0,a1 = —a3f,a2 = —az,a3 = az}.

By substituting the solution rSol into Egs. (26) and
(18), one can obtain the final result (3D,D; + D? —
D3D,)f - f =0 under the transformation w = 2(In f),.

In the traditional algorithm, one should integrate
iExpr once or several times to get its quadratic form. How-
ever, the integral operation is a weakness of most sym-
bolic computation systems. Furthermore, we find it is not
necessary and also waste of time. In our algorithm, by di-
rectly substituting the general form of HBF into MLFEq, we
successfully discard the integral operation, which greatly
improve the running efficiency.

Up to now, the key steps of our algorithm have
been discussed in the above subsections.
clear the relationship among these key steps, we design
a main function HBFTMain(FqList::list, ParaList::list,
iRank::posint). The parameter iRank is optional and its
default value is a maximal even number less than WEq.
In detail, the procedure is as follows:

Using subroutine Weight with parameter FqList and
ParaList, we obtain the return value FuncList, VarList,
WPFuncList, WVarList, WParaList, and WEq.

If the optional parameter iRank is not given, then we
assign a maximal even number less than WFEq to iRank.

Calling function GenFuncTrans with parameter Fun-
cList, VarList, WFuncList, and WVarList, we have the
functional transformation FuncTrans.

Substituting the obtained FuncTrans into EqList, we
obtain a mulit-linear equation MLEjq.

Using the procedure GetCombination with parame-
ter VarList, ParaList, WVarList, WParaList, iRank, and
MLEq, we obtain a combination rVarSet.

Calling function GenTrans with parameter VarList
and rVarSet, we have the general form of HBF both
in Hirota-D operator form rDEzpr and in its expanded
quadratic form rQFzpr.

Using the subroutine GetHBF with parameter MLEq
and r@QFExpr, we have a solution of the combinatorial co-
efficients.

Substituting the obtained results into rDEzpr and
FuncTrans, the HBF of the studied equation is finally ob-
tained.

To make more

3 Applications

Example 1 The first example we consider is the Sawada—
Kotera (SK) equation

(28)

which is a (1+1)-dimensional nonlinear PDE of an order
5. First, HBFTrans generates the weights of the variables

Qu)=2, Qz)=-1, Q) =-5.

up + 45u%uy — 15ugugy — 15uusy, + Usy = 0,

Then HBFTrans reports that the SK equation possesses
an HBF as [D;D, + DS|f - f = 0 under the functional
transformation u = —(In f)a,.
Example 2 Here, we consider a nonlinear PDE without
uniformity in rank, the Boussinesq equation

U2t — U2y — 3(’[1,2)21 — Ugy = 0. (29)
First, HBFTrans denotes that the system (29) is not uni-
form in rank. If we add a parameter with a weight
to the system and call the program in the form of
HBFTMain([ug; — Buae — 3(u?)2y — uge = 0], [6]), then
the outputs are

Qu) =2, Qx)=-1, Q@1t)=-2, QO =2,

and [D? — 3D2 — Di]f - f = 0 with u = 2(In f)a,. By
setting § = 1, the final HBF of the Boussinesq equation
is obtained.
Example 3 Let us consider another nonlinear PDE with
an integration term, the shallow water wave (SWW) equa-
tion

Up 4+ Uy — JUU — Uogr + Uy / wdr = 0. (30)

First, by substituting v = w, and using the boundary con-
dition wt|z—oc0 = 0, we convert Eq. (30) into a differential
form

(31)
Obviously, Eq. (31) is not uniform in rank. There-
fore, one should call the program in the form of
HBFTMain([8 wyt + Wop — 3WeWet — Wizt — 3Wapwy =
0], [8])- Then the program derives the weight of variables
and the HBF (D;D2 — 8D;D, — D2)f - f = 0 with a
transformation w = 2(In f),.

Wyt + Wag — 3WpWst — W3¢ — SWozwy = 0.

Exzample 4 To show the advantage of our package HBF-
Trans, let us solve a more complicated nonlinear PDE
with two integration terms, the Bidirectional SK (BSK)
equation

— 5/ Uotdx + Duoyr — 1Duus + 15um/

oo
updx

— 45u%u, 4 15upus, + 15uus, — us, = 0. (32)
Similarly, we first convert Eq. (32) into a differential form
by substituting © = w, and using the boundary conditions
W|z—00 = 0 and wat|y— oo = 0, which reads
BSKN = 5wo; +5wser — 15 (wywy —i—wg —WaW3g ) — We

=0. (33)
Now we call the program HBFTMain([BSKN],[]), and
then obtain Q(w) = 1, Qz) = -1, Q) = -3, and
[5D? + 5D, D3 — DS]f - f = 0 with a transformation
w=—2(In f).
Example 5 The previous four example are all (1+1)-
dimensional PDEs. Actually, our program is also effective
in solving high dimensional nonlinear equations. In this
example, we work on a (2+1)-dimensional nonlinear PDE,
the KP equation

(Ut 46Uty + Upagz)s — SUyy = 0. (34)
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If we call the program as HBFTMain([KP], []), then HBF-
Trans produces the weights of variables are

Qu)=2, Qx)=-1, Quy) =-2, Q@) =-3,
and then the KP equation has no HBF with the de-
fault rank 6. However, if we call the program as
HBFTMain([KP],[],4), then we have the right result
(DiDy + Dy —3D2)f - f = 0 with u = 2(In f) .
Exzample 6 Consider the (341)-dimensional KdV equa-
tion

Ut + O6Uz Uy + U2gy + Udzz + GOuiuz
+ 10u3u, + 20uzuo,, = 0.
The outputs of HBFTrans are
Qu)y=1, Qx)=-1, Q) =Q(t)+2,
Qz) =Q) +4, Q@) =Q(),
which mean that Eq. (35) has a free weight. Then we just
take the weights of the variables to be
Qu)=1, Qz)=-1, Qy) = -3,
Q(z) =-1, Qt)=-5.
In this case, we have the result (D2Dy,+D32D,+D,D;)f -

f =0 with v = (In f),. The running effectiveness of our
package HBFTrans is listed in Table 1.

(35)

4 Summary

In this paper, we present a new algorithm for symbolic
computation of HBF of a single nonlinear equation with a
logarithmic transformation and the package in Maple. Us-
ing our package, several classical nonlinear equations are
successfully tested and the results are listed. It is clear
that our algorithm based on uniformity in rank can be ex-
tended in parallel to the KdV equation (5) under a rational
transformation for both the cases of (8) and (9) by fixing
Q(f) = 0 and determining €(g) through the uniformity of
rank of the functional transformation. However, it is diffi-
cult to present a uniform algorithm since it might involve
so many types of functional transformations such as ratio-
nal, logarithmic, bi-logarithmic, and their combinations,
or even some unknown complicated transformations. Any-
way, a more generalized algorithm of computing HBF of
nonlinear PDEs is still worthy of further study.
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Appendix
The usage of HBF Trans

The package HBFTrans can work in Maple 9, 10, and
even more higher versions. Its main procedure is denoted
as HBFTMain. We take Eq. (16) as an example to show
how to use HBF Trans.
To start, one proceeds as follows:
[>with(HBFTrans);

[HBF TMain)

[>alias(u=u(x,t),f=f(x,t));

u, f
[>HBFTMain([diff(u,x)+betaxdiff(u,t)-diff (u,x,x,t)-
3x diff (u,x)* diff(u,t)=0],[betal);

The input equation is
0 9] o? 0]
— —Uu—=———-3—u—u=0.
o TP T aar S o
The weights of the variables are:
{Q=2,9,=1,Q, =-1,0Q, =1}.
Seeking the Hirota bilinear form on rank 2---.
The ansatz of functional transformation is
_ %
f
The ansatz of Hirota bilinear form is
(c1DyDy + caD? + c3D2D,)Q[f..f] = 0.

The solution set for the coefficients is

{Cg = —C3,C1 = _603704 = 276 = 6703 = 03} .
The given equation possesses an HBF
(BD+Dy + Dy — DiDy)0[f..f] =0,

under a transformation

2

o

f .

u =

~
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