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Abstract The nonlinear continuum model proposed by Cuerno and Barabasi is the most successful and widely

acceptable theoretical description of oblique incidence ion sputtered surfaces to date and is quite robust in its predictions

of the time evolution and scaling of interfaces driven by ion bombardment. However, this theory has thus far predicted

only ripple topographies and rough surfaces for short and large scales, respectively. As a result, its application to the

interpretation and study of nanodots, predicted by Monte Carlo simulations for, and observed in experiments of, oblique

incidence sputtering is still unclear and, hence, an open problem. In this paper, we provide a new insight to the theory,

within the same length scale, that explains nanodot formation on off-normal incidence sputtered surfaces, among others,

and propose ways of observing the predicted topographies of the MC simulations, as well as possible control of the size

of the nanodots, in the framework of the Cuerno–Barabasi continuum theory.
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1 Introduction

For some time now a lot of interest has been generated

by the ordering behaviour exhibited by surfaces sputtered

by energetic ions in which ordered patterns are not only

formed in the process of a random ejection of surface parti-

cles, but that the orientation of the patterns can be tuned

by varying the experimental sputtering parameters.[1−7]

Coupled with their nature as nanostructures, these nano-

patterns are of technological importance in opto-electronic

and other nano-device applications. According to the

Cuerno and Barabasi nonlinear continuum theory (CB

model), their large length scale characteristics result from

nonlinear effects and the sputter noise in the sputtering

process.[5−6]

While this defines new scaling regimes absent from

the linear theory of Bradley and Harper,[2] as well as rip-

ple topographic regimes agreeing with the linear theory, a

number of unresolved problems persist. For instance, the

scaling properties of the different scaling regimes are un-

known. Furthermore, the nonlinear theory, like the linear

theory, has thus far predicted mainly ripple topography

at short length scales. Meanwhile, a number of experi-

ments of normal incidence sputtering have demonstrated

the existence of a different kind of surface morphology, dot

topographies, on semiconductor and amorphous surfaces

at nanometre length scales with the presence of a charac-

teristic length scale in the system.[8−9] Moreover, recent

Monte Carlo simulations[10−11] reported the existence of

these dot topographies for off-normal incidence sputter-

ing of amorphous substrates at collision cascade param-

eters different from the existing continuum theory calcu-
lations. In the simulations,[10] six different topographic

regions were reported for early times in the sputtering pro-
cess. When considering the topographies at later times as

well as the nature of the nanostructures, these six regions

reduce to three through a merger of four of the regions
into one.

Although, a number of targeted theoretical descrip-
tions focussed at accounting for nanodot characteristics

have been proposed,[12−14] the actual formation of these

nanodots from oblique incidence sputtering remain un-
clear and is not yet understood, since the CB model has so

far not predicted anything other than ripple topographies
for off-normal incidence. Moreover, the Continuum the-

ory calculations of the CB model are usually performed

for isotropic distribution of the energy of the impinging
ion, mainly for ease of exposition of the theory, and a few

cases of anisotropic energy distribution that are irrelevant
to the nanodot regions of the Monte Carlo simulations.

Thus, the continuum theory results so far are inconclu-

sive for certain important cases as enumerated above and
below.

We investigate this open problem by providing phase
diagram calculations of the continuum theory over a

range of collision cascade parameters corresponding to

an anisotropic distribution of the energy of the imping-
ing ions. In particular, we provide those necessary to re-

solve the unanswered questions about the prediction of the

continuum theory as regards non-ripple morphologies. We
propose a different interpretation of the continuum theory

which indicates that for certain anisotropic distribution of
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the energy of the impinging ions, the presence of a char-

acteristic length scale may be regarded as a manifestation

of the separation between dots and not ripple crests or

troughs. We discuss the accessibility of any of the regions

studied to experimental probing; propose an explanation

for the formation of the dots that arise from oblique in-

cidence ion sputtering and a possible way of achieving or

controlling required dot size. The rest of this paper is

organized as follows. In the next section we discuss the

theory. In Sec. 3, we present and discuss our results for

the anisotropic cases relevant to an explanation of yet un-

accounted topographies, and provide a new insight to the

theory which explains the results. Finally, we provide a

brief conclusion in Sec. 4.

2 Materials and Methods

The continuum theoretical description of interface

morphology in terms of deterministic and stochastic par-

tial differential equations is a powerful and successful tool

for understanding the behaviour of diverse interface phe-

nomena. For the specific case of ion sputtered surfaces,

the distribution E(x) of the energy E of the incident ion

to a surface particle located at position x = (x1, x2, x3) is

assumed to be of the Gaussian form:[15]

E(x) =
E

(
√

2π)3αρ2
exp

(

− x3
2

2α2
− x1

2 + x2
2

2ρ2

)

, (1)

where α and ρ are the widths of the distribution parallel

and perpendicular to the ion beam direction, respectively.

The erosion velocity υ ∝ ∂th by definition, following which

the dynamic evolution of the surface height h(x, t) at

nanometre length scales is for most cases governed by the

Cuerno-Barabasi model which is a Kuramoto–Sivashinsky

type stochastic partial differential equation[2,5]

∂th(x, t) = −υ0 + ζ∂xh(x, t) + ςx∂xxh(x, t)

+ ςy∂yyh(x, t) + ηx[∂xh(x, t)]2

+ ηy[∂yh(x, t)]2 − D∇4h(x, t) + β , (2)

υ0 is the erosion velocity of a flat surface, ζ is a propor-

tionality constant related to the local surface slope along

the x-direction, ςx and ςy are the (linear) surface tension

coefficients, ηx and ηy are the nonlinear coefficients, D is

the surface diffusion coefficient, β is a (Gaussian) noise

term with zero mean, representing the randomness in the

ejection of the surface constituents.

Using the convenient notation,

aα =
a

α
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a
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)

,

where F is the ion flux and P is the proportionality con-

stant between the power deposition and the rate of ero-

sion, we provide the (Cuerno–Barabasi) coefficients,[5−6]

for ease of reference, as follows:
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If non-linear effects are irrelevant at the short nano

scales of pattern formation Eq. (2) predicts the presence of

a characteristic length scale Γ =
√

D/|ς| in the system,[2,5]

which manifests as periodic structures (e.g. in the sepa-

ration of ripple crests/troughs); where |ς| is the higher

absolute value of the negative surface tension coefficients,

and the structures are oriented along the direction that

corresponds to the higher |ς|. Thus, if neither of ςx and ςy
is less than zero, the characteristic length scale is absent

and since the ripple wavelength is λ = 2πΓ
√

2 no ripples

are formed. In other words, the present continuum the-

ory interpretation is that we either have ripples or not for

oblique incidence, whereas reports of other topographies

have emerged.

In order to clarify this we obtained the phase diagrams

of the continuum theory for the asymmetric energy dis-

tribution cases α = 0–5 and ρ = 0–5 studied in recent

reports[10−11] of Monte Carlo simulations of surface sput-

tering in which atomistic simulations[16] of the range of

ions in solids were performed to determine the realistic

ranges of collision cascade parameters used in the MC

simulations. Our results are presented and discussed in

the next section.

3 Results and Discussion

The phase diagrams presented here have been obtained

from the variations of ςx, ςy, ηx, ηy as functions of α and

ρ (Fig. 1); and as functions of a and θ (Fig. 2). From

these calculations we found three topographic regions, for

a = 6.0 and θ = 50◦ [Fig. 1(a)], as in the simulations at

later times. Since these coefficients are also functions of a

and θ it is necessary to obtain the phase diagram in these

regard as well. As we show below, the phase diagram

in terms of a and θ allow for a wide range of possibili-

ties of the coefficients and a large number of topographic

regions. The regions to be encountered below in any of

the two cases are as defined in Table 1, where we tabu-

late the signs of the coefficients defining each region. As

will be seen in what follows, if we ignore the nonlinear

coefficients then there are only three possible regions, two

of which describe ripples with either of the two possible

orientations and the remaining one describing the rare sit-
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uation in which neither of the surface tension coefficients

is negative.

Table 1 Definition of the regions found in the calcula-
tions, as described in the text.

Region Signs of the coefficients

1 ςx < ςy ≤ 0; ηx < 0, ηy < 0

2 ςy < ςx ≤ 0; ηx < 0, ηy < 0

3 ςx < ςy ≤ 0; ηx > 0, ηy < 0

4 ςy < ςx ≤ 0; ηx > 0, ηy < 0

5 ςx < ςy ≤ 0; ηx < 0, ηy > 0

6 ςy < ςx ≤ 0; ηx < 0, ηy > 0

7 ςx < ςy ≤ 0; ηx > 0, ηy > 0

8 ςy < ςx ≤ 0; ηx > 0, ηy > 0

9 ςx > 0, ςy < 0; ηx > 0, ηy < 0

10 ςx > 0, ςy < 0; ηx < 0, ηy < 0

11 ςx > 0, ςy < 0; ηx > 0, ηy > 0

12 ςx > 0, ςy < 0; ηx > 0, ηy = 0

Until now phase diagram calculations have not been

done for the range of collision cascade parameters consid-

ered in this work and the only continuum theory inter-

pretation of the results of applications of Eq. (2) to an

understanding of the time evolution of sputtered surfaces

is one that merges two different length scales, one short

and the other long; the difference having a lower limit of

the order of about 10 µm. While this interpretation is cru-

cial for an understanding of the transition of the surface

topography between these length scales as well as the scal-

ing behavior reported by diverse experiments at different

length scales, it is difficult to relate it to the occurrence

of different morphologies within the same length scale.

In this paper, we provide the results of calculations for

these ranges of collision cascade parameters and on their

basis propose another interpretation of the result of an

application of Eq. (2) within the same length scale, which

explains the different possible surface morphologies; for

instance, it accounts for the unexplained phenomenon of

oblique incidence dot formation. Note that dot pattern

formation was associated with normal incidence sputter-

ing until the work of Bradley[17] and Frost[18] who showed

that the nanodots occur for oblique incidence sputtering

with sample rotation. In Ref. [10] it was shown that the in-

fluence of the sample rotation is to purify the dots, as they

also occur without sample rotation under certain sputter-

ing conditions, albeit with other underlying periodic and

rough structures. It was further shown[10] that these nan-

odots have very similar characteristics as the normal inci-

dence nanodots.

The normal incidence dot pattern formation on GaSb

and InP surfaces is believed to originate from the pref-

erential sputtering and segregation of the surface-rich

species,[19−20] while impurity effects play a very impor-

tant role for dots formed on silicon surfaces.[21−26] Here

(see below), we provide an explanation of oblique inci-

dence dot formation based on the Cuerno–Barabasi model

which is the applicable model to off-normal incidence sput-

tered surfaces.

In the phase diagram presented in Fig. 1(a), ripples

are oriented along the y-axis in the three regions 2, 4, and

9, whereas, in the simulation ripples are oriented perpen-

dicular to the ion beam direction for the same sputtering

parameters. Assuming that the projection of the ion beam

direction in the simulation corresponds, in the reference

frame of the continuum theory, to a straight line segment

parallel to the x-axis, we have an agreement between the

continuum and the discrete theories that enables us to in-

terpret the results of the continuum theory as regards dot

topographies. For instance, since the disagreement here is

in the topography of region 9, then the nonlinear coeffi-

cients must be dominant and we explain their role below.

Note that the values of the collision cascade parame-

ters at the phase boundaries are slightly different to those

in the simulation results. To investigate this we per-

form calculations for the phase diagram at different θ [see

Figs. 1(b) and 1(c)] and observe shifts in these bound-

aries, which indicate a quantitative agreement with the

values reported in the simulation. The general result for

the three regions of Fig. 1(a), when considering both a

and θ are shown in Figs. 2(a)–2(c) for α = 3.3, ρ = 4.5;

α = 1.6, ρ = 3.3; and α = 2.0, ρ = 1.0, respectively.

A transition from region 2 to 4 of Fig. 1(a), when con-

sidering a fixed α and varying ρ, is due to the change

of sign of the nonlinear coefficient ηx associated with in-

creasing local surface slopes along the x-axis, which is a

precursor to the change from region 4 to 9, in which case

there is no directional change in nonlinearity but only a

change of sign of the surface tension coefficient ςx. This is

important as it provides an explanation of dot formation

which we propose as follows.

A negative surface tension coefficient is representative

of the instability arising from the sputtering process in

which troughs are eroded in preference to crests.[2] A pos-

itive surface tension coefficient then implies a preferential

neglect of troughs in the erosion process. On the other

hand, a negative nonlinear coefficient implies that the

height evolution increases as local surface slopes increase,

and vice-versa. This means that the interplay that leads to

ripple formation is enhanced or countered depending on

the relative signs of the nonlinear coefficients which are

capable of creating a further instability that disturbs the

interplay. On this basis pattern formation in the twelve

regions highlighted above are as tabulated in Table 2 be-

low.

Due to the interplay between ςx and ςy, periodic struc-

tures with either of two possible orientations are always

present, except if one of ςx or ςy is zero. Details of how to

calculate the characteristic quantities (e.g. ripple ampli-

tude, growth rate, etc.) of the nanostructures in Table 2



168 Communications in Theoretical Physics Vol. 58

can be found in the literature.[6] Some regions of orthog-

onally oriented ripple structures such as region 1, 2, and

6 in the phase diagram are in agreement with what has

been observed by experiments, e.g. Refs. [27–28], that two

perpendicular ripple patterns overlaying each other are de-

veloped simultaneously on amorphous semiconductor sur-

faces during ion sputtering at moderate temperature.

Table 2 Description of the nano-patterns characteristic of the regions found in the calculations, as explained
in the text.

Region Description of the nanopatterns

1 Ripples oriented along x with much less prominent underlying periodic structure along y

2 Ripples oriented along y with much less prominent underlying periodic structure along x

3
Ripples oriented along x with shorter amplitude and (possibly prominent,

depending on the relative size of ςy) periodic structure along y

4
Almost pure ripples (i.e. very little or no sign of an underlying periodic structure)

oriented along y with normal amplitude growth

5 Almost pure ripples oriented along x with normal amplitude growth

6
Ripples oriented along y with shorter amplitude and (possibly prominent, depending

on the relative size of ςx) periodic structure along x

7
Possibly a rough surface, or low amplitude ripples oriented along x; depending

on the relative strengths of the competing factors

8
Ripples oriented along y with slow or no amplitude growth; or rough surface if the

nonlinearities cancel out or soften the surface tension instability

9 Dots with underlying periodic structure oriented along y

10
Short ripples oriented along y, or dots of lower growth rate and underlying structure

oriented along y; depending or the relative strengths of the competing factors

11
Ripples oriented along x with slow or no amplitude growth; or rough surface if the

nonlinearities cancel out or soften the surface tension instability

12 Dots with less prominent or no underlying periodic structure

In particular, we can explain region 9 as follows.
Trough erosion along the x-axis is not favored in this case

and the height evolution along the x-axis decreases. Since
erosion is a stochastic process and erosion along the x-
axis for this region is much reduced in comparison to that

along the y-axis, the continuity of eroded troughs along
the y-axis is broken and instead of long grooves we have
pits interspersed with isolated protrusions which together
make dot topography. Based on this explanation, dot size

depends on the relative magnitudes of the nonlinear co-
efficients which again is dependent on the sputtering pa-

rameters. Thus for a preferred dot size and growth with

time, one would need to strike the right balance between

the appropriate choices of material (which influences a,

α, ρ, etc.) and sputtering conditions such as ion inci-

dence, temperature, etc., according to the phase diagram

of Figs. 1 and 2. Note that there are a few cases with

ςx > 0, ςy < 0, ηx < 0, ηy = 0 in Figs. 1(b), 1(c), and

2(a); ςx ≥ 0, ςy ≥ 0, ηx = ηy = 0 in Fig. 2(a); and a few

cases of region 12 in Fig. 2(b). These do not appear in

the phase diagram because they are not prominent.

Fig. 1 Phase diagram for a = 6.0 and collision cascade parameters α and ρ ranging from 0 to 5. (a) θ = 50◦,
(b) θ = 70◦, (c) θ = 30◦. The three regions 2, 4, and 9, are as defined in the text (see also Table 1). (b) and (c)
show the boundary shifts in the phase diagram, arising from varying θ for the same parameters as in (a).
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Fig. 2 Phase diagram for the anisotropic cases representative of regions 9, 4, and 2 of Fig. 1(a). (a) α = 3.3,
ρ = 4.5; (b) α = 1.6, ρ = 3.3; (c) α = 2.0, ρ = 1.0. The regions found are as labelled in the figure, and defined in
the text (see also Table 1).

On the accessibility of some of the regions studied here

to probing by experiments, we recall the assumption of the
continuum[2,5] and discrete theories[10−11,29−30] that the

impinging ion penetrates a distance a into the material,
after which it distributes its energy according to a Gaus-

sian distribution, which is a simple representation of the
geometry defined by the collision cascades triggered by the

impinging ion. Thus, it is possible to design the shape of
this geometry through controlled defect creation or doping

in the first few surface layers of depth roughly about the

penetration depth a. The material and sputtering condi-
tions required to achieve this can be estimated by using

the SRIM (stopping and range of ions in matter) simula-
tion package.[16] A comparison of the theoretical parame-

ters with the experimental parameters required to achieve
them can be done with this package and has been treated

elsewhere.[10−11]

4 Conclusion

Topographic phase diagram calculations over a range

of collision cascade parameters of impinging ions in a sput-

tered surface have been presented. The range, being rep-
resentative of different distributions of the energy of the

impinging ion in the surface, encompasses a variety of
sputtering scenarios for different materials. The results

revealed a larger number of scaling regimes than previ-
ously known. Based on the results presented in this pa-

per and their comparison with existing results, a new in-

terpretation and conceptual framework of the continuum

theory has been proposed. This new interpretation ex-

plains surface topographies yet unaccounted for and also

agrees with the previous interpretation of the theory. This

new insight considers the stochastic time evolution equa-

tion within the same length scale, thus treating nonlinear

effects as an integral part of the sputtering process within

this length scale; in contrast to the previous interpreta-

tion that considers nonlinear effects as relevant in larger

length scales.

Consequently, oblique-incidence nanodot formation

has been explained as a result of nonlinear effects counter-

acting on the ripple formation, and dot size as dependent

on the relative magnitudes of the nonlinearities. A pos-

sible means of achieving the sputtering parameters neces-

sary for experimental observation of the topographic re-

gions of present interest, e.g. the nano-dot regions, has

been discussed. The new scaling regimes found would pro-

vide an important focus for further studies as a discretiza-

tion of the stochastic partial differential equation with co-

efficients corresponding to the new scaling regimes could

be applied in numerical simulations of the surface evolu-

tion in order to determine the scaling exponents. Such

simulations will constitute an important step in the de-

termination of the scaling exponents for the characteri-

zation of sputtered surfaces, most of which are generally

unknown.
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