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Solutions of Woods—Saxon Potential with Spin-Orbit and Centrifugal Terms through
Nikiforov—Uvarov Method
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Abstract In this study, the analytical solutions of the radial Schrédinger equation for the central Woods-Saxon
potential together with spin-orbit interaction and centrifugal terms have been derived by using Nikiforov-Uvarov method.
The energy eigenvalues and corresponding eigenfunctions of nucleons have been obtained for various values of n, [, and
j quantum numbers. The obtained results using this method are in satisfactory agreement with available data in the
special case.
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1 Introduction gle nucleon with whole nuclei and widely used in nuclear
The wave function as solutions of the Schrodinger dif-  structure, nuclear reactions, nuclear scattering and parti-
ferential equation, in non-relativistic quantum mechan- cle physics, has been attracted a great deal of interest for
ics, and corresponding eigenenergy for a physical sys- some decades. In order to study the structure of nuclei
tems contain all possible information about the physi- contain, particle-hole theory, many nucleon configuration,
cal properties of a system. The exact solutions of the electromagnetic transitions and nuclear decay the Woods—
Schrédinger equation for different potentials have been  Saxon basis has been used as better choice than harmonic
derived and widely used in adverse fields of molecular, oscillator basis in both relativistic and non-relativistic the-
atomic, nuclear, and subnuclear physics. The exact ana-  gries of nuclear mean-field shell model.[4:26—30]
lytic solutions of hydrogen atom and harmonic oscillator The single nucleon wave function, as fundamental pa-
problem with complete set of potentials with any arbi-
trary [-state, as two fundamental examples in atomic and

rameter for studying nuclear structure and constructing
the wave function of nuclei, is derived from single nu-
cleon Schrodinger equation. The single-nucleon radial
Schrédinger equation for a central potential can be written

subatomic physics, have been represented in some liter-
atures deliberately.[!=3] Up to now several methods have
been used for solving the Schrodinger equation analyti-

as

cally. Such as the variational,[*= supersymmetry,!”=10l _p2 (1 +1)

asymptotic iteration method,®! the perturbation lad- [2— ( v - 5 ) + V(r)}w(r) =Ey(r), (1)
der operators method,"? and Nikiforov-Uvarov Method m "

(NU).[13-14) where V(r) is potential energy which is felt by single-

The NU method has been successful to solve dif- nucleon and consists of the nuclear part for both neutron

ferent second-order differential equations in both rela- and proton and Coulomb part ouly for protons, and

tivistic and non-relativistic quantum mechanics. Re- R+ 1)
cently, this method has been used to find exact solution Ver = 2mr2

of the Schrodinger equation for several well known po-  is known as centrifugal potential. By introducing the re-
tentials, such as harmonic oscillator, Coulomb, Kratzer,  duced radial wave function, R(r) = ri(r), which is nor-
Morse, Hulthen, Rosen-Morse, pseudoharmonic, Mie,  malized by [¢(7)"d®r =1, Eq. (1) is rewritten as
Péschl-Teller, and Woods-Saxon potentials!*®=22! in non-
relativistic quantum mechanics and for deriving analytic s~ + = [ E—-V(r)
solution of the Dirac, Klein—Gordon, Salpeter and Duffin— dr h
Kemmer-Petiau (DKP) equations'"-23-2% in relativistic =~ The standard Woods-Saxon potential, as mean-field nu-

d?R(r) 2m R+ 1)

2mr?

R(r)=0. (2)

quantum mechanics. clear potential is given as,
The Woods—Saxon potential, as an important mean- Vi
field nuclear potential describes the interaction of sin- Vavs = 1+ e(r—Ro)/a’ (3)
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where Vo = 40.5 4+ 0.13A MeV is the potential depth,
a = 0.65 fm is surface diffuseness, Ry = roAY? the ra-
dius of the spherical nucleus, ro = 1.27 fm, and A the
mass number of nuclei. The Woods—Saxon potential alone
does not reproduce experimentally observed magic num-
bers, which are indicated closed shelled nuclei. Including
the spin-orbit interaction term to the mean field potential
it is possible to reproduce these numbers. The spin-orbit
term in mean-field shell model is defined as
2
Vis(r) = VL(g)(%O) . [%He(%m)/a (L-S), (4
where VL(g) = 0.44Vp. Therefore the complete form of the
mean-field nuclear potential for single neutron is
V(r) = Viws(r) + Vis(r) . (5)
Because of vast applications of Woods—Saxon basis for
both spherical and deformed nuclei in nuclear and particle
physics, the analytic solution of Woods—Saxon potential
can be very useful and give valuable theoretical results.
Recently by means of NU method the DKP equation is
solved analytically for a vector deformed Woods—Saxon
potential.?’l The exact solutions of S states (I = 0) and
approximate analytic solutions of any [ states for Woods—
Saxon potential are available in literatures.[3:10:17-19.31]
Since the single-nucleon radial Schrodinger equation
for this complicated potential Eq. (2) has not been solved
for any j and [ quantum numbers exactly, in this study, we

r

attempt to solve this equation by using some approxima-
tions which transforms the Schrédinger equation into the
form of NU differential equation that can be solved analyt-
ically. In Sec. 2, the formalism of NU method for solving
specials types of differential equations is given. In Sec. 3,
by introducing some new variables and using some approx-
imation and expansions the solutions of radial Schrédinger
equation for the complete set of potentials for neutron sin-
gle particle are represented.

2 Formalism of Nikiforov—Uvarov Method

The NU method is constructed to solve the hypergeo-
metric type second-order differential equations by means
of the special orthogonal functions.[*3] This method can be
used to solve following second-order differential equations
with an appropriate coordinate transformation z = z(r),

W)+ IO+ 2w =0 (©)

where o(z) and &(z) are polynomials, mostly of second
order, and 7(z) is a first-order polynomial. By separating
of variables and applying following assumption

Vn(2) = ¢(2)yn(2), (7)

Equation (6) reduces to following differential equations
oy’ + 1y + Ay =0, (8)
P(2) _ 7(2)

=2 (9)

o(z)  o(2)

The function y(z) is of the hypergeometric type which its
polynomial representations can be obtained using follow-
ing Rodrigues relation!3?l

Cp d"

(2) = o) o )], (10)

where C,, is the normalization coefficient. In order to solve
Eq. (9), the functions p(z), m(z), and 7(z) should be deter-
mined by means of following known functions o(z), &(2),
and 7(z) as,

7(z) = 7(2) + 27 (2),

(0p) =1p, (12)
w—g/;%i\/(d;~)2—o+ko, (13)
A=k+7, (14)
/\:)\n:—m"—wg”, n=0,1,2,..., (15)

where 7 has negative values and k is a constant and can
be determined such that the square root in Eq. (13) be-
comes positive.

3 Solutions of Schrédinger Equation for

Single Nucleon

In this section, we employ the NU method to obtain
energy eigenvalues and eigenfunctions of the neutron sin-
gle particle. The Schrodinger equation for a single neutron
(Eq. (2)) with complicated form of nuclear potential in-
cluding the Woods—Saxon potential, spin-orbit interaction
and centrifugal terms can be written as

d2R(r) 2m Vo
dr? ﬁ[ 1+ e(r—Ro)/a
L 217d 1
-3V (@ T e
L 3
< (jG+v-10+1-3)
R+ 1)

In order to solve this complicated differential equa-
tion, it is necessary to introduce new variables and make
some approximations. If [ is not too large, the approxi-
mate expansion of the centrifugal potential I(I + 1)/r? as
function of Woods—Saxon potential near r = r,,, the min-
imum point of V(r) (Eq. (5)), is reasonable and can be
replaced by centrifugal potential in Schrodinger equation
(Eq. (16)). This approximate expansion is given as

(+1) 11+ 1)
~ r2, {CO_'—Cl(

_e—or
1+¢ e—o”)
— 670‘7’ 2
& 15ge) |
e 1+ ge—ar
where Woods—Saxon potential has been written as

—e /(1 +ge ™) and a = 1/a, ¢ = e®Fo. The coeffi-
cients Cy, C1, and Cy are three constants as function of

r2

(17)
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potential parameters, ¢, and [-dependent minimum point
rm. This approximate expansion has been widely used
for different potentials,['733-351 and its accuracy and effi-
ciency in comparison with other approximations for cen-
trifugal potential form has been discussed in Refs. [35-36].
These coefficients can be derived explicitly. The details of
derivation of Eq. (17) and its coefficients have been rep-
resented in Appendix.

By introducing new variable z = —e™%", constants
Ve = Vog, V{% = V%gq, and using the approximation
1/r = (1/r{)e " (where r{ is an adjustable parameter
with dimension of length) and Eq. (17) for centrifugal
term, the radial Schrédinger equation (Eq. (16)) is trans-
formed to the following analytically solvable form

—Qar

2mVy  l(1+1)
_ 2 0
6 - 2q€ - h2042 - CY2’I"72n Ola
2mqgVy L1+ 1)
Y= q2€2 - h2Oé2O - a2T2 (qcl - CQ)
mVL(g)T,QO

—W(j(j+1)—l(l+l)—%), (19)

Eq. (18), reduces to the NU differential equation type

d?R(z) (1 -gqz) dR(2)
dz? 2(1—gqz) dz
(=22 + Bz — £2) B
EOEYBIE R(z)=0. (20)

By comparing this equation with standard form of NU

d2R(z) dR(z) 2m P equation (Eq. (6)), the parameters of NU equation are
22 z + — {E — VO’(—) derived
d22 dz 72 1—qz erived as
2 10) ; ) ) = (1-g2), o(2) = 2(1—q2),
+ S G+ -+ - 5) (=) I .
2r§ 4/\1 —qz G(2) = —vz"+ Bz —¢€°. (21)
B h_2 I(l+1) ( Co+C ( z ) These parameters can be used to determine two functions
2m 12, 0 "\1-¢z m(z), 7(z), and constant k
2 q
+Cz(1 ° ) )}R(z):O. (18) m(z) =e—-5(1+2+5)z, (22)
—qz
By defining the three constants e, 3, and ~ k=p—(2¢+S5)ge, (23)
l(l+1)C omE T(2) =142 —q(242e+ 9)z, (24)
°T aZrz 0 R’ where
A1+ 1) AmV{ 02 o
S = \/1 a2 2 QO;;%O (y(g +1) =11 +1)— —) (25)

By substituting the relations of #'(2), 7/(z), ¢”(2), and k in Egs. (14) and (15), the dimensionless parameter ¢ is
obtained as a function of quantum numbers n, [, and j
2mVo/h2a? +1(1+1)C1 /qa®r2, + (n? + (n +1/2)(1 + Sjl))}
(1+2n+ Sj) '

Hence by means of above equation the energy eigenvalues E = h2l(l + 1)Cq/2mr2, — (h? /2ma?)e? is obtained explicitly
as:

entj = | (27)

R+ 1)Cy h? [2ma2%/h2 +1(14+1)a?Cy/qr?, + (n* + (n+1/2)(1 + Sjl))r

En = —
g 2mr2, 2ma? (1+2n+Sy)

| reduced radial wave function can be obtained as

Rotj(2) = Nogj(1 = gz) /20500

This energy eigenvalue which has been derived for any ar-
bitrary quantum numbers n, [, and j indicates the bound
state structure of single neutron in nuclei. This equation
without spin-orbit interaction term reduces to Eq. (58) in
Ref. [17].

In order to obtain the corresponding eigenfunctions,
the functions p(z) and ¢(z) are evaluated using functions
o(z), m(z) and 7(z). Through Egs. (9) and (12)

p(z) = (1 — gz)%iz2ns (28)
P(z) =(1— qz)(l/Q)(lJrsz)anu ) (29)

By substituting p(z) and o(z) in Eq. (10), the hyper-
geometric-type solution y(z) is derived by multiplication
of y(z) and ¢(z), as Eq. (7), the neutron single particle

dn
Tl = gz,

where N is the normalization constant.

X Z—Enzj

(30)

Therefore the
analytic radial wave function of single neutron in pres-
ence of Woods—Saxon nuclear potential, spin-orbit in-
teraction and centrifugal potential in terms of variable
2(r) = —qe™"/% hypergeometric function F can be writ-
ten as

1
Yntj(r) = Nutj =213 (1 = gz) /2 0+ )
T

o Fy (=1, 14 26,5 + Sji + 1526015 + 1;¢2) . (31)
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4 Conclusion

In this theoretical investigation, the radial Schrodinger
equation for a single neutron has been solved analytically
for complicated potentials consist of Woods—Saxon poten-
tial, spin-orbit interaction, and centrifugal terms, by NU
method. By using approximate expansion of 1/7? in terms
of Woods—Saxon type function, which its details have been
represented in Appendix, the Schrédinger equation has
been transformed to the analytically solvable differential
equation of NU equation. By means of NU method, and
introducing some new variables and constants the energy
eigenvalue and corresponding wave function of single neu-
tron, as an example of single nucleon problem, have been
derived analytically. The obtained results at special case
which spin-orbit interactions did not take into account,
are reduced to the theoretical results of published papers
(as example Ref. [17]). This method also can be used for
proton single-particle and it is capable to give the analytic
solution of single nucleon for both proton and neutron, by
adding the coulomb potential to the total potentials. The

analytic solution of single nucleon Schrédinger equation
with Woods—Saxon basis, for any arbitrary n, [, and j, can
be used for theoretical analysis of mean-field shell model,
including single nucleon energy levels and wave functions,
the particle-hole theory, electromagnetic transitions, and
study of nuclear reactions and scattering.

Appendix

In order to find the coefficients of Eq. (17
troducing a new exponential variable the right hand side
(R.H.S) and left hand side (L.H.S) of this equation are
expanded about the [-dependent minimum point r,,, sep-

), after in-

arately. Clearly this exponential variable can be different
and should be determined according to the form of poten-
tial and therefore the coefficients would not be same in
different cases.

By introducing exponential variable z = —e~%" L.H.S
(f(z) = a?/In*(—2)) can be expanded in a Taylor series

| around z;, (z; = —e~®"™™), as

o

In?(—z) * (

—2a2

zIn®(—2)

f(2)

where Az = (z — z).
The R.H.S with this new variable, i.e. f(2)

form of the above equation, by expanding its terms, f1(z) =

be written as

)(Az)—i—(

Az)?

o1 +0(AzZ%),

a2(3+1n(—21)))( (A1)

22 In'(—z)

= C{+ C1(2/(1 —qz)) + C4(2/(1 — qz))?, can be transformed to the

(2/(1 — g2))? around z; and can

(z/(1—gqz)) and fa3(z) =

[ 204 22CYh (2C% — qC1)z + Cf B
O R ey Rl e i e v 0
IOz i ! P 2
+2[(2q02 C('i)_lq‘;gfﬂ"'cz)} (A2') +O(AP). (A2)

By equating two Egs. (A1) and (A2) and terms of the same power up to second order of the Az = z — z;, a set of
equations is derived which can be solved simplicity and the coefficients are obtained explicitly as

mM12M23 — M137M22

mi3m3z2 — M121M33
!
CO =11+ (
™T22MM33 — T237132
mss3

!

C] = ( )tg +
T22M33 — 123711132

)t2+
(
+(

(

T22M33 — 12311132

)t37

mM221M33 — 11231132

)t37

—Mma3

Cl = ( —ms2 ) )tg, (A3)
m221M33 — M237132 m221M33 — M237132
where
mi2 = & mi3 = mi ma2 = # Ma3 = 2m12Mag ma2 = A A
1 — qz ) 12> (1 _ qzl)2 ) ) (1 — qzl)4 ’
1+ 2gz a? —2a? a?(3+In(—z))
m = - 5 = —— N = - 5 = .
% (1—qz)? In?(—z) 2110 (—z) 22 In'(—2)
The coeflicients for ¢ = 1 reduces to the well known form of
1 (1+ e—@m)? 4ar,
Cl = |:1 - ( - 3 - m):| )
0 7°2 o272, 1+ e—aTm or
1 1+ e @™m 1+ e7@"m\2
Ci= [ 20 e (3( )~ Grana) () )]
L2, (14 %) arm (3+arm) arm
1 2,14 e 9Tm\2 2ar.
! m
- e o (L o 2] A4
CZ 12n [( +e aTm 3+ar 1+ e—orm ( )
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