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Abstract A generalization of the Kuramoto model in which oscillators are coupled to the mean field with random

signs is investigated in this work. We focus on a situation in which the natural frequencies of oscillators follow a uniform

probability density. By numerically simulating the model, we find that the model supports a modulated travelling

wave state except for already reported π state and travelling wave state in the one with natural frequencies following

Lorenztian probability density or a delta function. The dependence of the observed dynamics on the parameters of the

model is explored and we find that the onset of synchronization in the model displays a non-monotonic dependence on

both positive and negative coupling strength.
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1 Introduction

The Kuramoto model[1] of coupled oscillators has

been used to model diverse systems in physics, chemistry

and biology,[2] particularly those involving synchroniza-

tion transitions. Examples include groups of fireflies flash-

ing in unison,[3−4] Josephson junction arrays,[5] charge

density waves,[6] collective atomic recoil lasers,[7] electro-

chemical oscillators,[8] and human crowd behavior.[9]

The original Kuramoto model consists of N phase os-

cillators globally coupled together. Each oscillator has its

own natural frequency ω drawn from a given probabil-

ity density g(ω) and interacts with the mean field with

a global coupling strength K. K is assumed to be posi-

tive to account for an attractive interaction. A natural

generalization of the model is to allow K to be nega-

tive for a repulsive interaction, inspired by models of spin

glasses.[10] Actually, both attractive and repulsive interac-

tion can be found in neural networks with excitatory and

inhibitory coupling.[11] In neural networks, excitatory neu-

rons response to stimuli with K > 0 while and inhibitory

neurons react to stimuli with K < 0. Along this line, some

authors treated the coupling as local ones describing the

interaction between two oscillators and they found the evi-

dences of glassy behavior when both positive and negative

coupling strength are allowed at the same time.[12] Tsim-

ring et al. considered the case in which the interaction be-

tween oscillators and the mean field is a global and repul-

sive one and found that synchronization fails for an array

of nonidentical phase oscillators provided that the num-

ber of oscillators is sufficiently large.[13] Recently, Hong

and Strogatz studied the situation in which the coupling

strength is treated as an oscillator’s ability reacting to the

mean field individually.[14] In their work, both positive

and negative coupling strength are present in the popula-

tion. Oscillators with positive K behave like conformists

by tending to fall in line with prevailing rhythm in the

population, whereas those with negative K are repelled by

the rhythm and act like contrarians. The authors found

some expected stationary states such as incoherence states

and partially synchronized states in which conformists and

contrarians locked in antiphase. They also found a surpris-

ing time-dependent state, a travelling wave state in which

the mean field oscillates at a frequency different from the

population’s mean natural frequency and the phase differ-

ence between conformists and contrarians are locked at an

angle away from π. By using the remarkable ansatz dis-

covered by Ott and Antonsen (OA),[15] they found that

the model is exactly solvable when the natural frequen-

cies of oscillators are drawn from Lorentzian probability

density and the numerical results are demonstrated ana-

lytically. Furthermore, when the phase oscillators in the

population are identical, Hong and Strogatz found one

more stationary state, the blurred π state,[16] with the

aid of a theoretical method proposed by Watanabe and

Strogatz (WS).[17]

Now it is interesting to ask whether the observations

by Hong and Strogatz are robust and whether we can find

other dynamical behaviors in the model with conformists
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and contrarians if other types of probability density for

the natural frequencies of oscillators are adopted. Since

the coupled phase oscillators with a Gaussian probabil-

ity density (or some other unimodal probability densities)

of natural frequency have been numerically demonstrated

to behave similarly to those with a Lorentzian distribu-

tion, here we focus on the model with a uniform probabil-

ity density of natural frequency, which can not be solved

analytically by either the OA ansatz or the WS method.

We find another long-term output: a modulated travelling

wave state. We also find that the onset of synchronization

in the population depends non-monotonically on the cou-

pling strength between conformists (or contrarians) and

the mean field, which is different from those in previous

literatures.

2 Model

The model is described as

φ̇i = ωi +
Ki

N

N∑

j=1

sin(φj − φi) , i = 1, 2, . . . , N . (1)

φi(t) is the phase of the i-th oscillator at time t. ωi is the

natural frequency of the i-th oscillator and is chosen at

random from [−γ, γ] where γ is the width of natural fre-

quency distribution. Ki is the coupling strength of the i-th

oscillator to the mean field and is chosen from a double-δ

probability density Γ(K) = (1−p)δ(K−K1)+pδ(K−K2)

where K1 < 0 and K2 > 0 represent the couplings for

the contrarians and conformists, respectively, and p is the

probability that a random oscillator is a conformist.

The key idea behind the analysis of the Kuramoto

model is the introduction of a mean-field-like quantity,

namely, a complex order parameter R eΦ which is defined

as

Z = R e iΦ =
1

N

N∑

j=1

e iφj , (2)

where the amplitude 0 ≤ R ≤ 1 measures the phase co-

herence in the population and Φ gives the average phase.

In terms of R and Φ, Eq. (1) can be rewritten as

φ̇i = ωi + KiR sin(Φ − φi) , i = 1, 2, . . . , N . (3)

When |ωi| < |KiR| the oscillator i gets trapped by the

mean field, otherwise it runs on its own natural frequency.

Throughout this work, we set N = 10 000.

3 Results and Analysis

The system of Eq. (1) is numerically simulated by

a 4th-order Runge–Kutta algorithm with a time step

δt = 0.01 and the quantities of interest are measured after

a sufficient long transient is discarded.

There are several parameters in charge of the dynam-

ics of the model. We first fix γ = 0.1, K1 = −0.5 and

K2 = 1 and then investigate how the dynamics of the

Eq. (1) depends on the fraction of conformists p. For

this aim, we consider the variation of the order parame-

ter against p. Besides the order parameter R defined in

Eq. (2), we also consider the order parameter in contrar-

ians R1 = [1/N(1 − p)]|
∑

e iφj | and the order parameter

in conformists R2 = (1/Np)|
∑

e iφj |. The results are pre-

sented in Fig. 1. Clearly, all of these three order param-

eters increase with the increase of p and we always have

R2 > R1 > R since the synchronization of contrarians is

assisted by synchronized conformists. Figure 1 shows that

there exist several regimes for different dynamical states.

The dynamical states observed in Refs. [14, 16] are found

here either. The incoherent state is stable in the range of

p < 0.35 where each oscillator oscillates at its own natural

frequency. The π state is stable in the range of p > 0.7

in which conformists and contrarians form two partially

(or globally) synchronized clusters and the peaks of their

phase distributions are separated from each other by an

angle of π. In the range of 0.5 < p < 0.7, the travel-

ling wave state is realized in which the phase distributions

of conformists and contrarians spontaneously travel at a

constant speed along the phase axis and the peaks of the

phase distributions of conformists and contrarians always

maintain a constant separation but not at the angle of π.

However, there exists a new state in which the travelling

wave is modulated (we call it a modulated travelling wave

state).

Fig. 1 (Color online) The order parameters are plotted
against the fraction of conformists in the population p.
Black solid squares denotes the system’s order parame-
ter R; Red solid circles line denotes the order parameter
in conformists R2; Blue solid triangles denote the order
parameter in contrarians R1. γ = 0.1, K1 = −0.5, and
K2 = 1.0.

Now we explore the dynamics of the modulated travel-

ling wave state. We present the time sequences of the or-

der parameters after transient in Fig. 2(a) where p = 0.45.

Different from the travelling wave state where the order

parameters stay at constants, here three order parame-

ters oscillate periodically and seemingly in the manner
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of a period-2 oscillation. The temporal behavior of the

order parameters can be explained by the evolutions of

the phase distributions for both conformists and contrar-

ians. As shown by Figs. 2(b) and 2(c), the phase distri-

butions of the two subpopulations are not stationary and

the time evolutions of them consist of two components:

one is a slow one which travels along the phase axis at

a constant speed and the other is a fast one which peri-

odically modulates the phase distributions of conformists

and contrarians. Under the modulation of the fast compo-

nent, the peak values of the two phase distributions vary

periodically. Interestingly, Figs. 2(b) and 2(c) show that

the phase distributions are always not symmetrical about

the peak, which is different from the travelling wave state

as shown in Refs. [14, 16]. In one half period of the fast

component, the phase distributions have long tails at high

phase whereas, in the other half period, the long tails of

the phase distributions appear at low phase. In each mod-

ulation period of the fast component, the asymmetry in

the phase distributions alternates twice which accounts for

the seemingly period-2 behavior of the order parameters.

The careful comparison between Figs. 2(b) and 2(c) re-

veals that the separation between the peaks of the phase

distributions of conformists and contrarians is not a con-

stant and always away from π which is a remnant of the

travelling wave state.

Fig. 2 (Color online) (a) The time sequences of the order parameters R (black line), R1 (green line) and R2

(red line). (b) The time evolution of the phase distribution in the subpopulation of conformists. (c) The time
evolution of the phase distribution in the subpopulation of contrarians. (d) The time evolution of oscillators’
phases where the oscillators are numbered according to their coupling strength and natural frequencies. For the
convenience of plotting, the phase distributions are multiplied by a constant. p = 0.45, γ = 0.1, K1 = −0.5, and
K2 = 1.

Furthermore, we investigate how conformists and con-

trarians organize themselves in a modulated travelling

wave state. To do it, we number oscillators according to

their coupling strength and their natural frequencies. If

an oscillator i has its coupling strength K1 and an oscilla-

tor j has the coupling strength K2, then we have ni > nj

regardless of their natural frequencies. On the other hand,

we have ni < nj if the two oscillators have the same cou-

pling strength but ωi < ωj . As shown by Fig. 2(d), adja-

cent oscillators stay closely in phase and the phase of each

oscillator swings back and forth along its averaged trajec-

tory in the period of the fast component. Another feature

from the phase evolution of oscillators is that unsynchro-

nized oscillators are not symmetrically distributed around

the mean natural frequency. Actually, the extent of asym-

metry depends on the travelling speed of the slow compo-

nent. Consider that, for simplicity in a travelling wave

state, the average phase of the order parameter follows

Φ = Ωt+Φ′ where Ω = (1/N)×
∑N

j=1〈φ̇j〉T is the speed of

the travelling wave. By introducing a new phase variable

for each oscillator φ′
i = φi−Ω, the time evolution of Eq. (3)

can be rewritten as φ̇′
i = ωi−Ω+KiR sin(Φ′−φ′

i). Conse-

quently, an oscillator will be synchronized if its frequency

satisfies |ωi − Ω| < |KiR| and more larger Ω, more asym-

metrical the synchronized oscillators around the mean nat-

ural frequency.

It is important to mention that the modulated travel-

ling wave state does not directly bifurcate from the inco-

herent state. Actually, it emerges from a travelling wave

state. We present the dynamical state in Fig. 3 for p = 0.4

which lies between the incoherent state and the modulated

travelling wave state. Though the order parameters in

Fig. 3(a) display violent fluctuation due to the finite size

N , the evolutions of the phase distributions in Figs. 3(b)

and 3(c) show that the system is in a partially synchro-

nized state and the synchronized oscillators do not oscil-
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late at the mean natural frequency. The evolution of the

oscillators’ phases in Fig. 3(d) shows clearly a travelling

wave state both in the middle of conformists and contrar-

ians with a much slow speed.

Then we explore how the parameters of γ and p influ-

ence the travelling wave state and the modulated travel-

ling wave state. To do it, we consider two quantities. One

is the speed of a travelling wave Ω and the other is the

standard deviation of instantaneous wave speed σ. When

Ω 6= 0 and σ = 0, the system of coupled phase oscilla-

tors displays a travelling wave behavior. When Ω 6= 0

and σ 6= 0, the travelling wave state is modulated. Fig-

ure 4 plots Ω in (a) and σ in (b) as functions of p and

γ. Notice that the travelling wave state occurs in a wider

window as γ tends to 0. On the other hand, there are two

regimes for the modulated travelling wave state. One lo-

cates at the lower p boundary of the travelling wave which

occurs at sufficiently large γ. The other locates at the up-

per p boundary which occurs at sufficiently low γ. The

modulated travelling wave at sufficiently low γ is a little

different from the one observed in Fig. 2 in which the or-

der parameters do not behave as period-2 solutions (the

results are not presented here). In both regimes, the wave

speed Ω is extremely low.

Fig. 3 (Color online) (a) The time sequences of the order parameters R (black line), R1 (green line) and R2

(red line). (b) The time evolution of the phase distribution in the subpopulation of conformists. (c) The time
evolution of the phase distribution in the subpopulation of contrarians. (d) The time evolution of oscillators’
phases where the oscillators are numbered according to their coupling strength and natural frequencies. p = 0.4,
γ = 0.1, K1 = −0.5 and K2 = 1.

Fig. 4 (Color online) The wave speed Ω in (a) and the standard variation of instantaneous wave speed σ in (b)
as a function of γ and p. K1 = −0.5 and K2 = 1.

The above results are obtained at K1 = −0.5 and

K2 = 1. For other combinations of K1 and K2, the de-

pendence of the travelling wave state and the modulated

travelling wave state on γ and p is similar to those in

Fig. 4. In the studies of the Kuramoto model and its dif-

ferent variants, the stability of the incoherent state which

signatures the onset of synchronization is an important

topic. Here, we illustrate how the stability of the incoher-
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ent state depends on K1 and K2. We set γ = 0.05 and

focus on the critical pc at which the incoherent state loses

its stability. The result of pc is presented in Fig. 5 as a

function of K1 and K2.

Fig. 5 (Color online) The critical fraction of conformists
pc for the onset of synchronization in the population is
plotted as a function of K1 and K2. γ = 0.05.

Interestingly, we find that pc does not monotonically

depend on K1 and K2 and there exists a combination of

K1 and K2 at which the critical number of conformists

reaches a minimum for the onset of synchronization. Re-

member that pc = (2γ − K1)/(K2 − K1) in Ref. [14]

where the natural frequencies of oscillators are drawn from

a Lorenztian distribution and pc = −K1/(K2 − K1) in

Ref. [16] where oscillators are identical. The finding in

Fig. 5 is quite different from those in Refs. [14, 16] in

which pc varies with K2 (or K1) at a given k1 (or at a

given k2) monotonically, which also reflects the important

role of probability density of natural frequency on the dy-

namics of a model.

4 Conclusions

In this work, we considered a generalization of the

Kuramoto model which consists of conformists which re-

sponse to the mean field positively and contrarians which

react to the mean field negatively. We focused on a special

situation where the natural frequencies of oscillators uni-

formly distribute in the range of [−γ, γ]. We have investi-

gated the dynamics of the model by numerical simulations.

We found that there exists a new dynamical state, a mod-

ulated travelling wave state, except for already reported

states such as the π state and the travelling wave state.

The characteristics of the modulated travelling wave state

has been investigated. We also explored the dependence

of the observed dynamics on the parameters of the model.

We found that the onset of synchronization in the popu-

lation displays a non-monotonically dependence on both

the positive and the negative coupling strength, which is

different from those in previous literatures.
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