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Abstract We study the Klein-Gordon oscillator in commutative, noncommutative space, and phase space with
psudoharmonic potential under magnetic field hence the other choice is studying the Klein—Gordon equation oscillator
in the absence of magnetic field. In this work, we obtain energy spectrum and wave function in different situations by

NU method so we show our results in tables.
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1 Introduction

The Klein—-Gordon equation provides us to study spin-
Solutions of the Klein—Gordon equa-
tion have received great attention for some interactions.

zero particles.

Hence this equation has been also studied for differ-
ent types of potentials such as Aharonov—-Bohm (AB)
potentiall!l under generalized Morse potential,[? with
Hulthen-type potential,® studying of the Klein-Gordon—
Yukawa problem.* Recently, noncommutative space theo-
ries were developed from string theory®=6 so an extensive
research has been done in several areas of physics!”)
as M-theory[® quantum Hall-effect!®) quantum gravity.!
Furthermore there are a lot of research papers about
commutative spacel'!] and noncommutative phase space,

such
10]

for example Aharonov-Bohm effect,['2] Aharonov—Casher
effect,!’¥ Landau levels.'4) The goal of this work is to
study Klein—Gordon oscillator with Pseudoharmonic po-
tential in the presence and absence of magnetic field in
commutative, noncommutative space and noncommuta-
tive phase space, so we derive energy spectrum and cor-
responding wavefunctions by Nikiforov—Uvarov method.
Hence Pseudoharmonic interaction was first investigated
by Goldman et al. 1960.['5] This potential has been con-
sidered by many authors due to its importance in Chemi-
cal Physics, Molecular Physics, and other areas of Physics
by [16-19]. This work is organized as follows. Section 2 in-
cludes introducing of noncommutative quantum mechan-
ics, and also we have investigated the Klein—Gordon oscil-
lator in a commutative space in the presence of the psudo-
harmonic potential in (1+2) dimensions in Sec. 3. In Sec. 4
we have studied Klein—-Gordon Oscillator in commutative
space in the presence of the psudoharmonic potential in a
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uniform magnetic field. Furthermore we have considered
Klein—Gordon equation in the presence of the psudohar-
monic potential in uniform magnetic field in noncommuta-
tive space in Sec. 5. Finally in Sec. 6 we have studied the
Klein—Gordon equation in the presence of the psudohar-
monic potential in the noncommutative phase space with
magnetic field. Moreover we introduce the NU method in
Appendix.

2 Noncommutative Quantum Mechanics

In quantum mechanics, several problems have been
considered in noncommutative space. Some interesting
results are dependent on geometric phases,20-21 5o the
other effects which involve the dynamics of dipoles.??
Noncommutative space maps onto commutative space by
replacing the coordinates z* and the momentum p* by op-

erators &% and p?, which obey the relations,
[ﬁivﬁj] =0, [‘%iﬂﬁj} = i(;ijv (1)

where 0% = 0c¥ and ¥ is the anti-symmetric tensor.

(@', 47 = 16,

Thus, we must change the z° in the Klein-Gordon equa-
tion as,

, I
-t - 505”173. (2)

And the Moyal product is defined by (f *g)(z) =
exp(i0%90,:0,;) f(x")g(z?), where f and g are arbitrary
functions.

Some physical systems were analyzed in noncommuta-
tive phase space. In this case the operators z* and p’ obey

the commutation relations, 23!

[jiajj} = ieija [ﬁz,ﬁ]] = i§1j7 ['%7’715]] = i(sija (3)
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where 6% is also an anti-symmetric constant tensor, 87 =
0e*. Thus, to map non-commutative phase space on com-
mutative space, we must change z and p as

A 1 _ A
B =t 0T, N 0, (1)

where the constant A is a scaling factor. The parameter
A, 0, and 6 represent the noncommutative of the phase

space, being related by the constraint24—2°]
01909 = 9110 = 901 = 4N*(\? — 1)1, (5)

where 1 is the identity matrix.

3 Klein—Gordon Oscillator in a Commutative
Space in Presence of Pseudoharmonic
Potential
The Klein—Gordon oscillator in two dimensions in com-

mutative space can be defined by the following equation,

[=VZ 4+ (m+ ()¢ a(r) = [e = V(O)Pna(r),  (6)

where the vector potential V' is equal to scalar potential.
So the Klein—Gordon oscillator equation is,

((p +imwr) - (p — imwr))in i (r)

(eng —m® =2V (ens +m)na(r),  (7)

In this situation the Pseudoharmonic potential has the
form )

krsrr reN2

V(r)= —e(— - —e> .

8 \re 1
The Pseudoharmonic explains roto-vibrational States of
diatomic molecules, features of quantum dots and anti-
dots, and nuclear rotations and vibrations,26—2]

V(r) = Vo (- - 50)2.

To T

(®)

The general form is

V(T):ar2+rﬁ2+’y, 9)
where . )
k kry —kr:

And we know where Vy = kr?/8 is the dissociation energy
between two atoms in a solid with force constant k and
re is the equilibrium bond length and ( is a positive real
constant. This proposed potential reduces to the Pseudo-
harmonic potential in the limiting case of § = 0.

1
{p2 + r2(m2w2 + 2ae, + 2am) + 72(25&”’[ +20m) — 2mwh — 57217[ +m?+ 2ven, + 2’ym}z/;n’l(r) =0, (11)
The Klein—Gordon oscillator equation in cylindrical coordinates is written in the form,
d? 1\ d 1y d? 1
[ﬁ + (;)E + (72) Tgﬂ}w”’l(r) + {—r2( 2% 4+ 20e,, + 2am) — 72(25671,1 +26m) + 2mwh + € ;
—m? — 2ve, — 2'ym}wn$l(r) =0, (12)
by using the following ansatz
wn,l(r) = ell¢Rn,l(r)a (13)
where [ is an integer number. Thus,
d?R, 1dR, 2 1
dr’zl(r) - d;{(r) — r—szl(r) + {—rQ(meQ + 20, + 2am) — ﬁ(2ﬁ€"’l +26m) + 2mwh + 53171
—m? — 2ve, — 27m}Rn,l(r) =0, (14)
Using the following change of variables,
Ry i(r) =1~ Y20, (r), (15)
Thus,
d?U, 1/1
#Am + {T—z (1 — (2Ben, +26m + l2)) —r?(m*w? + 2ae,, + 2am) + (2mwh + ei,l —m?
— 2vEn — 2’ym)}Un,l(T) =0. (16)
By using the following change of variables S(r) = r2, one has
d?U,., n (1/2) AU, n {i(i _ Beng  Pm g) B (m%ﬂ N QEn n @)
ds? s ds s2\16 2 2 4 4 2 2
1 rmwh 63” m?2  yens ym
— - nl = s ].
s ( 2 4 4 2 2 )}U 1=90 (17)
With the change of variables
" (1/2) / 1 2
Ul 4+ 200 + (55 ) (205 + As = BJU,, = 0, (18)
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where
So the energy levels are given by
o (TR e ) (B e D) -0 &

Table 1 Energy eigenvalues in commu-

tative space. (m = a = 8 = v = 1,
w=0.1).
State |n, 1) En,l
|1,0) 9.590 122 686

) 11.057 776 96
) 11.127 736 47
13,0) 12.396 254 25
) 12.457 610 04
) 12.632 769 74

We determine the energy Eigen values relation as Eq. (20) then we show the energy vs. n, 1 in Table 1 and wavefunctions

Yals) = 572 €9 L0 (o 8)

Be |, Bm | 12 m2w? | ac | am 24/ 8s 4 Bm 12 m2w? Qe am
— itV EHE A (B e A 2V T (2 ( — —)5), (21)

4 +2+2

We have, fora=0=y=m=101=1,

En, w?2 | En, Enily3 2 n 1
Yn(s) = sTTV H TR - (Tt )R TV (2\/(2 +5 2)5> - (22)

4 Klein-Gordon Oscillator Equation in the Presence of the Psudoharmonic Potentials in
Uniform Magnetic Field in Commutative Space

In the same way as for the study of the Klein—Gordon equation in the presence of normal space-like A = (B x r)/2
and vector potential p — p — eA/c Oscillator under the magnetic field

{(p — imwr) - (p + imwr) Yo, (1) = {5%71 —m? - 2(047“2 + 7% + '7) (eng + m)}wn,l(r) , (23)

The Klein—Gordon equation in commutative space constant and uniform magnetic field in the presence of quasi-
oscillatory potentials

((p - eB; T) - imwr) ((p - eB; r) + imwr)w",l(r) = {527[ —m? - 2<ar2 + r% + 7) (€ng + m)}wn,l(r) . (24)

With the Physical and mathematical calculations
232

B 1 BL,
{p2+r2 (m2w2+e462 +2a5nyl+2am> +T—2(2ﬂsn,l+2ﬂm)— ¢ p —2mwh—5,2171+m2+2’ysn,l—|—2'ym}1/;n’l(r) =0, (25)
we used wave function ¢, ;(r) = e’ R,, ;(r), and with representation R,, ;(r) = r~/2U, ;(r) and S(r) = 2
1/2 1
Ul + (Sﬁ i+ ()08 + As = BIU, = 0. (26)

In the same way with the change of variables,

e mwh n eBL, n 57217; m? YEn,i 'ym, B _( 1 Beny  Pm 12> 7
2 4c 4 4 2 2
m2w? QEn, . am e2B?

1 T Tt (27)

C:
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The energy eigenvalues relation as follows

(2n+1)\/m1w2+6232 asn  am _mwh eBL, & m? qen  ym

16¢2 2 2 2 4c 4 4 2 2
m2w?  e2B?2  ae,; am\/PBen; Pm 12
2 ( : —)( Ly O 7) = 0. 28
+ \/ 4 + 16¢2 + 2 + 2 2 + 2 + 4 (28)

We determine the energy Eigen values relation as Eq. (28) then we show the energy vs. n,l in Table 2 from which the
results of the previous section can be derived.

Table 2 Energy eigenvalues in commu-
tative space in uniform magnetic field.
(e =m=a=0=~v=1 B =
0.079 884 046 5, w =0.1).

State |n, 1) En,l
I1,0) 9.590 663 46
) 11.063 676 72
) 11.133 578 09
13,0) 12.401 451 03
)
)

12.462 767 26
12.637 819 53

5 Klein—Gordon Equation in the Presence of the Psudoharmonic Potential in Uniform
Magnetic Field in Noncommutative Space

The time-independent Klein—Gordon equation in noncommutative space can be written in the form

((p — eB;; r) — imwr) . ((p — eB2>; 7') + imwr) * P (1) = {52,1 —m? - 2V (ens +m)} * n (1), (29)

So by using the Moyal product, we can map the noncommutative space onto the commutative space, so the coordinates

change as follows

1 1 1
r—>r—|—%0><p, or x_’x_ﬁepyv y—>y+ﬁ9p$. (30)

Thus, we can rewrite Eq. (29),

€ (&

(p_ i(B x1) = 1= (B x (6 x p)) + imwr + %(e X p)) : (p (B xr)- é(B % (8 x p)) — imwr
imw
= 220 % ) )bna(r) = {5y — m? = 2V (=0 + 1) Honar). (31)
We have
eBo eBO\?2 mwl\2\ o 9 9 eB\?2 5 1
{(1 + Sl + (Tch) + (Th ) )p + (m w4+ (§> + 20, + Zam)r + ﬁ(Zﬂen,l +26m)
eB  m?w?0 e2B2%9 mweBo
— (— " + 12h )LZ — 2mwh — 5 Ei,l +m?+ 2ven + 27771}1%,1(7“) =0. (32)
So by choosing the coefficient of the L, being zero we have,
eB  m2w?0 e2B%0
i T S 33
c h + 4c?h ’ (33)
Non-commutative parameter
0 _ eB/c L 4eBch (34)
 m2w?/h+e2B2/4c2h  4m2w2c? 4 e2B2°
So the magnetic field can be obtained,
2V h? — 02m2w?
B= (-2;& T)c (35)

We determine the values of magnetic field in Table 3.
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Table 3 Magnetic fields in noncommutative space.

State |n,1) En,l State |n,l) en,1(0 = =0, \=1)
|1,0) 9.952 161 161 |1,0) 9.590 122 686
|2,0) 11.059 780 52 12,0) 11.057 776 96
12,1) 11.120 746 96 |2,1) 11.127 736 47
13,0) 12.308 277 34 13,0) 12.197 095 85
13, 1) 12.459 641 44 13,1) 12.458 469 28
13,2) 12.634 823 89 13,2) 12.633 677 12

With the change of variables, we have

Bo BO\2 0\ 2 B\2
c=1+ 0+ () + (5) . g=mt? 4 (52) 420+ 2am, ¢ =282+ 20m,

2ch 4ch 2h 2c
B 2020 2B2%9 Bo
p:—(e——i—m;j +ZCTH>LZ—2mwh—%—52+m2+2’y£+27m,

we arrive at

U”(r) + OSﬂU’(r) + (S%) [~Cs® + As — BU(r) = 0,

where

_ 9 p_ (L < _ £
A= 4¢’ B= (16 4 4§>’ Ci4§'

Then the space noncommutative Klein—-Gordon equation oscillator energy levels are given by

e+ () s 2am) (14 52 ()" (57

—(§+M+@)L —mwh — ——— — — + — + +ym
% 2 8c2h ) * Ac 9 g e

e (B e o) (21 5+ (ER) () s 20m) 0

We determine the energy Eigen values relation as Eq. (39) then we show the energy levels vs. n,l in Table 4.

2
mweBf & m?

Table 4 Energy eigenvalues in noncom-
mutative space with uniform magnetic
fieldd e=L=m=a=0=~v=1,
B =0.079 884 046 5, 6 = 0.05).

State |n, 1) €n,1(6 = 0.05)

|1,0) 9.585 880 324

) 11.055 770 44

) 11.125 900 56
3,0) 12.395 986 40

)

)

12.457 477 46
12.633 005 77

Table 5 Magnetic fields in noncommutative phase space.
w 0 0 B A
0.1 0 0 0 +1
0.1 0.08 0.09 —0.090 638 593 32, —50.089 038 61  +1.000 897 983
0.1 0.09 0.05 —0.050 483 894 40, —44.493 488 33  £1.000 561 711
0.1 0.05 0.01 —0.010 498 753 45, —80.009 469 86  £1.000 062 490
0.1 0.01 0.001 —0.001 099 997 995 525, —400.000 900 =+1.000 001 250

Thus, the wavefunctions can be obtained as

/<
Pn(s) = 512 ea13SL210—1(alls) _ S%Jr\/zf—§ e—(i)sLi ic <2 (§)S>

4g
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1 12 2fe, | +2Bm 2+(CB/2C)2+2QEW,J+2am 172
_ SZ+ TJ’_4(1+eBe/2cﬁ+(e39/4ch)2+(mue/2h,)2) e_ 4(1+eB6/2ch+(eB6/4ch)2+(mwb/2h)2) S
12 28e,, 1 +26m 1/2
X LQ\/TJF4<1+eBe/2ch+<cBe/4cn>2+(mw6/2n>2) ((m2‘*’2 + (%)2 + 2ae + 2047”)) (40)
n eB6 eB6\2 mwb \2 )
4(1+ 2ch +(4ch) +( 2h ) )
fora=p=v=m=1[0=e=1, we have,
14 i+5 i+ s
Vn(s) =s" A+ BEH(BE)Z2 ()2 o \ 0+ B2+ B2+
3¢
ats w2 (B/2)? c 1
o L \/<1+%+<%)2+<%">2> 9 Tt ts3+ts3 s (41)
B B2 0\2
1+ F + (T +(5)%)
if we do not consider the effect of the magnetic field,
2
1 3rey _(w2ieilyer24/(345 w e 1
Ya(s) = stTVETD e~ (T 5DV E 2)(2(* +o4 *)8) : (42)

4 2 2

It is shown that the Klein—Gordon oscillator in a noncommutative space has a similar behavior with commutative

space. By solving Eq. (32) in the absence of magnetic field. We show that the energy eigenvalues vs. n,! in Table 5,

so we have the same relations with Egs. (20) and (21).

6 Klein—Gordon Equation in the Noncommutative Phase Space in the Presence of
Psudoharmonic Potential with Magnetic Field

In this section, we analyze the Klein—-Gordon equation in non-commutative phase space, to map noncommutative

phase space into commutative space, we use the following expressions,
1
2\

1 1 1
xﬁx/\—ﬁepy, pz—>pw>\+59y, yﬂy/\Jrﬁ@px, Py — DyA —

where the scale factor A is an arbitrary constant parameter. So Eq. (29) becomes

((p)‘ - ézx; N % x (M * 62XAP) - im“’(m+ 02XAP)) ' (pA - % N % x (M+ 62XAP)

+ imw (’I“)\ + GZX/\p)))wn,l(r) = {52’1 —m? - 2V (ens +m)}n (1),

with the Physical and mathematical calculations

Oz,

2,22 2 g2g2 BO 02 2)\232 Bo
{{/\2+m w e & } 2+{ € +m2w2)\2+e276+2am+2045n71}7“2

02 Tl T M e T e
1 _ eA’B 00B B2
+ 5 20m+20e0,) — {+8+ S w0 + 0+ S 4 2meny?
r ’ c 4e\2 4c2

L mwehB6 B mwbOh

— Ei,z +m?+ 2ven, + 27m}¢n’l(r) =0,

c 272
If the coefficient of angular momentum is zero, we can obtain the noncommutative parameters.
_ eA’B edIB  e*B?0
-0 2 29 =0
+ +miw +4C)\2+ 12 ;
Noncommutative parameter,
o 4(—fc + eX’B)cA?

 4m2w2c2)2 + efBc + e2B2)\2
And the magnetic field,

1 —40 F 00 + /1678 — 8\400 + 6202 — 1602m2w2)\4c

B=+-
2 ON2e
By Eq. (48) we can show that the values of the magnetic field in Table 5.
2,292 2 R2p2 p) 212 2 0
2, mwl e“B=0 eB0 0 e“\*B 9 9.9 €BO B
n=A+4 e +1602)\2+ 90 V—mﬁ—?—kmw/\ +%+2&m+2a5, K =20m + 20¢,
— \’B 00B ’B%0 hBo 60h
u:—(—0+e —|—m2w20+e +67>Lz+2mwh)\2+mwe et — &2+ m? + 2ve + 2ym.
¢ 4c)? 4c? c 2)\2

(43)

(48)
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We can rewrite Eq. (45) in the form,
1/2 1
U”Z+MU’l+ —)[-Cs* + As — B]U,; =0, (50)
n, S n, 82 s
where 2
" 1 K v
4n’ (16 4 477)’ 4n (51)
We obtain,
(2n+1)\/un+%+\/l2n+un:0, (52)
we find,
62 e2\2B2 eB0 m2w?0?  e2B2%62
2 1\/<— 20202 + S5 4 2am + 2ae ) (V2
Cnr O\ (e~ g T e 2am e 2ae )V TR e

mwehB6 B mwbbh  m?

_( 0 eX2’B  m2w?0 eb6B e2B30

— L. % — -
5T e T2 Teor T e ) HMWRAT D2 Ty T g toetam

92 e2)\2pB2 eBf m2w20?  e2PB202 eB0O

il 20202 4 27 19 2 )(12</\2 —) 2 2 ):o.
+\/(4)\2 + 102 + m2w + % + 2am + 2ae + e + 16022 + 50 + 28m + 20¢

We determine the energy eigenvalues relation as Eq. (53) then we show the energy levels vs. n, [ in Table 6.

Table 6 Energy eigenvalues in noncommutative phase

space. (0 = 0.05, 6 = 0.01, A = 1.000 062 490, B =
0.079 884 046 5). B =0.

State |n, 1) En,l State |n,l) €,,(0 =0=0,A=1)
1, 0) 9.590 548 501 |1,0) 9.590 122 686

2,0)  11.058 417 66  |2,0
|2,1)  11.128 397 88  |2,1

13,1) 12458 456 10  [3,1

11.057 776 96
11.127 736 47
12.397 095 85
12.458 469 28
12.633 677 12

)
)
3,0)  12.397 082 65  [3,0)
)
)

13,2)  12.633 663 98  |3,2

And,
ST
P (s) = sitV 16— B e*ﬁsLi 16 B(2\/55),
Thus,

1 2 | . 12 s
n(s) = sTHV I /s VT (9 /G Tays)

We can rewrite the Eq. (55) as

1, ﬁ+ 2B, 1 +28m 2 222 2 242 BO
1 1 2262 . o2B262 e e
PINCP) (5) = 5 Vmiet i ekt ] [imt Thg - tmiwt AT+ 5 + 2am + 206,
N = P A2+ m2w202 i 2 3202
4)2 16c2\2
2 %""4 3 25527”22672” 3 92 222 g
m2w202 | ¢2B202 | eBY 2B B
‘L (A2 meen O e B+ 420 e + ¢ 12 + m2w?\2 — 827 + 2am + 204€n,l8
n

2 m2w202 e2B202
(A + 402 + 16c2 )2

Fora=8=y=m=I1l=e=\A=1and § =0, we have,

<
3
—
Va)
SN~—"
I
»
N
+
—
i
€
i
o
N
+ Rl
+
Bt
Ol
N
+
o
S
@
[}
T
——
|
[ —

202 202
A1+ + B2 4 5P

2 14 w262 | 5262 Bo (BTQ + w2 + 2+ 2¢)
X Ln 2 (4(1+w292 | B2 +@))S '

4 16 2

Equations in the absence of magnetic field in noncommutative phase space,

2 m*w?6? 2 72 2 2 242 2 1
(32 + T2 )02 o+ (8407 + 2?2 4 2am + 20)r + 5 (2m +282)

42

(BTQ +w? 4+ 2+ 2) }1/23
)

+m2w?d)L

(56)
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00h
+ 2mwh? — m;"v — 2t m?+ 2y + 2’ym}1/) =0. (58)
Using the change of variables for Eq. (58)
2,202 02
n=\+ m4a;2 , V= m+m2w2)\2+2am+2aa,
- 9 9 ,  mwih 9 9
k=2Bm+208e, p=-—0L,— m wOL, — 2mwh\* — 2 +ep s —mT = 2yen — 2ym, (59)
We can rewrite the Eq. (58) as
" (1/2) / 1 2
U'+—=U +(—2)[—Cs +As+ BJU =0, (60)
S S
where )
7 1 l K v
an’ 16 4 4y’ 4n (61)
We obtain
Cn+1)y/vn+p/2+/Pn+ve=0, (62)
62 m2w202 L. m2w?9L. ,  muddh g2, m2
(2n + 1)\/<4)\2 + m2w?A\? 4+ 2am + 2a6> ()\2 + T) 5 T — mwhA\® — Dz "5 T
62 m2w26?
+ yeny +ym + (N + m2w2A2 + 2am + 2a5> (12 (A2 + ) +28m + 2&) ~0. (63)
We determine the energy eigenvalues relation as Eq. (63) then we show the energy levels vs. n,l in Table 7.
Table 7 (6 = 0.01, A = 1.000 062 490,
B=0,60=0.05 w=0.1).
State |n,!) En,l
|1,0) 9.591 077 675
12,0) 11.058 683 42
2,1) 11.128 643 41
3,0) 12.397 143 36
3,1) 12.458 500 76
13, 2) 12.633 664 91
So the wavefunctions can be derived as,
I
Yn(s) = siTVIs =B e-es 2V 15~ P (90 | (64)
Other hand,
1 P K v [
Un(s) = stV T+ o~ (E)s 2V T H (2 (41)3) (65)
n
We can rewrite the Eq. (65) as,
b [Er T (fet )
wnJ(S) =3 AN2 e >\2+ m 4¢;2
9 £+4 28e,, | +26m -
I (,\2+m24§#) % + m2w2A2 + 20m + 20,
x Ly 22+ m2w202 S (66)
Nz
fora=f=v=m=101=X=1and § =0, we have,
bn(s) = §L/4HV/B/44/2) o —(w?/4+1/2+e/a)s] 2V (3/44¢/2) (2\/(w2/4 T 1/2 4 ¢/4) s) . (67)

7 Conclusion

In this work we study commutative space, noncommutative space and noncommutative phase space and obtain

the energy eigenvalues and eigenfunctions for Klein—Gordon equation in the presence of Pseudoharmonic potential in

commutative space. Our results are shown in Table 1. Therefore we solve the recent problem under uniform magnetic



No. 1 Communications in Theoretical Physics 17

field in commutative space. Also we can see the energy eigenvalues for different levels in Table 2. In addition we found
the energy spectrum corresponding the eigenfunctions for Klein—-Gordon equation under Pseudoharmonic potential in
uniform magnetic field in noncommutative space and noncommutative phase space. Due to the noncommutative effect,
the result of these sections will be reduced to the results in commutative space. Let us note finally, the exact wave
functions and corresponding energy eigenvalues are obtained by NU method contrary to some other work which uses

perturbations theory, we used an exact treatment.

Appendix: Nikiforov—Uvarov Method

This analytical technique of mathematical physics solves second order differential equations. Let us consider the

following differential equation!%!

d? — d —£8° —
{72 (ay 0‘28)74_{ &15° + & 263}}¢:07 (A1)
ds s(1— ags) ds [s(1 — ass)]
According to the NU method, the eigen-functions and eigen-energies respectively arel3!]
o o101, —aqo—
P (s) = s12(1 — agss)falrc%ssP,(1 10Ty e 1)(1 —2a3s), (A2)
where the Jacobi polynomial is,
" d
peae) =23 (ML) () am s (43)
P n—op
p=0
P(n+c+1) "\ T(n+ctd+r+1)z—1\"
pled) (5) — ( ) A4
n () n!F(n—i—c—l—d—l—l); T(r+c+1) 2 ’ (A4)
and | r .
) [ (m+l) (A5)
r rtin—r) TEr+DI'(n—r+1)
And
asn — (2n + Das + (2n + 1)(\/(19 + Ozg«/ag) +n(n —1)as + a7 + 2azag + 2/agag =0, (A6)
where
1 1 9 9
ay = 5(1 —a), 5= 5(042 —2a3), asg=oa5+&, ar=2a0a5—E&, ag=a;+Es,

2
a9 = azar + azag +ag, Q10 = a1 + 204 + 24/ag,

11 = Qg — 2055 + 2(\/09 + Otgy/as),

Q12 = Q4 + /g,

Q13 = Q5 — (w/Otg + Oégy/Oég) . (A7>
In the special case of ag =0,
«a 71,m7a —1 vy — QLS X
LiIerEL T e T )(1 —azs) = L9 Hayys), Lirrb(l —ags) T = s (A8)
a3 — Qg —
and
Yn(s) = s*12 e300 (o 5) . (A9)
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