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Abstract We study the Klein–Gordon oscillator in commutative, noncommutative space, and phase space with
psudoharmonic potential under magnetic field hence the other choice is studying the Klein–Gordon equation oscillator
in the absence of magnetic field. In this work, we obtain energy spectrum and wave function in different situations by
NU method so we show our results in tables.
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1 Introduction
The Klein–Gordon equation provides us to study spin-

zero particles. Solutions of the Klein–Gordon equa-
tion have received great attention for some interactions.
Hence this equation has been also studied for differ-
ent types of potentials such as Aharonov–Bohm (AB)
potential[1] under generalized Morse potential,[2] with
Hulthen-type potential,[3] studying of the Klein–Gordon–
Yukawa problem.[4] Recently, noncommutative space theo-
ries were developed from string theory[5−6] so an extensive
research has been done in several areas of physics[7] such
as M-theory[8] quantum Hall-effect[9] quantum gravity.[10]

Furthermore there are a lot of research papers about
commutative space[11] and noncommutative phase space,
for example Aharonov–Bohm effect,[12] Aharonov–Casher
effect,[13] Landau levels.[14] The goal of this work is to
study Klein–Gordon oscillator with Pseudoharmonic po-
tential in the presence and absence of magnetic field in
commutative, noncommutative space and noncommuta-
tive phase space, so we derive energy spectrum and cor-
responding wavefunctions by Nikiforov–Uvarov method.
Hence Pseudoharmonic interaction was first investigated
by Goldman et al. 1960.[15] This potential has been con-
sidered by many authors due to its importance in Chemi-
cal Physics, Molecular Physics, and other areas of Physics
by [16–19]. This work is organized as follows. Section 2 in-
cludes introducing of noncommutative quantum mechan-
ics, and also we have investigated the Klein–Gordon oscil-
lator in a commutative space in the presence of the psudo-
harmonic potential in (1+2) dimensions in Sec. 3. In Sec. 4
we have studied Klein–Gordon Oscillator in commutative
space in the presence of the psudoharmonic potential in a

uniform magnetic field. Furthermore we have considered
Klein–Gordon equation in the presence of the psudohar-
monic potential in uniform magnetic field in noncommuta-
tive space in Sec. 5. Finally in Sec. 6 we have studied the
Klein–Gordon equation in the presence of the psudohar-
monic potential in the noncommutative phase space with
magnetic field. Moreover we introduce the NU method in
Appendix.

2 Noncommutative Quantum Mechanics
In quantum mechanics, several problems have been

considered in noncommutative space. Some interesting
results are dependent on geometric phases,[20−21] so the
other effects which involve the dynamics of dipoles.[22]

Noncommutative space maps onto commutative space by
replacing the coordinates xi and the momentum pi by op-
erators x̂i and p̂i, which obey the relations,

[x̂i, x̂j ] = iθij , [p̂i, p̂j ] = 0, [x̂i, p̂j ] = iδij , (1)

where θij = θεij and εij is the anti-symmetric tensor.
Thus, we must change the xi in the Klein–Gordon equa-
tion as,

x̂i → xi − 1
2
θεijpj . (2)

And the Moyal product is defined by (f ∗ g)(x) =
exp(iθij∂xi∂xj )f(xi)g(xj), where f and g are arbitrary
functions.

Some physical systems were analyzed in noncommuta-
tive phase space. In this case the operators xi and pi obey
the commutation relations,[23]

[x̂i, x̂j ] = iθij , [p̂i, p̂j ] = iθ̄ij , [x̂i, p̂j ] = iδij , (3)
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where θ̄ij is also an anti-symmetric constant tensor, θ̄ij =
θ̄εij . Thus, to map non-commutative phase space on com-
mutative space, we must change x̂ and p̂ as

x̂i → λxi − 1
2λ

θεijpj , p̂i → λpi +
1
2λ

θ̄εijxj , (4)

where the constant λ is a scaling factor. The parameter
λ, θ̄, and θ represent the noncommutative of the phase
space, being related by the constraint[24−25]

θ̄ijθij = θij θ̄ij = θθ̄1 = 4λ2(λ2 − 1)1 , (5)

where 1 is the identity matrix.

3 Klein–Gordon Oscillator in a Commutative
Space in Presence of Pseudoharmonic
Potential
The Klein–Gordon oscillator in two dimensions in com-

mutative space can be defined by the following equation,

[−∇2 + (m + S(r))2]ψn,l(r) = [ε− V (r)]2ψn,l(r) , (6)

where the vector potential V is equal to scalar potential.
So the Klein–Gordon oscillator equation is,

((p + imωr) · (p− imωr))ψn,l(r)

= (ε2
n,l −m2 − 2V (εn,l + m))ψn,l(r) , (7)

In this situation the Pseudoharmonic potential has the
form

V (r) =
kr2

e

8

( r

re
− re

r

)2

.

The Pseudoharmonic explains roto-vibrational States of
diatomic molecules, features of quantum dots and anti-
dots, and nuclear rotations and vibrations,[26−29]

V (r) = V0

( r

r0
− r0

r

)2

. (8)

The general form is

V (r) = αr2 +
β

r2
+ γ , (9)

where

α =
k

8
, β =

kr4
e

8
, γ =

−kr2
e

4
. (10)

And we know where V0 = kr2
e/8 is the dissociation energy

between two atoms in a solid with force constant k and
re is the equilibrium bond length and β is a positive real
constant. This proposed potential reduces to the Pseudo-
harmonic potential in the limiting case of β = 0.

{
p2 + r2(m2ω2 + 2αεn,l + 2αm) +

1
r2

(2βεn,l + 2βm)− 2mω~− ε2
n,l + m2 + 2γεn,l + 2γm

}
ψn,l(r) = 0 , (11)

The Klein–Gordon oscillator equation in cylindrical coordinates is written in the form,
[ d2

dr2
+

(1
r

) d
dr

+
( 1

r2

) d2

dϕ2

]
ψn,l(r) +

{
−r2(m2ω2 + 2αεn,l + 2αm)− 1

r2
(2βεn,l + 2βm) + 2mω~+ ε2

n,l

−m2 − 2γεn,l − 2γm
}

ψn,l(r) = 0 , (12)

by using the following ansatz
ψn,l(r) = e ilφRn,l(r) , (13)

where l is an integer number. Thus,

d2Rn,l(r)
dr2

+
1
r

dRn,l(r)
dr

− l2

r2
Rn,l(r) +

{
−r2(m2ω2 + 2αεn,l + 2αm)− 1

r2
(2βεn,l + 2βm) + 2mω~+ ε2

n,l

−m2 − 2γεn,l − 2γm
}

Rn,l(r) = 0 , (14)

Using the following change of variables,
Rn,l(r) = r−1/2Un,l(r) , (15)

Thus,

d2Un,l(r)
dr2

+
{ 1

r2

(1
4
− (2βεn,l + 2βm + l2)

)
− r2(m2ω2 + 2αεn,l + 2αm) + (2mω~+ ε2

n,l −m2

− 2γεn,l − 2γm)
}

Un,l(r) = 0 . (16)

By using the following change of variables S(r) = r2, one has

d2Un,l

ds2
+

(1/2)
s

dUn,l

ds
+

{ 1
s2

( 1
16
− βεn,l

2
− βm

2
− l2

4
)−

(m2ω2

4
+

αεn,l

2
+

αm

2

)

+
1
s

(mω~
2

+
ε2

n,l

4
− m2

4
− γεn,l

2
− γm

2

)}
Un,l = 0 , (17)

With the change of variables

U ′′
n,l +

(1/2)
s

U ′
n,l +

( 1
s2

)
[−Cs2 + As−B]Un,l = 0 , (18)



No. 1 Communications in Theoretical Physics 11

where

A =
mω~

2
+

ε2
n,l

4
− m2

4
− γεn,l

2
− γm

2
, B = −

( 1
16
− βεn,l

2
− βm

2
− l2

4

)
, C =

m2ω2

4
+

αεn,l

2
+

αm

2
. (19)

So the energy levels are given by

(2n + 1)

√(m2ω2

4
+

αεn,l

2
+

αm

2

)
− mω~

2
− ε2

n,l

4
+

m2

4
+

γεn,l

2
+

γm

2

+ 2

√(m2ω2

4
+

αεn,l

2
+

αm

2

)(βεn,l

2
+

βm

2
+

l2

4

)
= 0 . (20)

Table 1 Energy eigenvalues in commu-
tative space. (m = α = β = γ = 1,
ω = 0.1).

State |n, l〉 εn,l

|1, 0〉 9.590 122 686

|2, 0〉 11.057 776 96

|2, 1〉 11.127 736 47

|3, 0〉 12.396 254 25

|3, 1〉 12.457 610 04

|3, 2〉 12.632 769 74

We determine the energy Eigen values relation as Eq. (20) then we show the energy vs. n, l in Table 1 and wavefunctions

ψn(s) = sα12 eα13sLα10−1
n (α11s)

= s
1
4+

√
βε
2 + βm

2 + l2
4 e−( m2ω2

4 + αε
2 + αm

2 )1/2sL
2
√

βε
2 + βm

2 + l2
4

n

(
2

√(m2ω2

4
+

αε

2
+

αm

2

)
s
)

, (21)

We have, for α = β = γ = m = l = 1,

ψn(s) = s
1
4+

√
εn,l

2 + 3
4 e−( ω2

4 +
εn,l

2 + 1
2 )1/2sL

2
√

εn,l
2 + 3

4
n

(
2

√(ω2

4
+

εn,l

2
+

1
2

)
s

)
. (22)

4 Klein-Gordon Oscillator Equation in the Presence of the Psudoharmonic Potentials in
Uniform Magnetic Field in Commutative Space
In the same way as for the study of the Klein–Gordon equation in the presence of normal space-like A = (B × r)/2

and vector potential p → p− eA/c Oscillator under the magnetic field

{(p− imωr) · (p + imωr)}ψn,l(r) =
{

ε2
n,l −m2 − 2

(
αr2 +

β

r2
+ γ

)
(εn,l + m)

}
ψn,l(r) , (23)

The Klein–Gordon equation in commutative space constant and uniform magnetic field in the presence of quasi-
oscillatory potentials
((

p− e
B × r

2c

)
− imωr

)((
p− e

B × r

2c

)
+ imωr

)
ψn,l(r) =

{
ε2

n,l −m2 − 2
(
αr2 +

β

r2
+ γ

)
(εn,l + m)

}
ψn,l(r) . (24)

With the Physical and mathematical calculations
{

p2+r2
(
m2ω2+

e2B2

4c2
+2αεn,l+2αm

)
+

1
r2

(2βεn,l+2βm)− eBLz

c
−2mω~−ε2

n,l+m2+2γεn,l+2γm
}

ψn,l(r) = 0 , (25)

we used wave function ψn,l(r) = e ilϕRn,l(r), and with representation Rn,l(r) = r−1/2Un,l(r) and S(r) = r2

U ′′
n,l +

(1/2)
s

U ′
n,l +

( 1
s2

)
[−Cs2 + As−B]Un,l = 0 . (26)

In the same way with the change of variables,

A =
mω~

2
+

eBLz

4c
+

ε2
n,l

4
− m2

4
− γεn,l

2
− γm

2
, B = −

( 1
16
− βεn,l

2
− βm

2
− l2

4

)
,

C =
m2ω2

4
+

αεn,l

2
+

αm

2
+

e2B2

16c2
. (27)
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The energy eigenvalues relation as follows

(2n + 1)

√
m2ω2

4
+

e2B2

16c2
+

αεn,l

2
+

αm

2
− mω~

2
− eBLz

4c
− ε2

4
+

m2

4
+

γεn,l

2
+

γm

2

+ 2

√(m2ω2

4
+

e2B2

16c2
+

αεn,l

2
+

αm

2

)(βεn,l

2
+

βm

2
+

l2

4

)
= 0 . (28)

We determine the energy Eigen values relation as Eq. (28) then we show the energy vs. n, l in Table 2 from which the
results of the previous section can be derived.

Table 2 Energy eigenvalues in commu-
tative space in uniform magnetic field.
(e = m = α = β = γ = 1, B =
0.079 884 046 5, ω = 0.1).

State |n, l〉 εn,l

|1, 0〉 9.590 663 46

|2, 0〉 11.063 676 72

|2, 1〉 11.133 578 09

|3, 0〉 12.401 451 03

|3, 1〉 12.462 767 26

|3, 2〉 12.637 819 53

5 Klein–Gordon Equation in the Presence of the Psudoharmonic Potential in Uniform
Magnetic Field in Noncommutative Space
The time-independent Klein–Gordon equation in noncommutative space can be written in the form

((
p− e

B × r

2c

)
− imωr

)
·
((

p− e
B × r

2c

)
+ imωr

)
∗ ψn,l(r) = {ε2

n,l −m2 − 2V (εn,l + m)} ∗ ψn,l(r) , (29)

So by using the Moyal product, we can map the noncommutative space onto the commutative space, so the coordinates
change as follows

r → r +
1
2~

θ × p, or x → x− 1
2~

θpy, y → y +
1
2~

θpx . (30)

Thus, we can rewrite Eq. (29),
(
p− e

2c
(B × r)− e

4c~
(B × (θ × p)) + imωr +

imω

2~
(θ × p)

)
·
(
p− e

2c
(B × r)− e

4c~
(B × (θ × p))− imωr

− imω

2~
(θ × p)

)
ψn,l(r) = {ε2

n,l −m2 − 2V (εn,l + m)}ψn,l(r) . (31)

We have
{(

1 +
eBθ

2c~
+

(eBθ

4c~

)2

+
(mωθ

2~

)2)
p2 +

(
m2ω2 +

(eB

2c

)2

+ 2αεn,l + 2αm
)
r2 +

1
r2

(2βεn,l + 2βm)

−
(eB

c
+

m2ω2θ

~
+

e2B2θ

4c2~

)
Lz − 2mω~− mωeBθ

2c
− ε2

n,l + m2 + 2γεn,l + 2γm
}

ψn,l(r) = 0 . (32)

So by choosing the coefficient of the Lz being zero we have,

eB

c
+

m2ω2θ

~
+

e2B2θ

4c2~
= 0 , (33)

Non-commutative parameter

θ = − eB/c

m2ω2/~+ e2B2/4c2~
= − 4eBc~

4m2ω2c2 + e2B2
. (34)

So the magnetic field can be obtained,

B =
(
−2~± 2

√
~2 − θ2m2ω2

eθ

)
c . (35)

We determine the values of magnetic field in Table 3.
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Table 3 Magnetic fields in noncommutative space.

State |n, l〉 εn,l State |n, l〉 εn,l(θ = θ̄ = 0, λ = 1)

|1, 0〉 9.952 161 161 |1, 0〉 9.590 122 686

|2, 0〉 11.059 780 52 |2, 0〉 11.057 776 96

|2, 1〉 11.129 746 96 |2, 1〉 11.127 736 47

|3, 0〉 12.398 277 34 |3, 0〉 12.197 095 85

|3, 1〉 12.459 641 44 |3, 1〉 12.458 469 28

|3, 2〉 12.634 823 89 |3, 2〉 12.633 677 12

With the change of variables, we have

ς = 1 +
eBθ

2c~
+

(eBθ

4c~

)2

+
(mωθ

2~

)2

, ξ = m2ω2 +
(eB

2c

)2

+ 2αε + 2αm, ζ = 2βεn,l + 2βm ,

℘ = −
(eB

c
+

m2ω2θ

~
+

e2B2θ

4c2~

)
Lz − 2mω~− mωeBθ

2c
− ε2 + m2 + 2γε + 2γm , (36)

we arrive at

U ′′(r) +
(1/2)

s
U ′(r) +

( 1
s2

)
[−Cs2 + As−B]U(r) = 0 , (37)

where

A = − ℘

4ς
, B = −

( 1
16
− l2

4
− ζ

4ς

)
, C =

ξ

4ς
. (38)

Then the space noncommutative Klein–Gordon equation oscillator energy levels are given by

(2n + 1)

√(
m2ω2 +

(eB

2c

)2

+ 2αεn,l + 2αm
)(

1 +
eBθ

2c~
+

(eBθ

4c~

)2

+
(mωθ

2~

)2)

−
(eB

2c
+

m2ω2θ

2~
+

e2B2θ

8c2~

)
Lz −mω~− mωeBθ

4c
− ε2

n,l

2
+

m2

2
+ γεn,l + γm

+

√(
m2ω2 +

(eB

2c

)2

+ 2αεn,l + 2αm
)(

l2
(
1 +

eBθ

2c~
+

(eBθ

4c~

)2

+
(mωθ

2~

)2)
+ 2βεn,l + 2βm

)
= 0 . (39)

We determine the energy Eigen values relation as Eq. (39) then we show the energy levels vs. n, l in Table 4.

Table 4 Energy eigenvalues in noncom-
mutative space with uniform magnetic
field. (e = L = m = α = β = γ = 1,
B = 0.079 884 046 5, θ = 0.05).

State |n, l〉 εn,l(θ = 0.05)

|1, 0〉 9.585 880 324

|2, 0〉 11.055 770 44

|2, 1〉 11.125 900 56

|3, 0〉 12.395 986 40

|3, 1〉 12.457 477 46

|3, 2〉 12.633 005 77

Table 5 Magnetic fields in noncommutative phase space.

ω θ θ̄ B λ

0.1 0 0 0 ±1

0.1 0.08 0.09 −0.090 638 593 32, −50.089 038 61 ±1.000 897 983

0.1 0.09 0.05 −0.050 483 894 40, −44.493 488 33 ±1.000 561 711

0.1 0.05 0.01 −0.010 498 753 45, −80.009 469 86 ±1.000 062 490

0.1 0.01 0.001 −0.001 099 997 995 525,−400.000 900 ±1.000 001 250

Thus, the wavefunctions can be obtained as

ψn(s) = sα12 eα13sLα10−1
n (α11s) = s

1
4+

√
ζ
4ς e−( ξ

4ς )sL
2
√

ζ
4ς

n

(
2

√( ξ

4ς

)
s

)
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= s
1
4+

√
l2
4 +

2βεn,l+2βm

4(1+eBθ/2c~+(eBθ/4c~)2+(mωθ/2~)2) e
−
(

m2ω2+(eB/2c)2+2αεn,l+2αm

4(1+eBθ/2c~+(eBθ/4c~)2+(mωθ/2~)2)

)1/2

s

× L
2

√
l2
4 +

2βεn,l+2βm

4(1+eBθ/2c~+(eBθ/4c~)2+(mωθ/2~)2)

n


2

(
(m2ω2 + ( eB

2c )2 + 2αε + 2αm)
4(1 + eBθ

2c~ + ( eBθ
4c~ )2 + (mωθ

2~ )2)

)1/2

s


 , (40)

for α = β = γ = m = l = e = 1, we have,

ψn(s) = s
1
4+

√
3
4 + ε

2
(1+ Bθ

2 +( Bθ
4 )2+( ωθ

2 )2 e
−
(

3
4 + ε

2
(1+ Bθ

2 +( Bθ
4 )2+( ωθ

2 )2)

)
s

× L
2

√
3
4 + ε

2
(1+ Bθ

2 +( Bθ
4 )2+( ωθ

2 )2)
n

(
2

(
ω2

4 + (B/2)2

4 + ε
2 + 1

2

(1 + Bθ
2 + (Bθ

4 )2 + (ωθ
2 )2)

)
s

)
. (41)

if we do not consider the effect of the magnetic field,

ψn(s) = s
1
4+
√

( 3
4+ ε

2 ) e−( ω2
4 + ε

2+ 1
2 )sL

2
√

( 3
4+ ε

2 )
n

(
2
(ω2

4
+

ε

2
+

1
2

)
s
)

. (42)

It is shown that the Klein–Gordon oscillator in a noncommutative space has a similar behavior with commutative
space. By solving Eq. (32) in the absence of magnetic field. We show that the energy eigenvalues vs. n, l in Table 5,
so we have the same relations with Eqs. (20) and (21).

6 Klein–Gordon Equation in the Noncommutative Phase Space in the Presence of
Psudoharmonic Potential with Magnetic Field
In this section, we analyze the Klein–Gordon equation in non-commutative phase space, to map noncommutative

phase space into commutative space, we use the following expressions,

x → xλ− 1
2λ

θpy, px → pxλ +
1
2λ

θ̄y, y → yλ +
1
2λ

θpx, py → pyλ− 1
2λ

θ̄x , (43)

where the scale factor λ is an arbitrary constant parameter. So Eq. (29) becomes
((

pλ− θ̄ × r

2λ
− eB

2c
×

(
rλ +

θ × p

2λ

)
− imω

(
rλ +

θ × p

2λ

))
·
(
pλ− θ̄ × r

2λ
− eB

2c
×

(
rλ +

θ × p

2λ

)

+ imω
(
rλ +

θ × p

2λ

)))
ψn,l(r) = {ε2

n,l −m2 − 2V (εn,l + m)}ψn,l(r) , (44)

with the Physical and mathematical calculations
{{

λ2 +
m2ω2θ2

4λ2
+

e2B2θ2

16c2λ2
+

eBθ

2c

}
p2 +

{ θ̄2

4λ2
+

e2λ2B2

4c2
+ m2ω2λ2 +

eBθ̄

2c
+ 2αm + 2αεn,l

}
r2

+
1
r2

(2βm + 2βεn,l)−
{

+θ̄ +
eλ2B

c
+ m2ω2θ +

eθθ̄B

4cλ2
+

e2B2θ

4c2

}
Lz + 2mω~λ2

+
mωe~Bθ

c
− mωθθ̄~

2λ2
− ε2

n,l + m2 + 2γεn,l + 2γm
}

ψn,l(r) = 0 , (45)

If the coefficient of angular momentum is zero, we can obtain the noncommutative parameters.

−θ̄ +
eλ2B

c
+ m2ω2θ +

eθθ̄B

4cλ2
+

e2B2θ

4c2
= 0 , (46)

Noncommutative parameter,

θ = − 4(−θ̄c + eλ2B)cλ2

4m2ω2c2λ2 + eθ̄Bc + e2B2λ2
, (47)

And the magnetic field,

B = ±1
2
−4λ4 ∓ θθ̄ +

√
16λ8 − 8λ4θθ̄ + θ2θ̄2 − 16θ2m2ω2λ4

θλ2e
c . (48)

By Eq. (48) we can show that the values of the magnetic field in Table 5.

η = λ2 +
m2ω2θ2

4λ2
+

e2B2θ2

16c2λ2
+

eBθ

2c
, ν =

θ̄2

4λ2
+

e2λ2B2

4c2
+ m2ω2λ2 +

eBθ̄

2c
+ 2αm + 2αε, κ = 2βm + 2βε ,

µ = −
(
−θ̄ +

eλ2B

c
+ m2ω2θ +

eθθ̄B

4cλ2
+

e2B2θ

4c2

)
Lz + 2mω~λ2 +

mωe~Bθ

c
− mωθθ̄~

2λ2
− ε2 + m2 + 2γε + 2γm . (49)
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We can rewrite Eq. (45) in the form,

U ′′
n,l +

(1/2)
s

U ′
n,l +

( 1
s2

)
[−Cs2 + As−B]Un,l = 0 , (50)

where

A = − µ

4η
, B = −

( 1
16
− l2

4
− κ

4η

)
, C =

ν

4η
. (51)

We obtain,
(2n + 1)

√
νη +

µ

2
+

√
l2η + νκ = 0 , (52)

we find,

(2n + 1)

√( θ̄2

4λ2
− e2λ2B2

4c2
+ m2ω2λ2 +

eBθ̄

2c
+ 2αm + 2αε

)(
λ2 +

m2ω2θ2

4λ2
+

e2B2θ2

16c2λ2
+

eBθ

2c

)

−
(
+

θ̄

2
+

eλ2B

2c
+

m2ω2θ

2
+

eθθ̄B

8cλ2
+

e2B2θ

8c2

)
Lz + mω~λ2 +

mωe~Bθ

2c
− mωθθ̄~

4λ2
+

m2

2
− ε2

2
+ γε + γm

+

√( θ̄2

4λ2
+

e2λ2B2

4c2
+ m2ω2λ2 +

eBθ̄

2c
+ 2αm + 2αε

)(
l2

(
λ2 +

m2ω2θ2

4λ2
+

e2B2θ2

16c2λ2
+

eBθ

2c

)
+ 2βm + 2βε

)
= 0 . (53)

We determine the energy eigenvalues relation as Eq. (53) then we show the energy levels vs. n, l in Table 6.

Table 6 Energy eigenvalues in noncommutative phase
space. (θ = 0.05, θ̄ = 0.01, λ = 1.000 062 490, B =
0.079 884 046 5). B = 0.

State |n, l〉 εn,l State |n, l〉 εn,l(θ = θ̄ = 0, λ = 1)

|1, 0〉 9.590 548 501 |1, 0〉 9.590 122 686

|2, 0〉 11.058 417 66 |2, 0〉 11.057 776 96

|2, 1〉 11.128 397 88 |2, 1〉 11.127 736 47

|3, 0〉 12.397 082 65 |3, 0〉 12.397 095 85

|3, 1〉 12.458 456 10 |3, 1〉 12.458 469 28

|3, 2〉 12.633 663 98 |3, 2〉 12.633 677 12

And,

ψn(s) = s
1
4+
√

1
16−B e−

√
CsL

2
√

1
16−B

n (2
√

Cs) , (54)

Thus,

ψn(s) = s
1
4+

√
l2
4 + κ

4η e−(ν/4η)sL
2
√

l2
4 + κ

4η
n (2

√
(ν/4η)s) . (55)

We can rewrite the Eq. (55) as

ψ(NCp)
n (s) = s

1
4+

√
l2
4 +

2βεn,l+2βm

λ2+ m2ω2θ2
4λ2 + e2B2θ2

16c2λ2 + eBθ
2c exp

{
−

[ θ̄2

4λ2 + e2λ2B2

4c2 + m2ω2λ2 + eBθ̄
2c + 2αm + 2αεn,l

λ2 + m2ω2θ2

4λ2 + e2B2θ2

16c2λ2 + eBθ
2c

]1/2

s

}

× L

2

√
l2
4 +4

2βεn,l+2βm

(λ2+ m2ω2θ2
4λ2 + e2B2θ2

16c2λ2 + eBθ
2c

)

n


2

√√√√ θ̄2

4λ2 + e2λ2B2

4c2 + m2ω2λ2 − eBθ̄
2c + 2αm + 2αεn,l

(λ2 + m2ω2θ2

4λ2 + e2B2θ2

16c2λ2 + eBθ
2c )

s


 . (56)

For α = β = γ = m = l = e = λ = 1 and θ̄ = 0, we have,

ψn(s) = s

1
4+

√
3
4 + ε

2

1+ ω2θ2
4 + B2θ2

16 + Bθ
2 exp

{
−

[ (B2

4 + ω2 + 2 + 2ε)

4(1 + ω2θ2

4 + B2θ2

16 + Bθ
2 )

]1/2

s

}

× L
2

√
3
4 + ε

2

1+ ω2θ2
4 + B2θ2

16 + Bθ
2

n

(
2

√( (B2

4 + ω2 + 2 + 2ε)

4(1 + ω2θ2

4 + B2θ2

16 + Bθ
2 )

)
s

)
. (57)

Equations in the absence of magnetic field in noncommutative phase space,
[(

λ2 +
m2ω2θ2

4λ2

)
p2 + (θ̄2/4λ2 + m2ω2λ2 + 2αm + 2αε)r2 +

1
r2

(2βm + 2βε)− (~̄θ + m2ω2~θ )Lz
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+ 2mω~λ2 − mωθθ̄~
2λ2

− ε2 + m2 + 2γε + 2γm
]
ψ = 0 . (58)

Using the change of variables for Eq. (58)

η = λ2 +
m2ω2θ2

4λ2
, ν =

θ̄2

4λ2
+ m2ω2λ2 + 2αm + 2αε ,

κ = 2βm + 2βε, µ = −θ̄Lz −m2ω2θLz − 2mω~λ2 − mωθθ̄~
2λ2

+ ε2
n,l −m2 − 2γεn,l − 2γm , (59)

We can rewrite the Eq. (58) as

U ′′ +
(1/2)

s
U ′ +

( 1
s2

)
[−Cs2 + As + B]U = 0 , (60)

where

A =
µ

4η
, B =

1
16
− l2

4
− κ

4η
, C =

ν

4η
. (61)

We obtain

(2n + 1)
√

νη + µ/2 +
√

l2η + νκ = 0 , (62)

(2n + 1)

√( θ̄2

4λ2
+ m2ω2λ2 + 2αm + 2αε

)(
λ2 +

m2ω2θ2

4λ2

)
+

θ̄Lz

2
− m2ω2θLz

2
−mω~λ2 − mµθθ̄~

4λ2
− ε2

n,l

2
+

m2

2

+ γεn,l + γm +

√( θ̄2

4λ2
+ m2ω2λ2 + 2αm + 2αε

)(
l2

(
λ2 +

m2ω2θ2

4λ2

)
+ 2βm + 2βε

)
= 0 . (63)

We determine the energy eigenvalues relation as Eq. (63) then we show the energy levels vs. n, l in Table 7.

Table 7 (θ̄ = 0.01, λ = 1.000 062 490,
B = 0, θ = 0.05, ω = 0.1).

State |n, l〉 εn,l

|1, 0〉 9.591 077 675

|2, 0〉 11.058 683 42

|2, 1〉 11.128 643 41

|3, 0〉 12.397 143 36

|3, 1〉 12.458 500 76

|3, 2〉 12.633 664 91

So the wavefunctions can be derived as,

ψn(s) = s
1
4+
√

1
16−B e−csL

2
√

1
16−B

n (2
√

Cs) , (64)

Other hand,

ψn(s) = s
1
4+

√
l2
4 + κ

4η e−( ν
4η )sL

2
√

l2
4 + κ

4η
n

(
2
√( ν

4η

)
s
)

. (65)

We can rewrite the Eq. (65) as,

ψn,l(s) = s

1
4+

√
l2
4 +

2βεn,l+2βm

λ2+ m2ω2θ2
4λ2 e

−
(

θ̄2

4λ2 +m2ω2λ2+2αm+2αεn,l

λ2+ m2ω2θ2
4λ2

)1/2

s

× L

2

√
l2
4 +4

2βεn,l+2βm

(λ2+ m2ω2θ2
4λ2 )

n


2

√√√√ θ̄2

4λ2 + m2ω2λ2 + 2αm + 2αεn,l

λ2 + m2ω2θ2

4λ2

s


 , (66)

for α = β = γ = m = l = λ = 1 and θ̄ = 0, we have,

ψn(s) = s1/4+
√

(3/4+ε/2) e−(ω2/4+1/2+ε/4)sL
2
√

(3/4+ε/2)
n

(
2
√

(ω2/4 + 1/2 + ε/4) s
)

. (67)

7 Conclusion
In this work we study commutative space, noncommutative space and noncommutative phase space and obtain

the energy eigenvalues and eigenfunctions for Klein–Gordon equation in the presence of Pseudoharmonic potential in
commutative space. Our results are shown in Table 1. Therefore we solve the recent problem under uniform magnetic
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field in commutative space. Also we can see the energy eigenvalues for different levels in Table 2. In addition we found
the energy spectrum corresponding the eigenfunctions for Klein–Gordon equation under Pseudoharmonic potential in
uniform magnetic field in noncommutative space and noncommutative phase space. Due to the noncommutative effect,
the result of these sections will be reduced to the results in commutative space. Let us note finally, the exact wave
functions and corresponding energy eigenvalues are obtained by NU method contrary to some other work which uses
perturbations theory, we used an exact treatment.

Appendix: Nikiforov–Uvarov Method
This analytical technique of mathematical physics solves second order differential equations. Let us consider the

following differential equation[30]

{ d2

ds2
+

(α1 − α2s)
s(1− α3s)

d
ds

+
{−ξ1s

2 + ξ2s− ξ3}
[s(1− α3s)]2

}
ψ = 0 , (A1)

According to the NU method, the eigen-functions and eigen-energies respectively are[31]

ψn(s) = sα12(1− α3s)
−α12−α13

α3 P
(α10−1,

α11
α3

−α10−1)
n (1− 2α3s) , (A2)

where the Jacobi polynomial is,

P(c,d)
n (z) = 2−n

n∑
p=0

(
n + c

P

)(
n + d

n− p

)
(1− z)n−p(1 + z)p, (A3)

P(c,d)
n (z) =

Γ(n + c + 1)
n!Γ(n + c + d + 1)

n∑
r=0

(
n

r

)
Γ(n + c + d + r + 1)

Γ(r + c + 1)

(z − 1
2

)r

, (A4)

and (
n

r

)
=

n!
r! (n− r)!

=
Γ(n + 1)

Γ(r + 1)Γ(n− r + 1)
. (A5)

And
α2n− (2n + 1)α5 + (2n + 1)

(√
α9 + α3

√
α8

)
+ n(n− 1)α3 + α7 + 2α3α8 + 2

√
α8α9 = 0 , (A6)

where

α4 =
1
2
(1− α1), α5 =

1
2
(α2 − 2α3), α6 = α2

5 + ξ1, α7 = 2α4α5 − ξ2, α8 = α2
4 + ξ3 ,

α9 = α3α7 + α2
3α8 + α6, α10 = α1 + 2α4 + 2

√
α8, α11 = α2 − 2α5 + 2(

√
α9 + α3

√
α8), α12 = α4 +

√
α8 ,

α13 = α5 −
(√

α9 + α3
√

α8

)
. (A7)

In the special case of α3 = 0,

Lim
α3→0

P
(α10−1,

α11
α3

−α10−1)
n (1− α3s) = Lα10−1

n (α11s), Lim
α3→0

(1− α3s)
−α12−α13

α3 = eα13s (A8)

and
ψn(s) = sα12 eα13sLα10−1

n (α11s) . (A9)
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