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Abstract In this paper quasi-exact solvability (QES) of Dirac equation with some scalar potentials based on sl(2) Lie
algebra is studied. According to the quasi-exact solvability theory, we construct the configuration of the classes II, IV,
V, and X potentials in the Turbiner’s classification such that the Dirac equation with scalar potential is quasi-exactly
solved and the Bethe ansatz equations are derived in order to obtain the energy eigenvalues and eigenfunctions.
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1 Introduction

In the relativistic quantum mechanics, exact solu-
tion of the Dirac equation has attracted considerable
1-12] But, there are very few exactly solvable

Quasi exact solvability theory provides a
method for obtaining a part of the energy spectrum but
not the whole spectrum.?

Lorentz scalar potential plays an important role in rel-
ativistic quantum mechanics and quantum field theory,
and has various applications in these areas.*~17 How-
ever, a few forms of Lorentz scalar potential lead to ex-
actly solvable equations.

In Refs. [18-19], a general procedure for constructing
quasi-exactly solvable systems based on si(2) Lie algebra
has been developed. Also, all the possible one-dimensional
quasi-exactly solvable models that can be constructed
were identified. This procedure is based on factorizability
or equivalently supersymmetric structure of the Hamil-

attention.!
potentials.

tonian of the system. Moreover, this procedure suggests
some configurations for the potential which provide de-
termination of a part of the spectrum but not the whole
spectrum. Meanwhile, possible forms of the Lorentz scalar
potential which lead to the quasi-exactly solvable of the
corresponding Dirac equation are determined.
Quasi-exactly solvable systems based on sl(2) Lie al-
gebra have been classified by Turbiner in ten classes.!?"!
By factorizing the Dirac equation with the Lorentz scalar
potential,?!] it is noticed that seven classes of quasi-
exactly solvable potential can be constructed. These
classes correspond to class I to class VI and class X in
the Turbiner’s classification. In Ref. [21], the construc-
tion of class I potential has been presented. In this paper
by using the factorizability of the Dirac equation with the
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Lorentz scalar potential, the construction of class II, class
IV, class V, and class X are studied.

2 (2+41)-Dimensional Dirac Equation

In this section we briefly review the QES method of
Ref. [21].

A (2+1)-dimensional Dirac Hamiltonian is given by

H=op+f(m+ Vi), (1)
where a and 3 are Dirac matrices and V;(z) is the scalar

potential. The representation of Dirac matrices has the
following form:

B=o0-,
in which o, o, and o, are the Pauli matrices.
Regarding the form of potential, the wave function
may be written as

o= () X

where k, is a real constant and fi are some real func-
tions of z. By using the relations (2) and (3) the Dirac
equations takes the following form:

(Ul pe i) (LR ey
pe+iky  —U(x) f+(@) fo(@) )

where U = m + V;(z). Equation (4) will take the su-
pesymmetric form if the wave function is transformed by

a unitary matrix T as: |
() = (ty=r (1),

-5 0)

So the Hamiltonian transform as
H—TYHT

Qy =0y, Qp=0g, (2)
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No. 3

Communications in Theoretical Physics 297

k, i(—a-ﬁ-U(I))

d
(L o)
l( dx +U(@)
Now the Dirac equation reduces to

(_%+U)w+=(E—ky)w—,

(%—i-U)w_ = (B + k)0 (7)

or

(—dd—;+U2—U’)w_:5¢_,

(_dd—;+U2—U’)w+=€¢+a (8)

where ¢ = E? — kg Moreover, U(r) plays the role of the
superpotential. In order to solve Eq. (8), it is sufficient to
obtain the upper component of the wave function i.e. ¥_.
By applying appropriate supercharge operator on the up-
per component, one may obtain the lower component. 22!

According to the theory of QES models,!*? it is nec-
essary to perform an imaginary gauge transformation on
the function 1 _(z), that is,

bla) = pe™, (9)
in which g(x) is the gauge function. The function ¢(x)
satisfies

% de

“qz T QQ/E + (V) + 9" - g% =cp,

where V(z) = U? — U’.[?? For physical models, the phase
factor e™9 is responsible for the asymptotic behaviors of
the wave function in order to ensure the normalization
condition. In fact, the form of V(z) guaranties the QES of
the system which, in turn, leads to the fact that the gauge
transformed Hamiltonian can be written as a quadratic
combination of the generators of the sl(2) Lie algebra.
Meanwhile, seven classes of QES potential can be con-
structed. These classes are class I to class VI and class X
in Turbiner’s classification.!?”l The construction of class I
has been investigated in Ref. [21]. Now we study class II,
class IV, class V, and class X.

(10)

3 Class II

Considering the Turbiner’s classification, the QES po-

tential of class IT is given by:(2°]
Vn(z) = d*e ™% + 2ade 3"

+[a® +2d(b — a — Na)|e22®

+ (2ab — ac + N) e + b2, (11)

The gauge function g(x) corresponding to the potential

has the form![2!

de —2ax ae—a%

It is evident that the parameters should be chosen such

that the wave function becomes normalizable. For this

—bx.

(12)

reason, a, d > 0 and b < 0. The potential which leads to
the ground state, with energy parameter ¢ = E? — kg, is
produced by

Vo=g"~g¢"=U5 - Uj. (13)

In order to notice that Eq. (10) is QES with the above po-
tential, we perform the change of variable z = e~**. So
by substituting the class IT potential and the correspond-
ing gauge function, Eq. (10) is reduced to

d? d
2.2 97 3 2 a2 —
a2 + (2daz® + 2aaz” + 2baz — « )dz
+ (A2 — 2Ndaz?) | = €p. (14)
The above equation can be rewritten as
THQD =0 N (15)
where
Tii= — d—2+(2d2+2 +2b — )i
= —aro z az a)T
+ 2 oNag- = (16)
@ az

Now the differential operator 711 may be written in terms
of the sl(2) generators J*, J% and J~ (Note that the sl(2)
Lie algebra is the most general symmetry algebra for the
one dimensional QES systems) as:[?’l

N
T = —aJ’J" +2dJ" + 2aJ° — {a(3 + 1) - 2b} J-

3

A
+aN +— — —, (17)
a  az
where
JJF:zzi—Nz
dz ’
d N
JO=— - — N=0,1,2,... 1
Zdz 27 0’7’ (8)
_d
T dz’

Therefore, the relation (8) with the class II potential is
QES. The QES Hamiltonian has an algebraic sector with
N +1 eigenvalues and eigenfunctions. The eigenfunctions
has the following form
N
Y =gpe 9@ = H(z — Z;) exp [—/Uo(x)dx} , (19)
i=1
where z; (i = 1,2,..., N) are some parameters that can be
obtained from the Bethe ansatz equations. Equation (19)
can be rewritten as

1) = exp [—/UN(x, {zl})dx} ,

N )
U, {z:}) = () = 3

o) -

In fact, N + 1 possible functions Uy exist for the N + 1
sets of eigefunctions 1.

(20)
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By assuming
N
( (21)

p=11E-=2),

=

i
one can obtain the Bethe ansatz equations for the relation
(14). The operator of the relation (16) may be defined as
Ti1 = ata + x, where the operator a is defined such that
ap = 0 and k is not a differential operator. It is easily

seen that
N

d 1
QZE_Zz—zi’

(22)
where z;’s are the roots. On the other hand, the operator
a™ has the following form:

N

d 1
+ _ 2
a ——aza—l—@dz +2az+2b—a)—az Eﬁ Z_Zi,(23)
so we have
ata="T —(A—2Ndz—i)+azg .
- ! az (2 — z;)(z — zj)
i#]
1
—(2d2* +2 2b — § 24
(2dz* + 2az + oz)idz_Zi, (24)
which, in turn, leads to
A € 1
— = —2Nd ——) —_—
{ (a T +a22(2_2i)(2_zj)
1]
1
—(2d22 + 2az + 2b — } =0. 25
(2% +20:+ 20— ) )" ——Je (25)

=1
Now, one may obtain the Bethe ansatz equations corre-
sponding to the relation (14) which give the roots of func-
tion ¢ and the energy eigenvalues:
1

2dz2 + 2az; + 2b — o — az; =0, 26
27 + 2az; + a—az ZZZ._Z]. (26)
J#i

Ny
A=a2b—- — 27
a3 1)
e=0. (28)

In the class IT and according to the relation (27), A is ob-
tained by the roots. So for a given N, N + 1 different
potentials are generated with e = 0. Firstly, we consider
the case N = 0. In this case, one obtains e = 0 and A = 0,
and the form of the wave function is given by

Y ox e 9@ (29)

The potential which is responsible for the solvable ground
state is

V(z) = VoA = 0,2), (30)

which is obtained by the following superpotential (accord-

ing to the relation (13)):

Uéo) =g'(z) = —de ™ —ae " —b.

So, the form of the scalar potential is such that the corre-
sponding Dirac equation has solvable ground state, that
is,

Vi(z) = —de 2" —ge " —b—m. (31)
For the case N = 1, the wave function is
= (z—2)e 9@ (32)

The corresponding energy is ¢ = 0. The root z; is ob-
tained by using the relation (26)

dz%+az1+b—%:o. (33)
The above equation has two roots as
— 2 —4d(b— /2
o = aF Va (b=a/2) (34)

2d ’
where 2~ gives the ground state while 2T gives the first ex-
cited state. In other words, the potential Vl(o) =TVi(z, A7)
and Vl(l) = Vj(x, AT), are responsible for the solvability of
the ground state and the first excited states, respectively.
Note that
\F — a(2b — «) .
2f

(35)

The above two potentials are obtained by the following

superpotentials regarding to the relations (20):
!

0,1 0 z
Ul( ):Ué)_z—ﬁ
1
= —de ™M _geT —h- — " (36)
e~ ar — »

1
So, the scalar potentials which lead to the solvability of
the ground state and the first excited state are given by:

‘/5(1071) — _d672az —ae % _p—

(37)

—_— — m.
—ax __ T
e Zl

It must be mentioned that the ground state energy for the
potential Vs(l0 ) and the first excited energy for the potential
Vs(ll) are zero.

4 Class IV
In the class IV, the potential has the following form:[2"]
Viv = — [a(a + a) + ak(ak + o + 2a)] cosh™ oz
— ¢(c + 2a — 2a) cosh® ax
+ ¢ cosh® ax + a2 + ca — 2ca. (38)
The corresponding gauge function is given by!?"!
g(x) = ccosh2ax/4a + (a/a) Incosh ax . (39)
The ground state potential is
Vo(z) = ¢ — ¢ = —a(a + @) cosh™? azx
— ¢(¢+ 20 — 2a) cosh® oz
+ 2 cosh? ax + a? + ca — 2ca = U2 — U} (40)
Performing the change of variable z = cosh™2 oz in the
relation (10), we have

{ —4az’(1 - 2) a7

@ + [(60& + 4&)22



No. 3 Communications in Theoretical Physics 299

+ (de— da — 4a)z — 4d-L d by the QES method.
dz Now we write down the Bethe ansatz equations for the
€ relation (41). The operator a and a* are defined as:
— k(ak 20)z = = b = 0. 11
(ks +a+20)s— =l (41)

N

The operator associated with the above equation can be a= di — Z 1 ,
rewritten in terms of the generators of the sl(2) Lie alge- 2 EFTA
bra as:[2% d
at = (4az® — 4az®)— + (6a + 4a)2?
TIV<P = 07 dz
Tiv = 40t J° — 4ot T~ + 2[a(6) + 1) + 2a)J* tdle-a-a)z—de
N
—4dla(2j+1) +a—cJ° + (4az® — 4a2?) Z ! . (43)
— 2Tz
—deJ +4c—a—a)j—Sa— S,  (42) =1
«a It is easily seen that
where j is the weight of the differential representation of N
sl(2) Lie algebra and k/2 = 2j. It is noticed that the cor- ap = aH(Z —z)=0= atap =0,
responding operator of Eq. (41) can be written in terms of i=1

the Lie algebra operators. So this equation can be studied | On the other hand
5 a 1
+ _ 3 2 E
a GQD—TIVQO‘F {k(ka+a+2a)z+ E — (40(2 —40éZ )Z;éj m

=it ()

N
— [(6a + 4a)2* + 4(c — a — a)z — 4] Z
i=1
So, we have
N

NIV BEDIES o S
{k(ka—i—a—i—Qa)z—i—a (daz 4az);(2_2i)(z_zj)

N

—[(6+40)s" +4(c—a—a)z = 4d 3 ( —1 z)

Now, we obtain the Bethe ansatz equations associated with the class IV potential that give the roots z; 's and the
energies of the higher degree N:

}(p ~0. (45)

N

1
(6a + 4a)z? +4(c —a — @)z — 4c + (4az} —4a2)2m:0 (46)
J#i
and N | which gives
1
— - —2(c—a— 4(c—a —a)? + 8¢(3a+ 2
£ = 4o¢cZZi. (47) F = (c—a—a)F /4(c—a—a)?+8c(3a+ a)7(51)
6 + 4a

For the case N = 0, ¢ = 0 and the wave function has the  where 2, and z; are related to the ground state and

form 1) o< e79(*). The potential of solvable ground state the first excited states, respectively. The energies of the

is: ground state and the first excited states are given by the

V(z) = Volk =0,2) = U3 — Uy, relation (47):
where N o

F__ il
Uy = ¢'(z) = ccosh axsinh ax + atanh ax © = 4aczl 2F
1=

(52)

or
The scalar potential that is responsible for the solvability

Vs(z) = ccoshazsinhaz +atanhaz —m. (48) of the ground state and the first excited state is:
For the case N =1, the wave function is given by 0 o
— —g(z) Ul = Ué )% _ ccoshazsinhaz
Y=(2-z1)e ", (49) z— 2
where the root z; is obtained by the relation (46): 90 coth™> az sinh oz

(a+20)7 +2(c—a—a)n ~2c=0,  (50) E R P 5)
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or
Vs1(z) = ccosh ax sinh ax + atanh ax
200 coth:;’ ox sin}ia;v . (54)
cosh™ " azx — 2]
5 Class V

According to the Turbiner’s classification, the QES po-
tential in the class V has the form:

Vi = — b?cosh™® ax + b[2a + 3b
+ a(4N + 3)] cosh™* ax — [(a + 3b)(a + b+ a)

+ 4Nba + A cosh™2 az + (a + b)?, (55)
and, the corresponding gauge function is:
b b
g(x) = —— tanh? ax + M In cosh ax (56)
2a o

where a, b, and « are constants. This parameters should
be chosen such that to ensure the normalizability of the
wave function. The QES ground state potential, with en-
ergy parameter ¢ = F2 — kg, is produced by

Vo=9%~g¢"=U5 ~Up. (57)
For deriving the Bethe ansatz equations one may perform

the change of variables z = cosh % az. So, Eq. (10) is

reduced to:
2 dQ‘P 2
do(z* — Z)F + [—4bz” + (6 + 8b + 4a)z
z
de
—4 b)Y —=
(a+a+D) L

+(4sz—4Nb—5—i)<p=0. (58)

« az

d
at =4a(z? - z)d— + [~4b2% + (6 + 8b + 4a)z — 4(a + a + b)] + da(2? — 2) Z
z

So we have

A

a+a:Tv—(4sz—4Nb————

az

(0%

— [~4b2° + (6o + 8b + da)z — 4(a+ a+b)] >

also, it is easily seen that aTayp = Ty = 0. So

{— (4sz—4Nb— A i) —da(2? — 2)

« az

— [—4b2> + (60 + 8b + 4a)z — 4o+ a+ )] S

Therefore, the Bethe ansatz equations which give the roots |

of function ¢ and the energy eigenvalues are

4bz? — (6o + 8b +4)z; + 4(a +a +b)

1
+4zi(zi—1)zz‘_z‘:0, (64)
g#i Y

According to the QES theory, the wave function is con-
sidered as: 1 = pe~9(*), Equation (58) can be written
as

Tye =0, (59)
where
2 d 2
Ty = 4a(z” — Z)F + [—4bz* + (6a + 8b + 4a)z
z
d A€
—d(ata+b)—+ (4sz—4Nb— - a).(60)

If we write the differential operator (60) in terms of a lin-
ear combination of a Lie algebra generators, we will use
the QES method in order to obtain the potential Uy (x)
which admits solvable states with higher weights.

The differential operator Ty; may be written as follow:

Ty =4aJTJ" —4aJ% " — 4bJt
+ (4aN + 6a + 8b + 4a)J°
— (2aN +4a +4a + 4b)J ™

N
+ (6o + 8b + 4a)3 + 4aN?

_aNb- 2=

a az’
Now, we can obtain the Bethe ansatz equations for the

(61)

relation (58). For this reason,we define operator a as:
N

d 1
aza_zz—zi’

where ap = 0 and z;’s are the roots. On the other hand,
the operator a™ is defined as follows:

1

z—z

=1

) —404(22—2)2 !

L o= 2z - 2)

z—lz»’ (62)
1
2T )
2_12}<p:0. (63)
N1
/\:4a{(a+a+b)zz—Nb], (65)
i=1 "
e=0. (66)

Therefore, for a given N, N + 1 different potentials are
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generated with e = 0. Let us consider the case N = 1  According to the relation (66), the gerund state energy for
which admits two solutions. For this case the wave func-  the potential Vl(o) and the first excited energy for the po-
tion is ¢ = (z — 21) e 9(*). The corresponding energy is  tential Vl(l) are zero. Similarly, QES potentials for higher

e = 0. According to Eq. (64), the root z; satisfies degree N can be constructed.
bz} — (6a +8b+4)z1 —4(a+a+b) =0,  (67) g Class X
which gives two solutions The general form of the QES potential in class X has
o (6a+8b+4) F \/(6aF8h+ P +6ab(atat ) . the form:
1= 8b , (68) Vy = —a? cos® ax + aa(2N + 1) cosax 4 a? . (71)
as a result, we have The gauge function is

a
AT — 4af(a +a)] ' (69) g(z) = —cosax. (72)

2T «

where a and « are the constants parameters which are
The potential Vl(o) = Vi(z,A7) and Vl(l) = Vi(z, A7) are responsible for the normalizability of the wave function.
responsible for the solvability of the ground state and the  The QES potential that gives the ground state, with en-
first excited states, respectively. This two potential are ergy parameter € = 0, is given by:

obtai.ned by the following superpotentials regarding to the Vo= U2~ U, (73)
relations (20): )
, with
U1(071) _ Uéo) __~ Up=¢g'(z) = —sinax. (74)
z—zf

In order to derive the Bethe ansatz equations for deter-

_ -2
= —bcosh™ aztanhar + (a +b) tanh az mining the potentials Uy (x) which admits solvable states

—2asinh az cosh ™ ax with higher weights, let us perform the change of variable
- — . (70) _ .
cosh 2 az — 2] | z = cosax. Then, Eq. (10) becomes:
[— (1 — 22)d—2 + (a?z + 2aa(1 — 22))i +2aNaz—¢e|lp=0 (75)
dz? dz
or
Txe =0, (76)
where 2 4
TX:—QQ(l—ZQ)F-F(Oé 2+ 2aa(l — 2* ))d—+2aNaz—£. (77)
z

Now, we can write the differential operator Tx in terms of sl(2) Lie algebra generators as follow:
2
Tx = a2t J" —a2J"J + (N + 1)a2J° + 2a0]~ + %N(N +1)—e. (78)
Therefore, we have a QES problem.
In order to determine the Bethe ansatz equations, we define the operators a and a™ as:
N

d 1
GZE_ZZ—Z%7

=1

N
d
a+:—a2(1—22)a+a2z+2ao¢(1—22) 2(1—2%) ;z—zz (79)
As a result, we have:
1 N
2 2
_2GNCYZ+E+CY(1—Z);m (a2+2aa1—z le_zz} (80)
i#j i=
So, the Bethe ansatz equations that give the roots z;’s and |
. £ = 2ax Z — (82)
the energy parameters of the higher degree IV, are: — 2
Moo
—2aaz? + a*z; + 2aa — (1 — 27) Z =0, (81)

P A For example, let us consider the case N = 1. In this case,
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the wave function has the form:
v =(z— Zl)eg(w) ,
where 21, according to Eq. (81), satisfies the relation
—2a0z} + a*z +2aa=0.

Therefore, we have two roots

+ —a? F Vot + 16a2a2
zi =
—4a
and the values of ¢ are
1
et = 2&0[—:F .
21

The potential that give the ground state and first excited

solvable state are

Z/

U =Uy— -,

z— 2]

—asinax
Uy = —acosax — — |
cosar — 2]
where the ground state energy is zero and the firs excited
Jr

energy ise =¢" —¢.

7 Conclusion

In this paper by factorizing the Dirac equation in pres-
ence of the classes II, IV, V and X potentials in the
Turbiner’s classification, the corresponding operators were
written in terms of the generators of the sl(2) Lie algebra.
Then by deriving the Bethe ansatz equations, the wave
functions and the corresponding energies of the ground
state and the first excited states were calculated. It must
be mentioned that there are some QES systems that are
not factorizable or are not related to the si(2) Lie algebra.
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