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Abstract In this paper quasi-exact solvability (QES) of Dirac equation with some scalar potentials based on sl(2) Lie
algebra is studied. According to the quasi-exact solvability theory, we construct the configuration of the classes II, IV,
V, and X potentials in the Turbiner’s classification such that the Dirac equation with scalar potential is quasi-exactly
solved and the Bethe ansatz equations are derived in order to obtain the energy eigenvalues and eigenfunctions.
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1 Introduction

In the relativistic quantum mechanics, exact solu-

tion of the Dirac equation has attracted considerable

attention.[1−12] But, there are very few exactly solvable

potentials. Quasi exact solvability theory provides a

method for obtaining a part of the energy spectrum but

not the whole spectrum.[13]

Lorentz scalar potential plays an important role in rel-

ativistic quantum mechanics and quantum field theory,

and has various applications in these areas.[14−17] How-

ever, a few forms of Lorentz scalar potential lead to ex-

actly solvable equations.

In Refs. [18–19], a general procedure for constructing

quasi-exactly solvable systems based on sl(2) Lie algebra

has been developed. Also, all the possible one-dimensional

quasi-exactly solvable models that can be constructed

were identified. This procedure is based on factorizability

or equivalently supersymmetric structure of the Hamil-

tonian of the system. Moreover, this procedure suggests

some configurations for the potential which provide de-

termination of a part of the spectrum but not the whole

spectrum. Meanwhile, possible forms of the Lorentz scalar

potential which lead to the quasi-exactly solvable of the

corresponding Dirac equation are determined.

Quasi-exactly solvable systems based on sl(2) Lie al-

gebra have been classified by Turbiner in ten classes.[20]

By factorizing the Dirac equation with the Lorentz scalar

potential,[21] it is noticed that seven classes of quasi-

exactly solvable potential can be constructed. These

classes correspond to class I to class VI and class X in

the Turbiner’s classification. In Ref. [21], the construc-

tion of class I potential has been presented. In this paper

by using the factorizability of the Dirac equation with the

Lorentz scalar potential, the construction of class II, class

IV, class V, and class X are studied.

2 (2+1)-Dimensional Dirac Equation

In this section we briefly review the QES method of

Ref. [21].

A (2+1)-dimensional Dirac Hamiltonian is given by

H = α · p + β(m+ Vs(x)) , (1)

where α and β are Dirac matrices and Vs(x) is the scalar

potential. The representation of Dirac matrices has the

following form:

β = σz , αy = σy , αx = σx , (2)

in which σx, σy and σz are the Pauli matrices.

Regarding the form of potential, the wave function

may be written as

ψ = e ikyy

(

f−(x)

f+(x)

)

, (3)

where ky is a real constant and f± are some real func-

tions of x. By using the relations (2) and (3) the Dirac

equations takes the following form:
(

U(x) px − iky

px + iky −U(x)

) (

f−(x)

f+(x)

)

= E

(

f−(x)

f+(x)

)

, (4)

where U = m + Vs(x). Equation (4) will take the su-

pesymmetric form if the wave function is transformed by

a unitary matrix T as:
(

f−(x)

f+(x)

)

−→
(

iψ−(x)

iψ+(x)

)

≡ T+

(

f−(x)

f+(x)

)

,

T =
1√
2

(

1 i

i 1

)

. (5)

So the Hamiltonian transform as

H −→ T+HT
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=







ky i
(

− d

dx
+ U(x)

)

−i
(

− d

dx
+ U(x)

)

−ky






. (6)

Now the Dirac equation reduces to
(

− d

dx
+ U

)

ψ+ = (E − ky)ψ− ,

( d

dx
+ U

)

ψ− = (E + ky)ψ+ (7)

or
(

− d2

dx2
+ U2 − U ′

)

ψ− = εψ− ,

(

− d2

dx2
+ U2 − U ′

)

ψ+ = εψ+ , (8)

where ε = E2 − k2
y. Moreover, U(r) plays the role of the

superpotential. In order to solve Eq. (8), it is sufficient to

obtain the upper component of the wave function i.e. ψ−.

By applying appropriate supercharge operator on the up-

per component, one may obtain the lower component.[22]

According to the theory of QES models,[13] it is nec-

essary to perform an imaginary gauge transformation on

the function ψ−(x), that is,

ψ(x) = ϕ e
−g(x)

, (9)

in which g(x) is the gauge function. The function ϕ(x)

satisfies

− d2ϕ

dx2
+ 2g′

dϕ

dx
+ (V (x) + g′′ − g′2)ϕ = εϕ , (10)

where V (x) = U2 −U ′.[22] For physical models, the phase

factor e−g is responsible for the asymptotic behaviors of

the wave function in order to ensure the normalization

condition. In fact, the form of V (x) guaranties the QES of

the system which, in turn, leads to the fact that the gauge

transformed Hamiltonian can be written as a quadratic

combination of the generators of the sl(2) Lie algebra.

Meanwhile, seven classes of QES potential can be con-

structed. These classes are class I to class VI and class X

in Turbiner’s classification.[20] The construction of class I

has been investigated in Ref. [21]. Now we study class II,

class IV, class V, and class X.

3 Class II

Considering the Turbiner’s classification, the QES po-

tential of class II is given by:[20]

VN (x) = d2 e−4αx + 2ad e−3αx

+ [a2 + 2d(b− α−Nα)] e−2αx

+ (2ab− aα+ λ) e−αx + b2 , (11)

The gauge function g(x) corresponding to the potential

has the form[20]

g(x) =
d e−2αx

2α
+
a e−αx

α
− bx . (12)

It is evident that the parameters should be chosen such

that the wave function becomes normalizable. For this

reason, a, d > 0 and b < 0. The potential which leads to

the ground state, with energy parameter ε = E2 − k2
y, is

produced by

V0 = g′2 − g′′ = U2
0 − U ′

0 . (13)

In order to notice that Eq. (10) is QES with the above po-

tential, we perform the change of variable z = e−αx. So

by substituting the class II potential and the correspond-

ing gauge function, Eq. (10) is reduced to
[

− α2z2 d2

dz2
+ (2dαz3 + 2aαz2 + 2bαz − α2z)

d

dz

+ (λz − 2Ndαz2)
]

ϕ = εϕ . (14)

The above equation can be rewritten as

TIIϕ = 0 , (15)

where

TII = − αz
d2

dz2
+ (2dz2 + 2az + 2b− α)

d

dz

+
λ

α
− 2Ndz − ε

αz
. (16)

Now the differential operator TII may be written in terms

of the sl(2) generators J+, J0 and J− (Note that the sl(2)

Lie algebra is the most general symmetry algebra for the

one dimensional QES systems) as:[23]

TII = − αJ0J− + 2dJ+ + 2aJ0 −
[

α
(N

2
+ 1

)

− 2b
]

J−

+ aN +
λ

α
− ε

αz
, (17)

where

J+ = z2 d

dz
−Nz ,

J0 = z
d

dz
− N

2
,

J− =
d

dz
,



























N = 0, 1, 2, . . . (18)

Therefore, the relation (8) with the class II potential is

QES. The QES Hamiltonian has an algebraic sector with

N +1 eigenvalues and eigenfunctions. The eigenfunctions

has the following form

ψ = ϕ e−g(x) =

N
∏

i=1

(z − zi) exp
[

−
∫

U0(x)dx
]

, (19)

where zi (i = 1, 2, . . . , N) are some parameters that can be

obtained from the Bethe ansatz equations. Equation (19)

can be rewritten as

ψ = exp
[

−
∫

UN (x, {zi})dx
]

,

UN (x, {zi}) = U0(x) −
N

∑

i=1

z′(x)

z(x) − zi

. (20)

In fact, N + 1 possible functions UN exist for the N + 1

sets of eigefunctions ψ.
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By assuming

ϕ =

N
∏

i=1

(z − zi) , (21)

one can obtain the Bethe ansatz equations for the relation

(14). The operator of the relation (16) may be defined as

TII = a+a + κ, where the operator a is defined such that

aϕ = 0 and κ is not a differential operator. It is easily

seen that

a =
d

dz
−

N
∑

i=1

1

z − zi

, (22)

where zi’s are the roots. On the other hand, the operator

a+ has the following form:

a+ = −αz d

dz
+(2dz2 +2az+2b−α)−αz

N
∑

i=1

1

z − zi

, (23)

so we have

a+a = TII −
(λ

α
− 2Ndz − ε

αz
) + αz

∑

i6=j

1

(z − zi)(z − zj)

−(2dz2 + 2az + 2b− α)

N
∑

i=1

1

z − zi

, (24)

which, in turn, leads to
[

−
(λ

α
− 2Ndz − ε

αz

)

+ αz
∑

i6=j

1

(z − zi)(z − zj)

−(2dz2 + 2az + 2b− α)

N
∑

i=1

1

z − zi

]

ϕ = 0 . (25)

Now, one may obtain the Bethe ansatz equations corre-

sponding to the relation (14) which give the roots of func-

tion ϕ and the energy eigenvalues:

2dz2
i + 2azi + 2b− α− αzi

∑

j 6=i

1

zi − zj

= 0 , (26)

λ = α(2b − α)

N
∑

i=1

1

zi

, (27)

ε = 0 . (28)

In the class II and according to the relation (27), λ is ob-

tained by the roots. So for a given N , N + 1 different

potentials are generated with ε = 0. Firstly, we consider

the case N = 0. In this case, one obtains ε = 0 and λ = 0,

and the form of the wave function is given by

ψ ∝ e−g(x) . (29)

The potential which is responsible for the solvable ground

state is

V (x) = V0(λ = 0, x) , (30)

which is obtained by the following superpotential (accord-

ing to the relation (13)):

U
(0)
0 = g′(x) = −d e−2αx − a e−αx − b .

So, the form of the scalar potential is such that the corre-

sponding Dirac equation has solvable ground state, that

is,

Vs(x) = −d e−2αx − a e−αx − b−m. (31)

For the case N = 1, the wave function is

ψ = (z − z1) e−g(x) . (32)

The corresponding energy is ε = 0. The root z1 is ob-

tained by using the relation (26)

dz2
1 + az1 + b− α

2
= 0 . (33)

The above equation has two roots as

z∓1 =
−a∓

√

a2 − 4d(b− α/2)

2d
, (34)

where z− gives the ground state while z+ gives the first ex-

cited state. In other words, the potential V
(0)
1 = V1(x, λ

−)

and V
(1)
1 = V1(x, λ

†), are responsible for the solvability of

the ground state and the first excited states, respectively.

Note that

λ∓ =
α(2b − α)

z∓1
. (35)

The above two potentials are obtained by the following

superpotentials regarding to the relations (20):

U
(0,1)
1 = U

(0)
0 − z′

z − z∓1

= −d e−2αx − a e−αx − b− −α e−αx

e−αx − z∓1
. (36)

So, the scalar potentials which lead to the solvability of

the ground state and the first excited state are given by:

V
(0,1)
s1 = −d e−2αx − a e−αx − b− −α e−αx

e−αx − z∓1
−m. (37)

It must be mentioned that the ground state energy for the

potential V
(0)
s1 and the first excited energy for the potential

V
(1)
s1 are zero.

4 Class IV

In the class IV, the potential has the following form:[20]

VIV = − [a(a+ α) + αk(αk + α+ 2a)] cosh−2 αx

− c(c+ 2α− 2a) cosh2 αx

+ c2 cosh4 αx+ a2 + cα− 2ca . (38)

The corresponding gauge function is given by[20]

g(x) = c cosh 2αx/4α+ (a/α) ln coshαx . (39)

The ground state potential is

V0(x) = g′2 − g′′ = −a(a+ α) cosh−2 αx

− c(c+ 2α− 2a) cosh2 αx

+ c2 cosh4 αx+ a2 + cα− 2ca = U2
0 − U ′

0 . (40)

Performing the change of variable z = cosh−2 αx in the

relation (10), we have
{

− 4αz2(1 − z)
d2

dz2
+ [(6α+ 4a)z2
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+ (4c− 4a− 4α)z − 4c]
d

dz

− k(αk + α+ 2a)z − ε

α

}

ϕ = 0 . (41)

The operator associated with the above equation can be

rewritten in terms of the generators of the sl(2) Lie alge-

bra as:[23]

TIVϕ = 0 ,

TIV = 4αJ+J0 − 4αJ+J− + 2[α(6j + 1) + 2a]J+

− 4[α(2j + 1) + a− c]J0

− 4cJ− + 4(c− a− α)j − 8αj2 − ε

α
, (42)

where j is the weight of the differential representation of

sl(2) Lie algebra and k/2 = 2j. It is noticed that the cor-

responding operator of Eq. (41) can be written in terms of

the Lie algebra operators. So this equation can be studied

by the QES method.

Now we write down the Bethe ansatz equations for the

relation (41). The operator a and a+ are defined as:

a =
d

dz
−

N
∑

i=1

1

z − zi

,

a+ = (4αz3 − 4αz2)
d

dz
+ (6α+ 4a)z2

+ 4(c− a− α)z − 4c

+ (4αz3 − 4αz2)

N
∑

i=1

1

z − zi

. (43)

It is easily seen that

aϕ = a
N
∏

i=1

(z − zi) = 0 ⇒ a†aϕ = 0 ,

On the other hand

a+aϕ = TIVϕ+
{

k(kα+ α+ 2a)z +
ε

α
− (4αz3 − 4αz2)

N
∑

i6=j

1

(z − zi)(z − zj)

− [(6α+ 4a)z2 + 4(c− a− α)z − 4c]

N
∑

i=1

1

(z − zi)

}

ϕ . (44)

So, we have

{

k(kα+ α+ 2a)z +
ε

α
− (4αz3 − 4αz2)

N
∑

i6=j

1

(z − zi)(z − zj)

− [(6α+ 4a)z2 + 4(c− a− α)z − 4c]

N
∑

i=1

1

(z − zi)

}

ϕ = 0 . (45)

Now, we obtain the Bethe ansatz equations associated with the class IV potential that give the roots zi ’s and the

energies of the higher degree N :

(6α+ 4a)z2
i + 4(c− a− α)zi − 4c+ (4αz3

i − 4αz2
i )

N
∑

j 6=i

1

(zi − zj)
= 0 (46)

and

ε = −4αc

N
∑

i=1

1

zi

. (47)

For the case N = 0, ε = 0 and the wave function has the

form ψ ∝ e−g(x). The potential of solvable ground state

is:

V (x) = V0(k = 0, x) = U2
0 − U ′

0 ,

where

U0 = g′(x) = c coshαx sinhαx+ a tanhαx ,

or

Vs(x) = c coshαx sinhαx+ a tanhαx−m. (48)

For the case N = 1, the wave function is given by

ψ = (z − z1) e−g(x) , (49)

where the root z1 is obtained by the relation (46):

(3α+ 2a)z2
1 + 2(c− a− α)z1 − 2c = 0 , (50)

which gives

z∓1 =
−2(c− a−α) ∓

√

4(c− a−α)2 + 8c(3α+ 2a)

6α+ 4a
, (51)

where z−1 and z+
1 are related to the ground state and

the first excited states, respectively. The energies of the

ground state and the first excited states are given by the

relation (47):

ε∓ = −4αc

N
∑

i=1

1

z∓1
. (52)

The scalar potential that is responsible for the solvability

of the ground state and the first excited state is:

U1 = U
(0)
0 − z′

z − z−1
= c coshαx sinhαx

+ a tanhαx+
2α coth−3 αx sinhαx

cosh−2 αx− z−1
(53)
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or

Vs1(x) = c coshαx sinhαx+ a tanhαx

+
2α coth−3 αx sinhαx

cosh−2 αx− z−1
−m. (54)

5 Class V

According to the Turbiner’s classification, the QES po-

tential in the class V has the form:

Vk = − b2 cosh−6 αx + b[2a+ 3b

+ α(4N + 3)] cosh−4 αx− [(a+ 3b)(a+ b+ α)

+ 4Nbα+ λ] cosh−2 αx+ (a+ b)2 , (55)

and, the corresponding gauge function is:

g(x) = − b

2α
tanh2 αx+

(a+ b)

α
ln coshαx , (56)

where a, b, and α are constants. This parameters should

be chosen such that to ensure the normalizability of the

wave function. The QES ground state potential, with en-

ergy parameter ε = E2 − k2
y, is produced by

V0 = g′2 − g′′ = U2
0 − U ′

0 . (57)

For deriving the Bethe ansatz equations one may perform

the change of variables z = cosh−2 αx. So, Eq. (10) is

reduced to:

4α(z2 − z)
d2ϕ

dz2
+ [−4bz2 + (6α+ 8b+ 4a)z

− 4(α+ a+ b)]
dϕ

dz

+
(

4Nbz − 4Nb− λ

α
− ε

αz

)

ϕ = 0 . (58)

According to the QES theory, the wave function is con-

sidered as: ψ = ϕ e−g(x). Equation (58) can be written

as

TVϕ = 0 , (59)

where

TV = 4α(z2 − z)
d2

dz2
+ [−4bz2 + (6α+ 8b+ 4a)z

− 4(α+ a+ b)]
d

dz
+

(

4Nbz − 4Nb− λ

α
− ε

αz

)

.(60)

If we write the differential operator (60) in terms of a lin-

ear combination of a Lie algebra generators, we will use

the QES method in order to obtain the potential UN (x)

which admits solvable states with higher weights.

The differential operator TV may be written as follow:

TV = 4αJ+J− − 4αJ0J− − 4bJ+

+ (4αN + 6α+ 8b+ 4a)J0

− (2αN + 4α+ 4a+ 4b)J−

+ (6α+ 8b+ 4a)
N

2
+ 4αN2

− 4Nb− λ

α
− ε

αz
. (61)

Now, we can obtain the Bethe ansatz equations for the

relation (58). For this reason,we define operator a as:

a =
d

dz
−

N
∑

i=1

1

z − zi

,

where aϕ = 0 and zi’s are the roots. On the other hand,

the operator a+ is defined as follows:

a+ = 4α(z2 − z)
d

dz
+ [−4bz2 + (6α+ 8b+ 4a)z − 4(α+ a+ b)] + 4α(z2 − z)

N
∑

i=1

1

z − zi

.

So we have

a+a = TV −
(

4bNz − 4Nb− λ

α
− ε

αz

)

− 4α(z2 − z)
∑

i6=j

1

(z − zi)(z − zj)

− [−4bz2 + (6α+ 8b+ 4a)z − 4(α+ a+ b)]

N
∑

i=1

1

z − zi

, (62)

also, it is easily seen that a+aϕ = TV ϕ = 0. So
{

−
(

4bNz − 4Nb− λ

α
− ε

αz

)

− 4α(z2 − z)
∑

i6=j

1

(z − zi)(z − zj)

− [−4bz2 + (6α+ 8b+ 4a)z − 4(α+ a+ b)]

N
∑

i=1

1

z − zi

}

ϕ = 0 . (63)

Therefore, the Bethe ansatz equations which give the roots

of function ϕ and the energy eigenvalues are

4bz2
i − (6α+ 8b+ 4)zi + 4(α+ a+ b)

+ 4zi(zi − 1)
∑

j 6=i

1

zi − zj

= 0 , (64)

λ = 4α
[

(α+ a+ b)

N
∑

i=1

1

zi

−Nb
]

, (65)

ε = 0 . (66)

Therefore, for a given N , N + 1 different potentials are
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generated with ε = 0. Let us consider the case N = 1

which admits two solutions. For this case the wave func-

tion is ψ = (z − z1) e−g(x). The corresponding energy is

ε = 0. According to Eq. (64), the root z1 satisfies

4bz2
1 − (6α+ 8b+ 4)z1 − 4(α+ a+ b) = 0 , (67)

which gives two solutions

z∓1 =
(6α+8b+ 4) ∓

√

(6α+8b+ 4)2+64b(α+ a+ b)

8b
, (68)

as a result, we have

λ∓ =
4α[(α+ a)]

z∓1
. (69)

The potential V
(0)
1 = V1(x, λ

−) and V
(1)
1 = V1(x, λ

−) are

responsible for the solvability of the ground state and the

first excited states, respectively. This two potential are

obtained by the following superpotentials regarding to the

relations (20):

U
(0,1)
1 = U

(0)
0 − z′

z − z∓1

= − b cosh−2 αx tanhαx + (a+ b) tanhαx

− −2α sinhαx cosh−3 αx

cosh−2 αx− z∓1
. (70)

According to the relation (66), the gerund state energy for

the potential V
(0)
1 and the first excited energy for the po-

tential V
(1)
1 are zero. Similarly, QES potentials for higher

degree N can be constructed.

6 Class X

The general form of the QES potential in class X has

the form:

VN = −a2 cos2 αx+ aα(2N + 1) cosαx+ a2 . (71)

The gauge function is

g(x) =
a

α
cosαx . (72)

where a and α are the constants parameters which are

responsible for the normalizability of the wave function.

The QES potential that gives the ground state, with en-

ergy parameter ε = 0, is given by:

V0 = U2
0 − U ′

0 , (73)

with

U0 = g′(x) = − sinαx . (74)

In order to derive the Bethe ansatz equations for deter-

mining the potentials UN (x) which admits solvable states

with higher weights, let us perform the change of variable

z = cosαx. Then, Eq. (10) becomes:

[

− α2(1 − z2)
d2

dz2
+ (α2z + 2aα(1 − z2))

d

dz
+ 2aNαz − ε

]

ϕ = 0 (75)

or

TXϕ = 0 , (76)

where

TX = −α2(1 − z2)
d2

dz2
+ (α2z + 2aα(1 − z2))

d

dz
+ 2aNαz − ε . (77)

Now, we can write the differential operator TX in terms of sl(2) Lie algebra generators as follow:

TX = α2J+J− − α2J−J− + (N + 1)α2J0 + 2aαJ− +
α2

2
N(N + 1) − ε . (78)

Therefore, we have a QES problem.

In order to determine the Bethe ansatz equations, we define the operators a and a+ as:

a =
d

dz
−

N
∑

i=1

1

z − zi

,

a+ = −α2(1 − z2)
d

dz
+ α2z + 2aα(1 − z2) − α2(1 − z2)

N
∑

i=1

1

z − zi

. (79)

As a result, we have:

[

− 2aNαz + ε+ α2(1 − z2)
∑

i6=j

1

(z − zi)(z − zj)
− (α2z + 2aα(1 − z2))

N
∑

i=1

1

z − zi

]

ϕ = 0 . (80)

So, the Bethe ansatz equations that give the roots zi’s and

the energy parameters of the higher degree N , are:

−2aαz2
i + α2zi + 2aα− α2(1 − z2

i )

N
∑

j 6=i

1

zi − zj

= 0 , (81)

ε = 2aα

N
∑

i=1

1

zi

. (82)

For example, let us consider the case N = 1. In this case,
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the wave function has the form:

ψ = (z − z1) eg(x) ,

where z1, according to Eq. (81), satisfies the relation

−2aαz2
1 + α2z1 + 2aα = 0 .

Therefore, we have two roots

z∓1 =
−α2 ∓

√
α4 + 16a2α2

−4a
and the values of ε are

ε∓ = 2aα
1

z∓1
.

The potential that give the ground state and first excited

solvable state are

U1 = U0 −
z′

z − z−1
,

U1 = −a cosαx− −α sinαx

cosαx− z−1
,

where the ground state energy is zero and the firs excited

energy is ε = ε+ − ε−.

7 Conclusion

In this paper by factorizing the Dirac equation in pres-

ence of the classes II, IV, V and X potentials in the

Turbiner’s classification, the corresponding operators were

written in terms of the generators of the sl(2) Lie algebra.

Then by deriving the Bethe ansatz equations, the wave

functions and the corresponding energies of the ground

state and the first excited states were calculated. It must

be mentioned that there are some QES systems that are

not factorizable or are not related to the sl(2) Lie algebra.
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