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Wronskian Form Solutions for a Variable Coefficient Kadomtsev–Petviashvili Equation∗
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Abstract Starting from a simple transformation, and with the aid of symbolic computation, we establish the relation-
ship between the solution of a generalized variable coefficient Kadomtsev–Petviashvili (vKP) equation and the solution
of a system of linear partial differential equations. According to this relation, we obtain Wronskian form solutions of the
vKP equation, and further present N-soliton-like solutions for some degenerated forms of the vKP equation. Moreover,
we also discuss the influences of arbitrary constants on the soliton and N-soliton solutions of the KPII equation.
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1 Introduction

As a generalization of the well known Kadomtsev–

Petviashvili (KP) equation[1]

(ut + 6uux + uxxx)x + 3σ2uyy = 0 , (1)

the variable coefficient Kadomtsev–Petviashvili (vKP)

equation[2]

(ut + f(t)uux + g(t)uxxx)x + h(t)ux + p(t)uyy = 0 , (2)

in which f(t), g(t), h(t), and p(t) are differentiable func-

tions, provides a description of surface waves in a more

realistic situation. For example, it can better model the

propagation of (small-amplitude) surface waves in straits

or large channels of (slowly) varying width and depth with

nonvanishing vorticity.[3] The KP equation (1) is known to

be integrable, however, the vKP equation (2) can pass the

Painlevé tests for complete integrability only when certain

coefficient restrictions are satisfied.[4]

It is a difficult task for us to solve the nonlinear evo-

lution equations (NLEEs) explicitly, and presently a gen-

eral scheme for NLEEs solving is still unavailable. Even

though, the investigation of exact solutions to NLEEs has

attracted much research attention, since the exact solu-

tions of NLEEs often model natural phenomena and fa-

cilitate the testing of numerical solvers. One of the most

effective constructive algorithms for solving the NLEEs is

the Wronskian determinant method,[5] which constructs

the solutions of the NLEEs through Wronskian determi-

nants. The algorithm has successfully been applied to

different continuous and discrete NLEEs.[6−10] In this pa-

per, we would like to construct Wronskian form solutions

of Eq. (2). The solutions which we obtain establish a re-

lationship between the vKP equation (2) and a system of

linear partial differential equations. The special structure

of Wronskian not only makes it easy to verify the solu-

tions through direct substitution, but also facilitates the

investigation of soliton interactions.

2 Wronskian Form Solutions for the vKP

Equation

To explicitly solve the vKP equation (2), we make a

simple transformation

u = F +
12g(lnω)xx

f
, (3)

where F = F (x, y, t) and ω = ω(x, y, t) are functions

to be determined. This transformation can be obtained

through the method presented in Ref. [11], and can also

be obtained from Darboux transformation.[12] Substitut-

ing Eq. (3) into Eq. (2), collecting and eliminating the

coefficients of different powers of 1/ω, yields a set of par-

tial differential equations (We denote them Eqs and list

them in the appendix). The transformation (3) gives a

solution of the vKP equation (2) provided F , ω, and the

coefficients f , g, h, p satisfy the system Eqs.

The Wronskian form N -soliton solution of the KPII

equation

(ut + 6uux + uxxx)x + 3uyy = 0 , (4)

was firstly given by Freeman and Nimmo.[5] Based on the

bilinear approach,[13] Yao et al.[14] and Wu et al.[15] consid-

ered the vKP equation (2) with h(t) = 0, and performed

different N -th order Wronskian form solution of the equa-

tion under the constraint f(t) = Cg(t). Lü et al.[16] con-

structed new Wronskian solutions of the KP equation (1).
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In this Letter, we will construct Wronskian form solutions

of the vKP equation (2) through the transformation (3).

For convenience, here we list two equations of the sys-

tem Eqs as follows:

(Ft + f(t)FFx + g(t)Fxxx)x + h(t)Fx + p(t)Fyy = 0, (5)

4gωxωxxx + ωxωt − 3gω2
xx + pω2

y + Ffω2
x = 0 . (6)

Equation (5) implies that F should be a solution of the

vKP equation (2). If setting F = F (t), i.e. F does not

depend on x and y, then Eq. (5) is satisfied identically.

Further assuming that

ωy =
√

3g/p(ωxx + λωx) , (7)

with λ be arbitrary constant, then Eq. (6) can be reduced

to

ωt = −g(3λ2ωx + 6λωxx + 4ωxxx) − Ffωx . (8)

Note that Eqs. (7) and (8) are linear partial differential

equations in the unknown function ω.

It is interesting that Eqs. (7) and (8) together with

F = F (t) reduce the system Eqs to a single equation

g′f − f ′g + fgh = 0 . (9)

This leads to the following proposition.

Proposition 1 If the coefficients constraint

h =
f ′g − g′f

fg
, (10)

is satisfied, then the formula (3) gives a solution of the

vKP equation (2), where ω satisfies Eqs. (7) and (8).

In fact, we can further get the following result.

Proposition 2 Under the constraint (10), the vKP equa-

tion (2) possesses the following Wronskian form solution

u = F +
12g(lnW )xx

f
, (11)

where F is an arbitrary analytical function of t, and

W = Wr(ω1, ω2, . . . , ωN)

=
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with (ω1, ω2, . . . , ωN) be linearly independent solutions of

both Eqs. (7) and (8), and ω
(n)
i : = ∂n

xωi for 1 ≤ i ≤ N .

To prove the Proposition 2, we introduce an identity

called the Plücker relation[17] satisfied by the maximal mi-

nors of an N ×M matrix
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with N < M . A maximal minor π(l1, l2, . . . , lN) is

the determinant of the submatrix formed by N columns

Πi = (ω
(i−1)
1 , ω

(i−1)
2 , . . . , ω

(i−1)
N )T of Π, where i ∈

{l1, l2, . . . , lN}, i.e.,

π(l1, l2, . . . , lN) = det[Πl1 ,Πl2 , . . . ,ΠlN ] . (14)

If set

π[i, j] : = π(1, 2, . . . , N − 2, N − 2 + i, N − 2 + j) ,

then we have the following Plücker relation

π[1, 2]π[3, 4] − π[1, 3]π[2, 4] + π[1, 4]π[2, 3] = 0 . (15)

We now prove the Proposition 2:

Proof Substituting Eqs. (10) and (11) into the vKP equa-

tion (2), integrating twice with respect to x and setting the

integration constants to zero yields the following equation

in W :

WWxt −WxWt + 3gW 2
xx + gWWxxxx − 4gWxWxxx

+pWWyy − pW 2
y − FfW 2

x + FfWWxx = 0 . (16)

Thus if W is a solution of Eq. (16), then Eq. (11) is a solu-

tion of the vKP equation (2). If W satisfies (12), namely,

W = π[1, 2], then we have

π[1, 3] = Wx ,

π[1, 4] =
1

2
(Wxx +Wy/

√

3g/p− λWx) ,

π[2, 3] =
1

2
(Wxx −Wy/

√

3g/p+ λWx) ,

π[3, 4] =
1

12g
(gWxxxx + pWyy +Wxt + FfWxx) ,

π[2, 4] =
1

12g
[Wt + 3λ2gWx + 4gWxxx + FfWx

+ 6λg(Wy/
√

3g/p− λWx)] . (17)

Substituting Eq. (17) into the Plücker relation (15), we

have

0 = π[1, 2]π[3, 4]− π[1, 3]π[2, 4] + π[1, 4]π[2, 3]

=
1

12g
(WWxt −WxWt + 3gW 2

xx

+ gWWxxxx − 4gWxWxxx + pWWyy

− pW 2
y − FfW 2

x + FfWWxx) , (18)

which is equivalent to Eq. (16). This completes the proof

of the Proposition.

When h = 0, the coefficient constraint (10) is just

f = Cg as mentioned in Ref. [14]. But in this case, if

λ 6= 0 or F 6= 0, we can obtain new Wronskian form solu-

tions that have not been obtained in Ref. [14].

Proposition 2 indicates that any linearly independent

set of solutions of the linear system (7) and (8) will give

rise to a solution of the vKP equation (2). Thus a large

class of solutions for the equation can be generated in this

way. Particularly, when g(t)/p(t) is a positive constant,
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multi-soliton-like solutions of the vKP equation (2) can be

obtained from the choice

ωn =
M
∑

m=1

anm eθm , n = 1, 2, . . . , N , (19)

where

θm = cmx+
√

3g/p(c2m + λcm)y

−
∫

[g(4c3m + 6λc2m + 3λ2cm) + cmfF ]dt , (20)

with distinct nonzero parameters: c1 < c2 < · · · < cM .

Since the functions {ωn}N
n=1 are linearly independent, the

coefficients therefore define an N × M constant matrix

A : = (anm) of rank N . The Wronskian (12) can then be

expressed as

W =
∑

1≤m1≤···≤mN≤M

[

A(m1, . . . ,mN) exp[θ(m1, . . . ,mN)]
∏

1≤s<r≤N

(cmr
− cms

)

]

, (21)

by expanding the determinant using the Binet-Cauchy

formula.[18] In Eq. (21), θ(m1, . . . ,mN) : = θm1
+ θm2

+

· · · + θmn
, and A(m1, . . . ,mN) is the maximal minor, i.e.

the determinant of the N × N sub-matrix of A obtained

from columns 1 ≤ m1 < · · · < mN ≤M . Regularity of the

solutions in the entire (x, y)-plane for all values of time t

can be guaranteed, if all the N ×N maximal minors of A

are non-negative.

When f(t) = −3/2, g(t) = −1/4, h(t) = 0, and

p(t) = −3/4, the vKP equation (2) becomes the following

KPII equation

(−4ut + 6uux + uxxx)x + 3uyy = 0 . (22)

Wronskian-induced soliton solutions of this equation have

been classified in Ref. [17]. The N -soliton solution pre-

sented in Ref. [17] can be obtained from Eq. (11) by choos-

ing ωn as Eq. (19) with F = λ = 0.

Now we consider the influences of λ and F on the soli-

ton and N -soliton solutions of the KPII equation (22). If

M = 2, N = 1 and F be constant, Eq. (19) leads to the

following single-soliton solution of the KPII equation (22)
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= F + asech2(c · r + τt) , (23)

where r : = (x, y), wave vector c : = (cx, cy) = ((c2 −
c2)/2, (c2 − c1)(c1 + c2 + λ)/2), the amplitude

a = (c2 − c1)
2/2 , (24)

and the frequency

τ = (c32 − c31)/2 + 3λ(c22 − c21)/4

+ (3λ2 + 6F )(c2 − c1)/8 , (25)

with c1 < c2. This soliton is localized in the (x, y)-plane

along a line which makes an angle ψ measured counter-

clockwise from the y-axis, where

tanψ = cy/cx = c1 + c2 , −π/2 < ψ < π/2 . (26)

We can verify that for given amplitude a and angle ψ, the

frequency τ can be expressed in the form

τ =
√

2a(2a+ 3 tan2 ψ + 6F )/8 . (27)

This implies that when F = 0, the conditions λ = 0 and

λ 6= 0 give rise to equivalent single-soliton solutions of the

KPII equation. According to the analysis in Ref. [17], we

can conclude that different values of λ also lead to the

equivalent N -soliton solutions of the KPII equation.

On the other hand, according to Eq. (27), the ampli-

tude a, the angle ψ, together with F affects the frequency

of the single-soliton. Thus for given a and ψ, we can con-

trol the velocity of the soliton through F . Furthermore,

if F 6= 0, Eqs. (11) and (19) give new N -soliton solution

of the KPII equation (22) that has not been reported in

Ref. [17] or elsewhere.

It is obvious that different values of λ can lead to

nonequivalent non-soliton solutions (for example, rational

solutions) of the KPII equation.

When f(t) = 1/(2 − sin t), g(t) = 1, h(t) = f ′/f , and

p(t) = 3, then Eq. (19) gives rise to exact solution of the

following equation[19]

(

ut+
1

2 − sin t
uux+uxxx

)

x
+

cos t

2 − sin t
ux+3uyy = 0. (28)

In particular, if F = 0, we get multi-soliton-like breather

solution.

Figure 1 shows a bi-soliton-like breather of Eq. (28) by

choosing N = 2, M = 4, and the coefficient matrix

A =

(

1 1 0 0

0 0 1 1

)

(29)

in Eq. (19). As we can see, the amplitude of the solu-

tion wave varies periodically with time evolution. For the

cylindrical KP equation[20]

(ut + 6uux + uxxx)x +
1

2t
ux +

3σ2

t2
uyy = 0 , (30)

its coefficient functions f(t) = 6, g(t) = 1, h(t) = 1/(2t),

and p(t) = 3σ2/t2 do not satisfy the restriction (10), and

its solution can not be expressed in the Wronskian form

(11). However, it is pointed out in Refs. [12] and [20]

that if u(x, y, t) is a solution of the KP equation (1), then

u(x− y2t/(12σ2), yt, t) is a solution of the cylindrical KP

equation (30). In this sense, the solution of the cylindrical

KP equation can also be induced by Wronskian.
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Fig. 1 Evolution of the bi-soliton-like breather for Eq. (28) obtained from Eq. (19), with the integration constant
be zero, (c1, c2, c3, c4, λ) = (−1/5,−3/4, 1/2, 0, 1/4), and F = 0 at times (a) t = π/2, (b) t = π, (c) t = 3π/2, (d)
t = 2π, (e) t = 5π/2.

3 Conclusion

The Wronskian form solutions of the KPI and

KPII equations have been reported in previous litera-

tures.[5,16−17] Compared with those known solutions, our

solution has less restrictions on the entries of the Wron-

skian determinant, which enables us to control the ampli-

tude, position, and velocity of the corresponding soliton

solution waves. The solution waves of the variable coeffi-

cient NLEEs can be much different from those of the con-

stant coefficient ones. The bi-soliton-like breather shown

in this paper may have potential technological applica-

tions.

Appendix

The partial differential equation system Eqs relating

the functions f , g, h, p, F , and ω.

(Ft + fFFx + gFxxx)x + hFx + pFyy = 0 ,

4gωxωxxx + ωxωt − 3gω2
xx + pω2

y + Ffω2
x = 0 ,

f2gωxxFxx + fg2ωxxxxxx + 2f2gFxωxxx

+ fgtωxxx + fgωxxxt − ftgωxxx + f2gFωxxxx

+ fgpωxxyy + fghωxxx = 0 ,

9fg2ω2
xωxxxx + 2f2gω3

xFx − 3fg2ω3
xx + fgtω

3
x − ftgω

3
x

+ 3fgωxtω
2
x + 6f2gFω2

xωxx + fghω3
x + 3fgωtωxωxx

+ fgpω2
yωxx + 4fgpωyωxωxy + fgpωyyω

2
x = 0 ,

3f2gFω2
xx + f2gω2

xFxx − 2fg2ω2
xxx + 2fgω2

xy

− 3ftgωxωxx + 6f2Fxgωxωxx + 4f2gFωxωxxx

+ 3fgtωxωxx + 3fgωxxωxt + 3fgωxωxxt + fgωtωxxx

+ 3fg2ωxxωxxxx + 6fg2ωxωxxxxx + 3fghωxωxx

+ 2fgpωyωxxy + fgpωyyωxx + 2fgpωxωxyy = 0.
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[16] D.Z. Lü, Y.Y. Cui, C.H. Liu, and M. Zhang, Commun.
Theor. Phys. 54 (2010) 484.

[17] S. Chakravarty and Y. Kodama, Stud. Appl. Math. 123

(2009) 83.

[18] F.R. Gantmacher, The Theory of Matrices, Chelsea Pub-
lishing Company, New York (1959).
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