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Abstract In this paper, the Non-Commutative phase space and Dirac equation, time-dependent Dirac oscillator are
introduced. After presenting the desire general form of a two-dimensional linear dependency on the coordinate time-
dependent potential, the Dirac equation is written in terms of Non-Commutative phase space parameters and solved
in a general form by using Lewis—Riesenfield invariant method and the time-dependent invariant of Dirac equation
with two-dimensional linear dependency on the coordinate time-dependent potential in Non-Commutative phase space
has been constructed, then such latter operations are done for time-dependent Dirac oscillator. In order to solve the
differential equation of wave function time evolution for Dirac equation and time-dependent Dirac oscillator which are
partial differential equation some appropriate ordinary physical problems have been studied and at the end the interesting

result has been achieved.
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1 Introduction

The interaction which depends on coordinate linearly,
has been interesting term in the quantum systems. In par-
ticular, the relativistic linear interaction, which is called
the relativistic oscillator due to the similarity with the
nonrelativistic harmonic oscillator, has been the subject
of many successful theoretical studies.' =2/ On the other
hand, the time dependent potentials have been an ap-
pealing choice for the study of dynamics of quantum
systems.[®=5] In order to solve such Hamiltonians, various
techniques have been proposed including the path inte-
gral, second quantization, and dynamical invariant.!3—5]
The third point which is of essential use in the present
study is the Non-Commutative (NC) formulation of quan-
tum mechanics. The NC formulation is motivated by fun-
damental theories such as quantum gravity and string
theory.=8] Till now, the NC formalism has been in-
corporated with important physical concepts and tools
such as matrix theory,®) quantum Hall effect,[*?! quantum
gravity,'') Aharonov-Bohm effect,'? Aharonov-Casher
effect!'3] and etc.['4=22 In the technical jargon, the Non-
Commutative space is referred to the case where the po-
sition operators do not commute with each other and the
Non-Commutative phase-space (NCPS) is recognized as
the case where neither the momenta nor the positions com-
mute. Such a space has interesting property and algebra
for example we refer readers to some article in which a
free particle has been studied in different situations, these
accessible in Refs. [23-25] Dirac oscillator is system which
is constituted by a relativistic fermion that is subjected
to a linear vector potential. Moshinsky and Szczepanoak
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named this system as Dirac oscillator for first time be-
cause it resembles the non-relativistic harmonic oscillator
with an extremely strong spin-orbit coupling term.[26—29]
This system has strong potential for both theory and ap-
plication for example when its non-relativistic limit is as-
sumed, the equation which describes a harmonic oscilla-
tor in the presence of a considerable spin-orbit coupling
is the associated Klein—Gordon equation or it is solvable
exactly in one and two, three dimensions.[?6=27:39] For the
first time it was studied by Ito et al!*® whom consid-
ered a Dirac equation in which the ordinary momentum
P was replaced by P— impwr where 7 was the position
vector and m was the mass of particle, w was the fre-
quency of the oscillator.31=33] Applications of Dirac os-
cillator can be seen in different situations that have at-
tracted many interests. If we want to indicate to some
of these efforts we can refer readers for theoretical jobs in
Refs. [34-44], some practical cases of this topic in nuclear
and sub-nuclear physics are mentioned in Refs. [45-49]
and in the field of quantum optic we can check Refs. [50—
53]. Readers should not imagine that this topic exists
only on the papers! Realization of Dirac oscillator was
studied experimentally in Ref. [54]. Our goal in this pa-
per is combing of Non-Commutative phase space concepts
and formalism, relativistic quantum mechanics by solving
the time-dependent Dirac equation and oscillator in the
NCPS via the Lewis—Riesenfield invariant method that at
the first sight sounds complicated and complex but it will
be done in a simple way. In what follows, we first in-
troduce Non-Commutative formalism. Then, in Sec. 3, a
desire general form of two-dimensional linear dependency
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on the coordinate time-dependent Dirac equation is pre-
sented. In Sec. 4, time-dependent Dirac oscillator comes
to this paper, in Sec. 5, some ordinary problems are stud-
ied for Dirac equation, in Sec. 6, the latter is done for
Dirac oscillator then finally, and the conclusion appears.

2 The Non-Commutative Formalism

In the two-dimensional commutative space, the coor-
dinates z; and p; satisfy the usual canonical commutation
relation

[2k, pj] = ihdk;
In the NC phase-space, however, neither the position
nor the momentum operators commute and Refs. [2—4],

[, 9] = 10, [ﬁxvﬁy] =in,

[Tk, D;] = heqbrj, Fk,j=1,2,

har=h1+0), (=), ©)
where 6 and n are NC parameters of the NCPS. Obviously,
for n = @ = 0, we recover the ordinary commutative space.
To map the NCPS into the commutative case, we can use

the linear transformationsm
) N
and
) P (3b)
Pz = %W, Py = Py 2717793 .

3 Time-Dependent Dirac Equation
Let us now consider a Dirac particle in the desire gen-
eral form of a two-dimensional linear dependency on the

coordinate time-dependent potential which is defined as
follow!?!

V(2,9,t) = Gfi(t)T + CGf2()7, (4)
where f1(t) and fa(t) are arbitrary functions of time and
¢j» (j = 1,2) are constants. The corresponding Hamilto-
nian of this system is
+Bm+ ¢ () + G fa ()7, (5)
where Pauli matrices are

0 —i
oy = ,
Y i 0

T
s=( ") ©

Substitute Eq. (3) into Eq. (5) gives[3]

H(t) = caup, + cayp,

ﬁ(t):<ax+f2(2t)0)pz ( )
+ (A0 -T2z + () + a)y+ﬂm
(h=c=G=0G=1). (7)

In order to gain an understanding of time evolution for
such a system, we should investigate the below relation

i% = H(t)V(z,y,t),

where U(z,y, t) is the wave function of Dirac Hamiltonian.
In our calculations, we will use the Lewis—Riesenfield in-
variant method, which assumes the existence of a quantum
invariant I(t) satisfying:[*

dar 1 oI

E_T[I(t) H(t )]‘Fa

By applying Eq. (8) on ¥(z,y,t) from the left side, we
obtain

0, (h=1). 8)

Lama - more) + 2 Ve, y.0 = o,
HHONCVD) iy 1we, ), O

Eq. (9) indicates that acting of I(t) on ¥(z,y,t) leads to
another solution of Dirac equation. For our purpose, we
consider the linear invariant I(¢) as®%

I(t) = A1(t)pz + Bi(t)x + Aa(t)py + B2 (t)y + C(t) . (10)
Here A;(t), Bi(t), A2(t), Ba(t) and C(t) are arbitrary
time-dependent functions. By substituting Eq. (10) and

Eq. (5) into Eq. (8), the invariant operator can be obtained
(3]
as

g(%x - aly)

/ (1- f)<a1f1< )+ as fo(t))dt

where a; and as are arbitrary time-dependent functions.
The Eigen function of I(t) has the form!*!
Oa(w,y,t) o< explus (t)a + p2(t)y + pa(t)a’
+ pa(t)y?]. (12)
And p;(t), (j = 1,2,3,4) are arbitrary time-dependent
functions. It is obvious from Eq. (9) that if ¥ is a solu-
tion of the time-dependent Dirac equation, so is therefore,
¢ = AV is an Eigen function of I(t). Actually we have used
the fact which is written in terms of mathematic in (9)
and since this relation is an Figen value relation we have
done such and define ¢ as above. By this assumption and
definition we are in a position to present and solve some
ordinary problems which are common in physics.

I(t) = a1ps + aspy +

(11)

4 Time-Dependent Dirac Oscillator with the
Desire Potential

The Dirac oscillator in presence of a constant magnetic
field and time-dependent angular frequency is/?%!
= cd- [(13 - EA’) —imw®)F 7| + me23,  (13)
c

where A = (—(B/2)y, (B/2)z). By adding V(x,y,t) =
filt)z + f2(t)y to the Hamiltonian we obtain

H(t) = azps + aypy + (fl(t) — imw(t)a,[ — ayg)x

B
+ (2 + a0y -
(e=h=c=1). (14)
For this system the invariant is suggested as follow
I(t) = Ai(t)ps + Bi(t)z + As(t)py + Ba2(t)y (15)
where I(t) satisfies relation (8) and (9). Substituting (14)
and (15) into (8), we can show that

imw(t)ay8)y +ms,
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{[A1(t), u]}ps + {[A1 (1), ] + [A2(t), ] }papy
— 1A ({1 () + axfmw(t)} + {[A1(t), —imw(t) o]} Bape + {[A1(t), —imw(t) 8]} ap,
{0, ] + [0, Doe] + (a0, mB] +100), 00 + 141 (1)
+ {[A1 (1), —imw(t)ay ]} Bype + {[A1 (), —imw(t) B} aayps + 1B1(t){as}
+{B1(t), axl}zp. +{[B ( ) e l}apy + {[Bi(t), —imw(t)ag]}B2® + {[Bi(t), —imw(t) ]} e,z
-B .
H{Bu0).m) + [But), S| + [Bi(0), Soy] +iBi(0)
+{[B1(t), —imw(t)as] + [ 2(t), —imw(t)ag] + [Ba(t), —imw(t)as]} Byx
+{[B1(t), —imw(t) 8] + [A2(t), —imw(t)B] + [Ba(t), —imw(t) A}y
+ {[A2(t), oy 1}p5, + {[Aa(D), *lmw( )|} Brpy + {[A2(t), —imw(t) 8]} azapy
-B N
{40, 0] + [Aa(0), D] + [As(0),mB] + [00), 03] + (1) b
+{[Ba (1), aalYype + { [ Ba(t), TB )+ [Ba0), S o] + [Bat),mB) + 1Ba(t)
+{[Ba(t), —imw(t)ey ]} By* + {[Ba(t), —imw(t) Bl}eyy® + {[C(t), —imw(t)a,]} Bz
+{ICQ®), —imw(t)Bl}awz + {[C(t), —imw(t) oy} By + {[C(2), —imw(t) Bl }ayy
+{iom,me) + [ew), So.] + [0, Sa] +i0m)} = 0.
This implies that | +iB (t)} =0, (23b)
{[A1(t), a.]} =0, (16a) {[B1(t), —imw(t)a] + [A2(t), —imw(t) o)
{[A1(1), —imw(t)ay, ]} =0, (16b) + [Ba(t), —imw(t)a,]} =0, (23¢)
{[A1(t), —imw(t)ag]} = 0, (16¢) {[B1(t), —imw(t)B] + [A2(t), —imw(t) 5]
{[A1(8), —imw(t)B]} =0, (16d) + [Ba(t), —imw(t)B]} =0, (23d)
{[A2(), ]} =0 A7) Ay, —- i o) + [42(t), b | + [A2 (), m]
{[A2(t), —imw(t)as]} = 0, (17b) 2 ' 2"
{[Az(t), —imuw(t)8]} = 0, (17¢) +OW, 0] +ia()} =0, (23¢)
{[B1(t), —imw(t)@]} = 0, (18a) Ba(t), fay + [Boo), L
{[Br(1), 0]} = 0, (18b) 057 L 2 | f
{[Bl(t),ay]}zo, (180) +[B2(t)vmm+lBB2( )} =0, ., (23f)
{[Bl(t), —imw(t)a,]} =0, (18d) {[C(t),mﬁ] + [C(t), 5%} + [C(t), _Ta,,} + iC'(t)}
iBy(t){az} =0 (18e) =0. (23g)
{[B2(t), s} =0, (192) From relations (18), (16), and (2) we can get to
{[B2(t), —imw(t)ay]} =0, (19Db) 4 ( );( ) ( 1 ’
_ 1(t) = aop, Bl(t) = bo s (24)
B2 (1), ~ime 0]} =0 199 db tant. And from (17a) and (17b
{100), —imottyol} ~0, () here o o by v consont. And from (174) and (1T,
He), —im(tay 1} =0 (20b) Ax(t) = ay(t) + ax(t)ag + as(t)oy + as(t)B, (25
Hew), mime(Bi)y =0 (20c) hi (j =1,2,3,4) bit functi f ti
wnere (Ij = is an arbi rary Ilunction o ume.
{[A'lét)tay] +t[A2( )y aal} ; 0 0 (2) From (19a) and (19b), (19¢) we can find out that
~ A ){g( )+ asfma g_ (22) Ba(t) = bu(t) + ba(t)as + ba(t)ay +ba(H)B,  (26)
[Al(t)’ 70@] * {Al(t) 5(1 } +[A1(t), mp] where b; (j = 1,2,3,4) is an arbitrary function of time.
FCW), an] + iAl(t)} —0, (23a) f‘}izjlly, from (20a) and (20b), (20c) it can be obtained

C(t) = c1(t) + ca(t)om + c3(t) oy + ca(t) 3, (27)
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where ¢; (j = 1,2,3,4) is an arbitrary function of time.
So the Invariant operator is

I(t) = aope + box+[ay (t) + az(t)o, + as(t)oy + as(t)Blpy
+ [b1(t) + ba(t) oy + b3(t) oy, + ba(t)Bly
+c1(t) + co(t)an + c3(t) oy + ca(t) . (28)

Now this is a good time to study some special cases
for Dirac equation and Dirac oscillator.

5 The Solutions of Problem for Some Special
Cases for Dirac Equation

Introducing!?!

‘I’($,y, t) = X(t)(b)\<$,y,t> >

wo=(L)

Combination of Egs. (9) and (29) in commutative
space yields[?]

(29)

where

G i)~ 20, (300)
d%@ = —ifs(t), (30b)
dp(t;t(t) _ d;?t(t) —o, (30c)
dﬁif) = —(epa(t) + aypa(t) +iBm)x(t).  (30d)

Let us now consider some physically motivated cases.

5.1 The Case of f1(t) = f2(t) = cot

This choice is useful to represent some electric fields in
some ordinary problems. Here, ¢ is constant.
From Egs. (14) we have

dpa (t)

iT = cot — 2ipus(t), (31a)
cdpa(t
i 'lfft( ) = cot, (31b)
dps(t) _ dpa(t)
= = 1
dt dt 0, (81¢)
dﬁiit) = i[an(cot® + 1t + c2) + vy (cot?
+d1) + Bm]x(t) - (31d)
Equations (31a) and (31b) give
i,ul (t) = Cot2 + Clt + co , (32&)
i,U,Q (t) = Cot2 + dl 5 (32b)

where ¢; (j = 0,1,2) and d; are constants, and Eq. (31d)
gives

x(t) = expli(aze(t) + oy f(t) + Bmt)] . (33)

With

e(t) = cht® + ) t? + cht + ¢4, (34a)

ft)=dyt® +dit +db. (34b)
where ¢} (j =0,1,2,3) and d}, (k =0, 1,2) are constants.
By expanding x(t) we have

X(t) = (cos[e(t)] + iaz sin[e(t)]) (cos[f(t)]

+ ioyy sin[f(¢)])(cos(t) + ifsin(t)), (35)
where we use the well-known properties
()
1 0
2n — 2n+1 _ . 36
=y ). e e

And “n” is an integer and j = x, .

5.2 The Case of fi(t) = f2(t) = dot?

To express some phenomena which are similar to har-
monic oscillators this from is an appropriate shape. In
this case, from Eq. (30d)

X(t) = (cosle(t)] + ia sinfe(t)])(cos[f ()]

+ iay sin[f(t)])(cos(t) + i8sin(t)) , (37)

with
e(t) = qot* + q1t® + ot + g3, (38)
f(t) = wot* +wit +wo. (39)

where g; ( =0,1,2,3) and w (k =0, 1,2) are constants.
5.3 The Case of f1(t) = f2(t) = got®

After getting accustomed to linear and quadratic form
of time dependency, it can be collected in a general form
as got®, in this case, we obtain from Eq. (30d)

x(t) = (cosle(t)] + i sin[e(t)])(cos[f(£)]

+ ioy, sin[f(t)])(cos(t) + iBsin(t)), (40)

where
e(t) = rot* ™2 4+ rit? +rot + 13, (41)
F(t) = uot*™* + ugt + uy. (42)

where r; (j =0,1,2,3) and ui (k =0,1,2) are constants.

5.4 The Case of fi(t) = fa(t) = hoe™'ot

In physics we have enough problems which need expo-
nential form to express them by means of math such as
periodic potentials, short range potentials and etc. There-
fore, from Eq. (30d), we simply find

X(t) = (cos[e(t)] + iaz sin[e(t)]) (cos[f(t)]

+ iy sin[f(t)])(cos(t) 4+ iFsin(t)). (43)

And
e(t) = poe’ +pit® + pat +p3, (44)
f(t) = ko et + klt + kQ . (45)

where p; (j =0,1,2,3) and k; (I =0,1,2), do, go, ho, ho'
are constants. Here, indicating to an important point is
worthwhile that we set h = ¢ = (4 = (3 = 1 to provide
simplicity in calculations but in Sec. 5 we write the func-
tions in general form. The constant coeflicients represent
all other coefficients which we can deal in problems.
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6 Dirac Oscillator for Two General Special

Cases

In present section we are going to do like what we have
done in the later section but for Dirac oscillator. In order
to make problem simpler we set the angular momentum
being a constant with respect the time. So substituting
Egs. (29), (14), (12) into the (9) the below relation will
appear

id%(t) = fi(t) - (2i%us(t) +imwos + gay) ’
2 1) — (2Haypua(t) + w8 — S )
dult) _ dalt)

e At
idﬁiit) = (—lagp(t) — iayps(t) + mB)x(t) , 46)

or

id%t(t) = fi(t) — (21%% +imwaesf + gay> ’
idl?t(t) = fa(t) — <2i%ﬂ4 +imwayf = gam) ’

ps = constant, 4 = constant,

x(0) =exp{ [ [imd+ aum(0) + ayalde} . (a7

Because we explain reasons of using some special cases
which have been used in last section, here we restrict our-
selves to two general cases that they can reduce to the
details which are explained in the last section.

Case 1 fi(t) = fa(t) = tot°.

Here tg is a constant. It is obvious that choosing s = 1
linear cases and for s = 2 oscillator cases are obtained.
Briefly “s” has been used in order to generalization. In
this case (47) turns to

B )
pa(t) = i|:(2iu3aa: + % + imwazﬂ)t - t'otéﬂ} ;

p2(t) = i{(2iu4ay — % + imwayﬁ)t — t'ot”l} ,
x(t) = exp[—i(f(t)az + g(t)o, +mpBt)],

B t?
f(t) = [(Qiﬂsax + 2% + imwawﬂ) 5 t”ots*ﬂ ,

B t?
g(t) = [(2iu4ay - % + imwayﬁ> 5 tgtsﬁ} ,  (48)
where t, and ¢ are the new constants.

Case 2 fi(t) = fo(t) = coeo’.

This form of the functions as we mentioned is appro-
priated to use as if we deal with functions whose behaviors
are like short-rang or periodic functions. In this case ¢y
and dy are constant. Like the last one (47) can change to

Bay,

uy(t) = i[(2i,u3ax + + imwaxﬂ)t — g edot

ua(t) = i[(?iu4ay — % + imwayﬁ)t -y edot—
x(t) = exp[=i(f'(t)as + ¢'(t)o, +mpt)],

B t2 -
ft) = |:(2i/1,30¢w + 20@ + imwagﬁ)? —cfjedot]

Ba, | . t?
g (t) = [(2i,u404y - Ta + 1mwozyﬁ)§ -y edot] , (49)
with the new constants ¢ and cj.

7 Conclusions

The Dirac equation and Dirac oscillators with linear
dependency on the coordinate time-dependent potential
are studied in NC phase-space. To report the solutions,
the Lewis—Riesenfield invariant method is used in the cal-
culations. The problem is considered for the physically
motivated cases of power and exponential terms and the
analytical solutions are reported in each case and at the
end it is shown that in this Dirac equation and Dirac os-
cillator the results that derived for special cases, are some
functions those are similar to Euler rotations functions but
the difference is in this article the parameter is time not
angle.
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