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Abstract This study presents the Shannon and Renyi information entropy for both position and momentum space
and the Fisher information for the position-dependent mass Schrodinger equation with the Frost-Musulin potential. The
analysis of the quantum mechanical probability has been obtained via the Fisher information. The variance information
of this potential is equally computed. This controls both the chemical properties and physical properties of some of the
molecular systems. We have observed the behaviour of the Shannon entropy. Renyi entropy, Fisher information and

variance with the quantum number n respectively.
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1 Introduction

There has been a great interest in studying informa-
tion theoretic measures for different quantum systems be-
cause the information theory of quantum-mechanical sys-
tems are related to the modern quantum communication
and density functional methods.' =2l The quantum infor-
mation plays a crucial role in the measurement of uncer-
tainty and other quantum parameters of the system.?
The information entropy is a superior measure of spread-
ing and then of quantum uncertainity, a property of fun-
damental relevance for the adequate characterization of
the position and momentum densities.>=3 The entropies
have been used for numerous practical purposes e.g. mea-

6] and to re-

sure the squeezing of quantum fluctuation
construct the charge and momentum densities of atomic
and molecular systems’~8] by means of maximum en-
tropy procedures.
variable of the principle of extreme physical information
which has been used to obtain various fundamental equa-
tions of motion in physics.l”! It is equally being used to

rederive classical thermodynamics without the usual con-

The Fisher information is the basic

cept of Boltzmann’s entropy. It is understood that the
position-space Shannon entropy S(p) measures the uncer-
tainity in the localization of a particle in space while the
momentum-space n the Shannon entropy measures the un-
certainity in predicting the momentum of the particle.!*]
These entropies are closely related to fundamental and
experimentally measurable quantities such as the kinetic
energy and magnetic susceptibility, which make them use-
ful in the study of the structure and dynamics of atomic
and molecular systems.!® Thus in this paper, we calculate
both the position and momentum of the Shannon entropy
and Renyi entropy, the Fisher information and Variance
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of a system and the observed behavior of these quanti-
ties with the quantum number n. We compute the wave
In Sec. 3, we show the basic equa-
tion in this work. Section 4 presents the Shannon, Renyi
entropies, Fisher information and variance. In the final

function in Sec. 2.

section, we give the conclusion.

2 Wave Function of Radial Schrodinger Equa-
tion with Frost-Musulin Potential

Given the Radial Schrédinger Equation as!'!]

00+ th}U(r) —0. ()

U(r) = 22 (E-V(r) - 2?

=73

and the Frost—-Musulin potential as

7+ Ore[r —re]) e 0rTre)
Vi = [o - e 2D . @
where
52
2 (I—e )2’ ®)

Substitute Egs. (2) and (3) into Eq. (1) and by defining
a variable of the form y = e, we have a differential
equation of the form

PUnply) | 11—y dUny
dy? y(1—y) dy
Ay?> + By +C
—————5—Uny(y) =0, 4
0= g)2 ) (4)
where
2/uEn€ 2ﬂDe
A= : 1 -1
525 + 5272 [bore(1+7e) +b ],
21
B = _W[QE’”’E — 2De(1 — b) + De'f'e(sb(Q + T'e)] 5
2uEn,l  2uD,
C = T + 22 [b+bdre —1] —L(£+1).
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The wavefunction is obtained as The position Variance is given as!!?!
Une(y) = Noy" (1 =y [P D(1 = 29)],  (5) vV, = / (r — (r),)2p(r)dr . (13)

where

2MEn,Z

n= \/E(Z—&- 1) = 2uD.(b+ bore — 1) —

1 8ubD.r.
A= [1 + \/4£(£+ 1) — 8ubD. (37 + 1) + W} (7)

3 Basic Equations

In this section, we write some equations that are useful
in this work. The Shannon information entropy S(p) and
S(7) of the electron density p(r) in the coordinate space
for position and momentum space respectively are defined

asl12—14]

S(o) =~ [ plr)np(r)da. )
0
S6) == [ 2@ )dp. (9
where y(p) denotes the momentum density. The Renyi
15—18]

position entropy is defined as!

Ry(p) = 1iqln{/p(r)qdr}, 0<g<oo, g#1.(10)

It is a generalization of the Shannon entropy. The corre-
sponding momentum space entropy is given as!'4

R = | [2@ds]. 0<q<oe, 41010

The Fisher information entropy of the radial probability
distribution p(r) function is calculated by using!*

4 Frost-Musulim Potential with Shannon
Entropy, Renyi Entropy, Fisher
Information and Variance
To obtain the Shannon and Renyi entropies in the po-

sition space, we define the radial probability distribution

function p(r) for this problem as the square of the radial
wave function and obtain the following

plr) = Ce 217 (1 — e =)D PP (1 - 267)], (14)
v(p) = Ce219P(1 — ¢ ~OP)2A [ P(21:2A=1) (] _9 ¢ =P)]2 (15)
where,
(PPN (1~ 2e77)]
=oF (—n,n+2(n+N),2n+1;e7")
and C = N2,.

4.1 Shannon Entropy for the Frost-Musulin
Potential

Entropy is a thermodynamic quantity representing the
unavailability of a system’s thermal energy for conversion
into mechanical work. It is often interpreted as the degree
of disorder or randomness in the system. Shannon entropy
is the expected value or average of the information con-
tained in each message. It measures the information in
a message as opposed to the portion of the message that
is determined. Shannon entropy can determine the min-
imum channel capacity required to reliably transmit the
source as encoded binary digit.

7 /°° B {dp(r) } 2dr (12) To ob.tain the positi_on space for the Shannon entropy,
p o pr L dr | we substitute Eq. (14) into Eq. (8) and have
S( _ 7@ 0 N1 _ N[ P(2n,2X—=1) 1 _ 2 _ a—or
P == [ = PR 2P gy, y= e (16)
C 1
S<p):_aﬁlDl/0 ZQA(l_2)2n2F1[_n7n+2(77+/\)7277+1§Z]7 yzl_za (17)

where we have used the following for mathematical simplicity;

B = [PEMU(L - 2y)],

Dy = In[P2722=1 (1 — 29))].

By using the identity in Appendix B and standard integral in Appendix A, we obtain the Shannon entropy in the

position space as

Slp)=——

al'(2n+2X+n) m

CT@2n+n+1) En: (n) L(2n+ 2\ +n+m)
2 T(27+m+1)

(z-1)"

IF2n+n+1) </ n\T2n+2\+n+m) ml T2n+n+1)
xIn | oty (z—1)™| %
I'2n+2X+n) m I'2n+m+1) I'(2n+2X+n)

m=0

y Z”: (;) F(2n+2)\+n+m)(z_1)

F'2n+m+1)

m=0
when n =1,
~C T'(2n+2)

mPCA+ DT ()T (n+22 = )T (y+n—2n—1)

F2n+2x+1)

T(n+2n+20)T(y +n)T(y —2np—1) (18a)

I'2n+2) T@2p+2x+1)

S = — ST+ ot D)

T(2n+1)

" [F(?n F2X+1) I(2n+1)
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I(2742) T(@n+2x+1) T(2x+ 1)I(2A(2n)

F2n+2Xx+1) T@2n+1) TEp+22+1)I(-2n-1)’ (18b)
when n = 2,
S(p) = — C T(2n+3) (F(2n+2A+1)+F2n+2A+2)
aT(2n+2\+2) I'2n+1)
y ln{ I'(2n+3) (1"(217+2)\+1)+1" 2n 42X+ 2) }
T(2n + 2\ + 2) T(2n+1)
I'(2n+3) (F(2n+2)\+ 1) +F(277—|—2)\—|—2))F(2/\+ DT A+ 1)T(2n+1) (15¢)
I2n+2Xx+2) r'2n+1) I2n+2Xx+2)L'(-2n—1) °
when n =3
sy = ~C_TCn+4) <r(2n+2x+ 1)+ T2+ 2\ +2) +F(2n+2>\+3))
al'(2n+2X+3) I'2n+1)
" ln{ I'(2n+4) (F(277+2)\+1) +I'(2n+2)2+2) +F(277+2)\+3))} I'(2n+4)
I'(2n+2X+3) r'2n+1) I(2n+2X+3)
" (F(Qn +204+ 1)+ T 2n+20+2) + T2+ 20+ 3)) FEX+1)T2A+2)T(2n + 2) (18d)
T(2n+1) T(2n+ 2X + 3)0(—27 — 1)
The momentum space of the Shannon entropy is obtained by substituting Eq. (15) into Eq. (9) to have
S() *47T/O P*(p) Iny(p)dp, (19)
S(7) = —ACKCP G[PEI-1(C — 1)]2 / PreOrdy = 1— e=oP, (20)
0

where W = Iny(p). Using the relation in Appendix B and integral in Appendix A, we obtain the Shannon entropy in
the momentum space as

27 I'(2n+n+1) T(2n+2A+n+m)
3.142CC* In [t bl ST (o) R (2 — )™ p(2g 40+ 1)

a3\l +1) —2uD.(b+ bdre — 1) — 2uE,, ¢/52h2)3 '2n+2\+n

(20 4 2\ 4+ n 4+ m) \/ 20En,
xZ( > e T (m%[ 0+ 1) — 2uDe(b + bore — 1) — 6%2})

S(y) =

X (n + k\/4£(€+ 1) — 8uDe(b + bére — 1) — 8521;5124 )

SMETM
02h?

X (C;Q)m(n—&—n—k\/élf(é-l— 1) = 8uD.(b+ bor. — 1) — )(C—Q)’L_k(C)k_ (21)

4.2 Renyi Entropy for the Frost-Musulin Potential
To obtain the position-space for the Renyi-entropy, we substitute Eq. (14) into Eq. (10) to have

- q 0
Ry(p) = 1=t ()" [ 0P - PR @ - 2Pty g = e (22
- q 0
Ry(p) = 1= 1n () / (X1 =2 [P @) [PE PV @) de| =1y, (23)
1 [C T2n+n+1) = /n\T@2p+2X+n+m) t—1\m
Rolp) = 3, an!F(2n+2)\+n)mZ_0<m> T2y +m+ 1) (%)
T (2n)T(r)T(2A + n)T(2A +n — 27 r (24a)
T'2n+ 22+ n)T(2A+n)T'(2\ — 27)
when n = 1,
! C T@2+2) T@Ep+23+1) TE)OLEA+ DT(2N) 79
Rolp) = 7, [E T(2n+2h+1) D(2p+1) TD(2n+2h+ O(—2)— 1)] ’ (24b)
when n =2
1 C T(@2n+3) T2n+22+1)+T2n+ 20 +2)\T(2n+ HT2A+ H)T(2A + 1)7¢
Rolp) = 7 In [5 20 (20 + 2\ + 2) ( T(2n+1) ) T(20+ 2X\ + 2)D(—2X — 1) } » (240)
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when n = 3,

Ry(p) = 1 ln{g I'2n+4) (I‘(27}+2/\+1)+1"(2n+2)\+2)+1"(2n+2)\+3)>

1—g¢q a2l'(2n+2X+3) r'2n+1)
F(2n+2)F(2)\+1)F(2)\+2)}‘1 (24d)
I'2np+2X+3)I(-2XA - 1)
The Renyi entropy in the momentum space is obtained by substituting Eq. (15) into Eq. (11) to have
1 oo
Ry(3) = 1 In[tnC™ [ e men (- D)y (25)
- 0
which gives
1 CC*[\/U(€ + 1) — 2uD (b + bore — 1) — 2pEye /622 3\ a
Ry(7) = —In [12.568( VAL+1) —2p (423 re = 1) = 2uBne/ 0] ) } (26)

4.3 Fisher Information Entropy for the Frost-Musulin Potential
To obtain the Fisher information entropy, we substitute Eq. (14) into Eq. (13) and then solve it bit by bit as follows

d B B
ZS}) = 2aC[—ny®"(1 — ) [P D (1 = 29))2 — Ay?1(1 — ) [P0 (1 — 2y)]7]

+ ny2n(1 _ y)QA[P7(l2n,2)\—1)]2 . y= e—ar , (27)

I(p) = 4aCPBa[nIy + N2Iy + 4I3 + 2n\Iy — 4(nls + Ng)], y =

where

2 Dl —a\21 14 2\22 o on 1y, o
By = 7]:/ P )(2))?dz,
71 1_1(2)(2)[ ()
2

—z
N N e
1

/ )
[ ) ) memmvepae, 1= [ ()" (5
152/11i(l;z>2n(1—|2—z>2>\[P7(L277,2>\1)(Z)]2dz7 16:/ ( . > (

Thus, we obtain the Fisher information entropy as
F2n+n+ 12X +n+1) NT(2n+n+1)T2X+n—1)
nT2n+2 +2n+ )T (2n+2X+n+1) nl'2n+22+2n+ DI(2n+2X+n —1)
Ar2n+n+1)F2A+n+1) 2AI'(2n+n+ 1)I'(2A +n)
nnl(2n+ 22 +2n+ DT 2n+ 22 +n+1)  nlT'(2n+ 2A 4+ 2n)I'(2n+2X +n)
1 ANT(2n +n+ 1)I'(2A +n) AT2n+n+ 1)IR2A+n+1)
D20 + 20+ 20)T (20 + 22 +n)  nlD(2n + 20+ 2n + D020 + 2A 4+ n + 1)}

I

I3

)2)\ (27],2)\ 1)( )] dZ,
+ z

)2)‘ ! (277,2,\71)(2)]2(12 )

I(p) = 4aCha|

(29a)

when n = 0,
I(p) = 4a(Cﬁg[ F2n+1)T'(2 +1) AT(2n+1)T(2XA — 1) Ar2n+ 1)I'(2A+1)
L2422 X+ DT2n+22+1) n'Cn+22+ 1T 2n+22—1) nT'2n+22+ HT(2n+ 21+ 1)
2AL(27 +n+ DI(2)) 1 4AT(2n+ DI(2)) AT(2n + DDA+ 1)
D20+ 20020 +2)) 29020+ 20T(20+2))  T(2n+ 22X+ 1)I(2n + 21 + 1)

when n =1,
I(p) = 40Cps [ r2n+2)I'2A+2) NT(2n + 2)0(2)) Ar2n+2)I'(2A+2)
F@2n+2X+3)T(2n+2X2+2) nI'2n+ 22+ 3)T'(2n+2)\) 7' 2n+2X+3)T(2n+ 21+ 2)
2AT(2n + 2)['(2A + 1) 1 4AL(2n + 2)T(2X + 1) B 4T (21 + 2)L(2A + 2) } (200)
F2n+22+2)L'(2n+2X+1) znl'2n+22+2)I'2n+2X2+1) T (2n+22+3)I'(2n+21+2)1’

when n = 2,

(29b)

I'(2n+3)L'(2A + 3) N (204 3)D(2X + 1) 2I'(2n + 3)T'(2\ + 3)
A' 2y +20+ 520 +20+3)  nI'2n+22+5IT'2n+22+1)  nI'2n+2A+5)T'(2n+2A +3)

I(p) = 4aCp, [



No. 3 Communications in Theoretical Physics 273

AT2n+3)0(2A+2) 1 2'(2p+3)2A+2) 2I(2p+3)T(2\+3)
T2+ 20+ T2+ 20 +2)  znl(2n+2A+ O)T(2n+2X+2)  [(2n+ 27 +5)0(2n + 21 + 3)

when n = 3,

} . (20d)

(27 + 4)T(2\ + 4) A2T (20 + 4)T(2) + 2) 2T (2 + 4)T (21 + 4)
I(p) = 4aCh; | @
N2+ D20+ 2N +4) 67020+ 2A + 1)L(20 + 2\ +2) 37T (2n + 2\ + 7)1 (25 + 2\ + 4)
A2 + 4)T(2) + 3) 1 2r(2p+4T(2A+3) - 2T (27 + 4)T(2A + 4) (200)
3U2n+2X+6)T(2n+2X+3)  z3nI'(2n+2X+6)L'(2n+2X+3) 3T2n+ 22+ 7)I'(2n+2X+4)1°
4.4 Variance with Frost-Musulin Potential
Using Eq. (13), we obtain the following
Vo= [r= ) Pptn)dr = %), = 0= [ ondr = [ rptr)ar, (30)
0 0
X x (Y — X)2
- Xl ot

where,

IF@2n4+n+1) <= [/ n\T(2n+2\+n+m) 2
X = 2X _9)m
ce (F(2n+2)\+n) mz_o(m) r@2n+m+1) (€-2) )

72,L'LE7L,£

—2pF, ¢\
Y = da[0(¢+1) = 2D, (b+ bor. — 1) = —E Z:(2a €(€+1)72uDe(b+b5re—1)fW2’) :

when n =1,

[COP (BB} (A - }) - o™ (Fgrdh)’ .

T Qa\JIl+ 1) — 20D (b + bor, — 1) — —2uF, ¢/02h2)*

when n = 2,

2 (2n+3 2n+22+1)+T(20+2242) |\ 2 2x/ T(2n+3 T (2n+22+1)+T(2n+22+2) |\ 2) 2
cc ( znflez)( (o F(%n+§)n )) (()‘_ %) -Cc (F(21(7+772>\JZ2)( = 1“(2n+£)17 ))) )

V, = , (31c)
(20+/€(€ + 1) = 2uD, (b + bdr, — 1) — —2uE, ¢/62h%)*
when n = 3,
2
LETUEL: 1)
where,
U= CCQ/\< I'(2n+4) (1"(2774—2)\—&- ) +T(2n+22+2) +1"(277+2)\+3))>2
I'2n+2X+3) I'2n+1) ’

V= (A_%)’ W= (20‘\/5(54-1)—2,uDe(b—|—b6re—1)—_?;7?2”)4

Here, we obtain the information content in terms of the Shannon entropy and Renyi entropy. The information content
in terms of Shannon entropy is given as

St =8(p)+ S(v) >3+ 3In3.142, (32)
B T@n+n+1) <= [ n[(2n+2\+n+m) Wl Tn+n+1) < (n\ T@n+n+1)
ST_{IH{F(2n+2)\+n)Z(m> L2n+m+1) (z=1) }r(2n+2x+n);< )F(2n+2)\+n)}
n+2n\°> /C—2\m (n+ 2y e CT2n+n+1)
X[?"MQCC%( k ) ( 2 ) (nk)(C2) k<C)k*Er(2n+2A+n)

y Z (20 + 2\ +n+m [ T2A + DI2)D2A +n — DIT(2A +n — 2 — 1)
F'@2n+m+1) F@n+2x+n)2n+n)I'2X—-2n—-1)

m=0

(== 1], (33)

m=0

Equation (32) thus gives the uncertainty relation. The | (CC”‘) [(C r2n+n-+1)

Rigyr = %1 (12568

information content in terms of Renyi entropy is defined —q 42303 Em
3 (1) ey
Rigyr = Ry(p) + Ry(7) (34) m=0 (2n+m+1)
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rEenr(r) LA+ n)I(r +n—2n)14
L2np+ 22+ n)T(r+n)T(r — 27) ] } ' (35)

5 Conclusion

In this paper, we have calculated the position-space
and momentum-space of the Shannon entropy and Renyi
entropy, the Fisher information and the variance of the
Frost-Musulin potential. The information-theoretic mea-
sures of the localization of the quantum-mechanical distri-
bution density of the system are obtained in a closed and
compact form. The Shannon entropy gives the average
of information contained in each message in any quantum
mechanical system. The Fisher information describes the
concentration of the density around its nodes, providing a
measure of the oscillatory character of the corresponding
wave function. This describes the chemical and physical
properties of the systems. The computed variance gives
the spreading around the centroid. However, we have com-
puted the Shannon entropy, the Renyi entropy, the Fisher
information and variance for various values of n. It is ob-
served that the Shannon entropy, the Renyi entropy, the
Fisher information and variance all decrease with increas-
ing quantum number n respectively.

Appendix A
1+y

w
(1 —p2)tdz =
/0 (1—p2) 1—|—y2
© |
¢ o n.
/; Zz"e Zdz—m,

[ 55 () o

B la+n+1)I'(b+n+1)
Cnlal(a+b+2n+1)(a+b+n+1)"

Fl(_tv]- +y72+y7pw)a

p>0, n=123,...,

Appendix B

Pla+n+1)
nl(a+B+n+1)

S

P (s) =

()

n n! B I'(n+1)
(m) (n—m)m! T(n—m+1)I(m+1)"
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