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Deterministic Remote State Preparation via the χ State∗
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Abstract Two deterministic schemes using the χ state as the entangled channel are put forward to realize the remote
preparation of arbitrary two- and three-qubit states. To design the schemes, we construct sets of ingenious measurement
bases, which have no restrictions on the coefficients of the prepared state. At variance with the existing schemes via the
χ state, the success probabilities of the proposed schemes are greatly improved.
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1 Introduction
Information security is regarded as one of the most

essential issues for network technology, especially when
cloud computing technology is widely spreading.[1−6] In
order to resolve this issue, quantum networks are rapidly
developing as the next generation networks, in which the
secure transmission of a quantum state has drawn much
attention as quantum state is the carrier of the infor-
mation. However, the state should not be directly sent
because any enemy can easily replace it by a fake one
without recognition of the authorized parties. Taking
the place of sending the state itself physically, Bennett
et al.[7] first proposed a celebrated protocol called quan-
tum teleportation (QT). QT allows for the transmission
of an unknown state to a distant location with the help of
previously shared entanglement and classical communica-
tion. Whereafter, another quantum transmission protocol
called remote state preparation (RSP) was presented.[8]

In RSP, the transmitted state is a pure known state. On
account of the sender’s prior knowledge about the orig-
inal state, RSP protocols are more economical than QT
for some special ensembles of states. For instance, it re-
quires only one cbit from the sender to the receiver for a
qubit chosen from equatorial circles on a Bloch sphere,[9]

while two cbits are consumed in standard QT. Bennett
et al.[10] studied the trade-off between the classical com-
munication cost (CCC) and the required entanglement in
RSP. In addition to the traditional RSP with two parties,
multi-party RSP[11−23] plays an important role in the gen-
eral quantum network communication and quantum dis-
tributed computation. One branch of multi-party RSP is

called joint remote state preparation (JRSP).[11−17] Dif-
ferent from RSP that all the secret information is provided
by one sender, which may lead to the leakage of infor-
mation, JRSP deals with the situation that the complete
classical knowledge of the state is independently shared
among numbers of senders who have to cooperatively com-
plete the task. The other is named as controlled remote
state preparation (CRSP),[18−23] which transmits a state
in a controlled manner. In CRSP, one or several con-
trollers are introduced in addition to the sender and the
receiver. Although the controlling party has no informa-
tion about the prepared state, he determines whether the
state is constructed for the receiver or not. So far, gen-
eralizations were made for RSP such as oblivious RSP,
low-entanglement RSP, optimal RSP, faithful RSP, deter-
ministic RSP, etc.[11−36] In the meanwhile, experimental
implementation of RSP has been demonstrated.[37−42]

Various entangled resources such as EPR pair, GHZ
state, W sate, cluster state or Brown state have been ex-
ploited for carrying out RSP since the appearance of RSP.
Why different entangled states are explored as the quan-
tum channel to realize RSP? This is because various en-
tanglement may be used in some peculiar circumstances
due to the security consideration and their own features.
Particularly, in some special case only some kinds of en-
tangled states are available, one has to use them to try to
fulfill tasks instead of doing nothing. In this sense, it is in-
teresting and useful to explore the ability of various entan-
gled states for implementing RSP tasks. Yeo et al.[43] re-
searched a maximally entangled four-qubit χ-state, which
distinguishes from a four-qubit GHZ or W state un-
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der stochastic local operations and classical communica-
tion. Also, it has many interesting properties and is a
very significant entangled resource. For example, χ-state
has been widely applied in QT, superdense coding,[43]

quantum secure direct communication,[44] quantum infor-
mation splitting.[45] and quantum steganography.[46] Re-
cently, Ma et al.[35] investigated its application in RSP for
arbitrary two- and three-qubit states. The success proba-
bilities are 50% when the coefficients are complex. Success
probability is one of the most important indexes to evalu-
ate a protocol. Thus, deterministic RSP (or CRSP, JRSP)
has attracted much attention and been intensively stud-
ied in recent years.[13−15,17,23,32] Of course, it would be
better to consume less resource if achieving unit success
probability. In 2012, Zhan et al.[32] put forward two deter-
ministic schemes for remote preparation of arbitrary two-
and three-qubit states with complex coefficients via the
GHZ state as the quantum channel. To our knowledge,
there are no deterministic RSP (or CRSP, JRSP) schemes
via the χ state till now.

In this paper, we are concerned with the question “can
one make a general RSP of arbitrary two- and three-qubit
states via the χ state with unit success probability?” and
propose two deterministic schemes. In Sec. 2, the RSP for
an arbitrary two-qubit state is elucidated in detail. New
sets of measurement bases are constructed, which play a
key role in our scheme. It is shown that the state can be
prepared with unit success probability if the sender per-
forms two-step projective measurement under these bases
and the receiver adopts some appropriate unitary trans-
formations. In Sec. 3, the other deterministic remote state
preparation (DRSP) scheme with the aid of another new
orthogonal bases is put forward for remote preparation of
an arbitrary three-qubit state. Compared with the pre-
vious protocols,[35] the success probabilities of the two
schemes are both greatly improved. Some discussions and
conclusions are drawn in the last Section.

2 Deterministic RSP for an Arbitrary
Two-Qubit State

In this section, the remote preparation of an arbitrary
two-qubit state utilizing χ state as the entangled resource
is put forward. The sender Alice wants to help the receiver

Bob remotely prepare an arbitrary two-qubit state

s0|00⟩+ s1|01⟩+ s2|10⟩+ s3|11⟩ , (1)

where sj , j = 0, . . . , 3 are arbitrary complex numbers and

satisfy
∑3

j=0 |sj |2 = 1. Alice is aware of the information
s0, s1, s2, s3, while Bob does not know them at all.

Assume that two participants share the χ state

|χ⟩1234 =
1

2
(|00⟩|φ−⟩ − |01⟩|Ψ−⟩

+ |10⟩|Ψ+⟩+ |11⟩|φ+⟩)1234 (2)

as the quantum channel, where

|φ±⟩ = 1√
2
(|00⟩ ± |11⟩) , |Ψ±⟩ = 1√

2
(|01⟩ ± |10⟩) . (3)

Besides the χ state, Alice introduces two EPR pairs

|φ+⟩56, |φ+⟩78. Alice and Bob hold the qubits (1,2,5,7,6,8)
and (3,4), respectively.

Hence, the quantum channel can be written as

|χ⟩1234|φ+⟩56|φ+⟩78 =
1

4
(|000000⟩|φ−⟩ − |010000⟩|Ψ−⟩

+ |100000⟩|Ψ+⟩+ |110000⟩|φ+⟩+ |001010⟩|φ−⟩
− |011010⟩|Ψ−⟩+ |101010⟩|Ψ+⟩+ |111010⟩|φ+⟩
+ |000101⟩|φ−⟩ − |010101⟩|Ψ−⟩+ |100101⟩|Ψ+⟩
+ |110101⟩|φ+⟩+ |001111⟩|φ−⟩ − |011111⟩|Ψ−⟩
+ |101111⟩|Ψ+⟩+ |111111⟩|φ+⟩)12576834 . (4)

The detailed steps are shown as follows.

Step 1 The scheme takes the aim at realizing the RSP
with unit success probability. Thus, the sender Alice needs
to construct sets of useful measurement bases that relies
on the coefficients s0, . . . , s3 of the prepared state. Denote

t0 =
s0 − s3√

2
, t1 =

s2 − s1√
2

,

t2 =
s1 + s2√

2
, t3 =

s0 + s3√
2

. (5)

It is noticed that
∑3

j=0 |tj |2 = 1. Since Alice knows sj , she

knows tj completely. Split tj = rj e
iθj into the amplitude

information rj and phase information θj , j = 0, . . . , 3.

Alice performs a four-qubit projective measurement

on her qubits (1,2,5,7) under the orthogonal basis
|ξ0⟩, . . . , |ξ15⟩, which has the following relationship to the
computation basis |0000⟩, . . . , |1111⟩

(|ξ0⟩, |ξ1⟩, |ξ2⟩, |ξ3⟩, |ξ4⟩, |ξ5⟩, |ξ6⟩, |ξ7⟩, |ξ8⟩, |ξ9⟩, |ξ10⟩, |ξ11⟩, |ξ12⟩, |ξ13⟩, |ξ14⟩, |ξ15⟩)T

= diag(F, F, F, F )(|0⟩, |5⟩, |10⟩, |15⟩, |1⟩, |4⟩, |11⟩, |14⟩, |2⟩, |7⟩, |8⟩, |13⟩, |3⟩, |6⟩, |9⟩, |12⟩)T , (6)

where

F =


r0 r1 r2 r3

−r1 r0 r3 −r2

−r2 −r3 r0 r1

−r3 r2 −r1 r0

 (7)

and |0⟩, |5⟩, |10⟩, |15⟩, |1⟩, |4⟩, |11⟩, |14⟩, |2⟩, |7⟩, |8⟩,
|13⟩, |3⟩, |6⟩, |9⟩, |12⟩ denote the four-qubit states |0000⟩,
|0101⟩, |1010⟩, |1111⟩, |0001⟩, |0100⟩, |1011⟩, |1110⟩,

|0010⟩, |0111⟩, |1000⟩, |1101⟩, |0011⟩, |0110⟩, |1001⟩,
|1100⟩, respectively.

After the measurement, the entangled channel in

Eq. (4) can be expressed in terms of the basis |ξ0⟩, . . . , |ξ15⟩
as

|χ⟩1234|φ+⟩56|φ+⟩78

=
1

4
[(r0|ξ0⟩ − r1|ξ1⟩ − r2|ξ2⟩ − r3|ξ3⟩)|00⟩|φ−⟩
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− (r1|ξ0⟩+ r0|ξ1⟩ − r3|ξ2⟩+ r2|ξ3⟩)|01⟩|Ψ−⟩
+ (r2|ξ0⟩+ r3|ξ1⟩+ r0|ξ2⟩ − r1|ξ3⟩)|10⟩|Ψ+⟩
+ (r3|ξ0⟩ − r2|ξ1⟩+ r1|ξ2⟩+ r0|ξ3⟩)|11⟩|φ+⟩
+ (r0|ξ4⟩ − r1|ξ5⟩ − r2|ξ6⟩ − r3|ξ7⟩)|01⟩|φ−⟩
− (r1|ξ4⟩+ r0|ξ5⟩ − r3|ξ6⟩+ r2|ξ7⟩)|00⟩|Ψ−⟩
+ (r2|ξ4⟩+ r3|ξ5⟩+ r0|ξ6⟩ − r1|ξ7⟩)|11⟩|Ψ+⟩
+ (r3|ξ4⟩ − r2|ξ5⟩+ r1|ξ6⟩+ r0|ξ7⟩)|10⟩|φ+⟩
+ (r0|ξ8⟩ − r1|ξ9⟩ − r2|ξ10⟩ − r3|ξ11⟩)|10⟩|φ−⟩
− (r1|ξ8⟩+ r0|ξ9⟩ − r3|ξ10⟩+ r2|ξ11⟩)|11⟩|Ψ−⟩
+ (r2|ξ8⟩+ r3|ξ9⟩+ r0|ξ10⟩ − r1|ξ11⟩)|00⟩|Ψ+⟩
+ (r3|ξ8⟩ − r2|ξ9⟩+ r1|ξ10⟩+ r0|ξ11⟩)|01⟩|φ+⟩
+ (r0|ξ12⟩ − r1|ξ13⟩ − r2|ξ14⟩ − r3|ξ15⟩)|11⟩|φ−⟩
− (r1|ξ12⟩+ r0|ξ13⟩ − r3|ξ14⟩+ r2|ξ15⟩)|10⟩|Ψ−⟩

+ (r2|ξ12⟩+ r3|ξ13⟩+ r0|ξ14⟩ − r1|ξ15⟩)|01⟩|Ψ+⟩
+ (r3|ξ12⟩ − r2|ξ13⟩+ r1|ξ14⟩
+ r0|ξ15⟩)|00⟩|φ+⟩]12576834 . (8)

Step 2 After the first-step measurement, Alice performs

a unitary operation Un1 on her particles (6, 8) before per-

forming the second-step measurement. The unitary oper-

ation is conditioned on her first-step measurement result

|ξn1⟩, n1 ∈ {0, . . . , 15}. Here

Un1 =


I6I8 , if n1 = 0, 5, 10, 15 ,

I6X8 , if n1 = 1, 4, 11, 14 ,

X6I8 , if n1 = 2, 7, 8, 13 ,

X6X8 , if n1 = 3, 6, 9, 12 .

(9)

Then Alice performs a two-qubit projective measurement

on her qubits (6,8) under the following orthogonal basis
|η0⟩
|η1⟩
|η2⟩
|η3⟩

 =
1

2


e−iθ0 e−iθ1 e−iθ2 e−iθ3

− e−iθ0 e−iθ1 e−iθ2 − e−iθ3

− e−iθ0 − e−iθ1 e−iθ2 e−iθ3

− e−iθ0 e−iθ1 − e−iθ2 e−iθ3




|00⟩
|01⟩
|10⟩
|11⟩

 . (10)

After the two-step projective measurements, Alice
transmits the classical message n1n2 to Bob if her mea-
surement outcome is |ξn1⟩|ηn2⟩, n1 = 0, . . . , 15, n2 =
0, . . . , 3.
Step 3 In order to recover the prepared state, Bob needs
to perform local unitary operation according to the clas-
sical message from Alice.

Here, we show part of the process to see how the pro-
tocol works. Without loss of generality, assume Alice’s
first-step measurement result is |ξ4⟩1257. As a result, the
particles (6,8,3,4) collapse into

r0|01⟩|φ−⟩− r1|00⟩|Ψ−⟩+ r2|11⟩|Ψ+⟩+ r3|10⟩|φ+⟩ . (11)

In this situation, Alice performs the unitary operation
U4 = I6X8 on her particles (6,8) and gets

r0|00⟩|φ−⟩− r1|01⟩|Ψ−⟩+ r2|10⟩|Ψ+⟩+ r3|11⟩|φ+⟩ . (12)

Then Alice performs a two-qubit projective measurement
on her qubits (6,8) under the basis |η0⟩, . . . , |η3⟩ defined
by Eq. (10). The state in Eq. (12) can be rewritten as

1

2
[|η0⟩(t0|φ−⟩ − t1|Ψ−⟩+ t2|Ψ+⟩+ t3|φ+⟩)34

+ |η1⟩(−t0|φ−⟩ − t1|Ψ−⟩+ t2|Ψ+⟩ − t3|φ+⟩)34
+ |η2⟩(−t0|φ−⟩+ t1|Ψ−⟩+ t2|Ψ+⟩+ t3|φ+⟩)34
+ |η3⟩(−t0|φ−⟩ − t1|Ψ−⟩ − t2|Ψ+⟩+ t3|φ+⟩)34]

=
1

2
[|η0⟩(s0|00⟩+ s1|01⟩+ s2|10⟩+ s3|11⟩)34

+ |η1⟩(−s0|00⟩+ s1|01⟩+ s2|10⟩ − s3|11⟩)34
+ |η2⟩(s3|00⟩+ s2|01⟩+ s1|10⟩+ s0|11⟩)34
+ |η3⟩(s3|00⟩ − s2|01⟩ − s1|10⟩+ s0|11⟩)34] . (13)

According to the above equation, one can see that Bob

can always restore the original state at his side by means

of proper unitary operations on his particles whatever Al-

ice’s second measurement outcome is.

The other fifteen cases corresponding to Alice’s first-

step measurement results can be analyzed similarly. The

detailed recovery operations conditioned on Alice’s two-

step measurement results are summarized in Table 1. So,

the two-qubit state can be prepared with unit success

probability.

Table 1 The relation between Alice’s two-step measurement outcome |ξn1⟩|ηn2⟩ (n1 = 0, . . . , 15,
n2 = 0, . . . , 3) and Bob’s recovery unitary operation (BRUO) on the collapsed state, where I, X,
Y , Z are the Pauli operations.

(n1, n2) BRUO (n1, n2) BRUO

(0, 0), (4, 0), (8, 0), (12, 0) I3I4 (2, 0), (6, 0), (10, 0), (14, 0) I3Y4

(0, 1), (4, 1), (8, 1), (12, 1) Z3Z4 (2, 1), (6, 1), (10, 1), (14, 1) Z3X4

(0, 2), (4, 2), (8, 2), (12, 2) X3X4 (2, 2), (6, 2), (10, 2), (14, 2) X3Z4

(0, 3), (4, 3), (8, 3), (12, 3) Y3Y4 (2, 3), (6, 3), (10, 3), (14, 3) Y3I4

(1, 0), (5, 0), (9, 0), (13, 0) Y3Z4 (3, 0), (7, 0), (11, 0), (15, 0) Y3X4

(1, 1), (5, 1), (9, 1), (13, 1) X3I4 (3, 1), (7, 1), (11, 1), (15, 1) X3Y4

(1, 2), (5, 2), (9, 2), (13, 2) Z3Y4 (3, 2), (7, 2), (11, 2), (15, 2) Z3I4

(1, 3), (5, 3), (9, 3), (13, 3) I3X4 (3, 3), (7, 3), (11, 3), (15, 3) I3Z4
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3 Deterministic RSP for an Arbitrary Three-Qubit State

In this section, we proceed to use the χ state to deterministically prepare an arbitrary three-qubit state

x0|000⟩+ x1|001⟩+ x2|010⟩+ x3|011⟩+ x4|100⟩+ x5|101⟩+ x6|110⟩+ x7|111⟩ , (14)

where xj , j = 0, . . . , 7 are complex numbers and satisfy
∑7

j=0 |xj |2 = 1. The coefficients x0, . . . , x7 are completely

known to Alice, while Bob does not know them at all.

Besides the |χ⟩1234 in Eq. (2), Alice and Bob share two Bell states |φ+⟩56, |φ+⟩78 and a GHZ state |GHZ⟩A90 =

(1/
√
2)(|000⟩ + |111⟩)A90 as the quantum channel. The particles (1, 2, 5, 7, A, 6, 8, 0) belong to the sender Alice, and

the particles (3,4,9) belong to the receiver Bob. The combined system can be rewritten as

|χ⟩1234|φ+⟩56|φ+⟩78|GHZ⟩A90 =

√
2

8
[(|00000000⟩|φ−⟩ − |01000000⟩|Ψ−⟩+ |10000000⟩|Ψ+⟩+ |11000000⟩|φ+⟩

+ |00100100⟩|φ−⟩ − |01100100⟩|Ψ−⟩+ |10100100⟩|Ψ+⟩+ |11100100⟩|φ+⟩+ |00010010⟩|φ−⟩

− |01010010⟩|Ψ−⟩+ |10010010⟩|Ψ+⟩+ |11010010⟩|φ+⟩+ |00110110⟩|φ−⟩ − |01110110⟩|Ψ−⟩

+ |10110110⟩|Ψ+⟩+ |11110110⟩|φ+⟩)|0⟩+ (|00001001⟩|φ−⟩ − |01001001⟩|Ψ−⟩+ |10001001⟩|Ψ+⟩

+ |11001001⟩|φ+⟩+ |00101101⟩|φ−⟩ − |01101101⟩|Ψ−⟩+ |10101101⟩|Ψ+⟩+ |11101101⟩|φ+⟩

+ |00011011⟩|φ−⟩ − |01011011⟩|Ψ−⟩+ |10011011⟩|Ψ+⟩+ |11011011⟩|φ+⟩+ |00111111⟩|φ−⟩

− |01111111⟩|Ψ−⟩+ |10111111⟩|Ψ+⟩+ |11111111⟩|φ+⟩)|1⟩]1257A680349 . (15)

Now, we describe the RSP scheme for an arbitrary three-qubit state as follows.

Step 1 To help the remote receiver Bob prepare the desired state with a high success probability, Alice needs to

construct useful measurement bases. Denote

y0 =
x0 − x6√

2
, y1 =

x1 − x7√
2

, y2 = −x2 + x4√
2

, y3 = −x3 + x5√
2

,

y4 =
x2 − x4√

2
, y5 =

x3 − x5√
2

, y6 =
x0 + x6√

2
, y7 =

x1 + x7√
2

. (16)

It is noticed that
∑7

j=0 |yj |2 = 1. Let yj = zj e
iαj , where real numbers zj satisfy the normalization condition

7∑
j=0

z2j = 1 , αj ∈ [0, 2π) , j = 0, . . . , 7 .

Alice performs a five-qubit projective measurement on her qubits (1, 2, 5, 7, A) under the basis |ζ0⟩, . . . , |ζ31⟩, which
is related to the computation basis |00000⟩, . . ., |11111⟩ by the following relation

|ζ0⟩
|ζ1⟩
|ζ2⟩
|ζ3⟩
|ζ4⟩
|ζ5⟩
|ζ6⟩
|ζ7⟩


= G



|00000⟩
|00001⟩
|10010⟩
|10011⟩
|01100⟩
|01101⟩
|11110⟩
|11111⟩


,



|ζ8⟩
|ζ9⟩
|ζ10⟩
|ζ11⟩
|ζ12⟩
|ζ13⟩
|ζ14⟩
|ζ15⟩


= G



|00010⟩
|00011⟩
|10000⟩
|10001⟩
|01110⟩
|01111⟩
|11100⟩
|11101⟩


,



|ζ16⟩
|ζ17⟩
|ζ18⟩
|ζ19⟩
|ζ20⟩
|ζ21⟩
|ζ22⟩
|ζ23⟩


= G



|00100⟩
|00101⟩
|10110⟩
|10111⟩
|01000⟩
|01001⟩
|11010⟩
|11011⟩


,



|ζ24⟩
|ζ25⟩
|ζ26⟩
|ζ27⟩
|ζ28⟩
|ζ29⟩
|ζ30⟩
|ζ31⟩


= G



|00110⟩
|00111⟩
|10100⟩
|10101⟩
|01010⟩
|01011⟩
|11000⟩
|11001⟩


, (17)
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where

G =



z0 z1 z2 z3 z4 z5 z6 z7

−z1 z0 z3 −z2 z5 −z4 −z7 z6

−z2 −z3 z0 z1 z6 z7 −z4 −z5

−z3 z2 −z1 z0 z7 −z6 z5 −z4

−z4 −z5 −z6 −z7 z0 z1 z2 z3

−z5 z4 −z7 z6 −z1 z0 −z3 z2

−z6 z7 z4 −z5 −z2 z3 z0 −z1

−z7 −z6 z5 z4 −z3 −z2 z1 z0


. (18)

After the measurement, the entangled channel in Eq. (15) can be described in terms of the measurement basis

|ζ0⟩, . . . , |ζ31⟩ as
1

4
√
2
{[f0(z0,−z1,−z2,−z3,−z4,−z5,−z6,−z7)|000⟩|φ−⟩|0⟩

+ f0(z1, z0,−z3, z2,−z5, z4, z7,−z6)|001⟩|φ−⟩|1⟩+ f0(z2, z3, z0,−z1,−z6,−z7, z4, z5)|010⟩|Ψ+⟩|0⟩

+ f0(z3,−z2, z1, z0,−z7, z6,−z5, z4)|011⟩|Ψ+⟩|1⟩ − f0(z4, z5, z6, z7, z0,−z1,−z2,−z3)|100⟩|Ψ−⟩|0⟩

− f0(z5,−z4, z7,−z6, z1, z0, z3,−z2)|101⟩|Ψ−⟩|1⟩+ f0(z6,−z7,−z4, z5, z2,−z3, z0, z1)|110⟩|φ+⟩|0⟩

+ f0(z7, z6,−z5,−z4, z3, z2,−z1, z0)|111⟩|φ+⟩|1⟩] + [f1(z0,−z1,−z2,−z3,−z4,−z5,−z6,−z7)|010⟩|φ−⟩|0⟩

+ f1(z1, z0,−z3, z2,−z5, z4, z7,−z6)|011⟩|φ−⟩|1⟩+ f1(z2, z3, z0,−z1,−z6,−z7, z4, z5)|000⟩|Ψ+⟩|0⟩

+ f1(z3,−z2, z1, z0,−z7, z6,−z5, z4)|001⟩|Ψ+⟩|1⟩ − f1(z4, z5, z6, z7, z0,−z1,−z2,−z3)|110⟩|Ψ−⟩|0⟩

− f1(z5,−z4, z7,−z6, z1, z0, z3,−z2)|111⟩|Ψ−⟩|1⟩+ f1(z6,−z7,−z4, z5, z2,−z3, z0, z1)|100⟩|φ+⟩|0⟩

+ f1(z7, z6,−z5,−z4, z3, z2,−z1, z0)|101⟩|φ+⟩|1⟩)] + [f2(z0,−z1,−z2,−z3,−z4,−z5,−z6,−z7)|100⟩|φ−⟩|0⟩

+ f2(z1, z0,−z3, z2,−z5, z4, z7,−z6)|101⟩|φ−⟩|1⟩+ f2(z2, z3, z0,−z1,−z6,−z7, z4, z5)|110⟩|Ψ+⟩|0⟩

+ f2(z3,−z2, z1, z0,−z7, z6,−z5, z4)|111⟩|Ψ+⟩|1⟩ − f2(z4, z5, z6, z7, z0,−z1,−z2,−z3)|000⟩|Ψ−⟩|0⟩

− f2(z5,−z4, z7,−z6, z1, z0, z3,−z2)|001⟩|Ψ−⟩|1⟩+ f2(z6,−z7,−z4, z5, z2,−z3, z0, z1)|010⟩|φ+⟩|0⟩

+ f2(z7, z6,−z5,−z4, z3, z2,−z1, z0)|011⟩|φ+⟩|1⟩)] + [f3(z0,−z1,−z2,−z3,−z4,−z5,−z6,−z7)|110⟩|φ−⟩|0⟩

+ f3(z1, z0,−z3, z2,−z5, z4, z7,−z6)|111⟩|φ−⟩|1⟩+ f3(z2, z3, z0,−z1,−z6,−z7, z4, z5)|100⟩|Ψ+⟩|0⟩

+ f3(z3,−z2, z1, z0,−z7, z6,−z5, z4)|101⟩|Ψ+⟩|1⟩ − f3(z4, z5, z6, z7, z0,−z1,−z2,−z3)|010⟩|Ψ−⟩|0⟩

− f3(z5,−z4, z7,−z6, z1, z0, z3,−z2)|011⟩|Ψ−⟩|1⟩+ f3(z6,−z7,−z4, z5, z2,−z3, z0, z1)|000⟩|φ+⟩|0⟩

+ f3(z7, z6,−z5,−z4, z3, z2,−z1, z0)|001⟩|φ+⟩|1⟩)]}1257A680349 , (19)

where

fj(u0, u1, u2, u3, u4, u5, u6, u7) =
7∑

d=0

ud|ζ8j+d⟩ , j = 0, 1, 2, 3 . (20)

Step 2 After the first-step measurement, Alice does not perform the second-step measurement immediately, but

performs a unitary operation Um1 on her particles (6, 8, 0) conditioned on her first-step measurement result |ζm1⟩,
m1 = 0, . . . , 31. Here

Um1 =



I6I8I0 , if m1 = 0, 10, 20, 30,

I6I8X0 , if m1 = 1, 11, 21, 31,

I6X8I0 , if m1 = 2, 8, 22, 28,

I6X8X0 , if m1 = 3, 9, 23, 29,

X6I8I0 , if m1 = 4, 14, 16, 26,

X6I8X0 , if m1 = 5, 15, 17, 27,

X6X8I0 , if m1 = 6, 12, 18, 24,

X6X8X0 , if m1 = 7, 13, 19, 25 .

(21)
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Then Alice performs a three-qubit projective measurement on her qubits (6, 8, 0) under the complete orthogonal

basis |τ0⟩, . . . , |τ7⟩, which is described by

(|τ0⟩, |τ1⟩, |τ2⟩, |τ3⟩, |τ4⟩, |τ5⟩, |τ6⟩, |τ7⟩)T

=

√
2

4



e−iα0 e−iα1 e−iα2 e−iα3 e−iα4 e−iα5 e−iα6 e−iα7

− e−iα0 e−iα1 e−iα2 − e−iα3 e−iα4 − e−iα5 − e−iα6 e−iα7

− e−iα0 − e−iα1 e−iα2 e−iα3 e−iα4 e−iα5 − e−iα6 − e−iα7

− e−iα0 e−iα1 − e−iα2 e−iα3 e−iα4 − e−iα5 e−iα6 − e−iα7

− e−iα0 − e−iα1 − e−iα2 − e−iα3 e−iα4 e−iα5 e−iα6 e−iα7

− e−iα0 e−iα1 − e−iα2 e−iα3 − e−iα4 e−iα5 − e−iα6 e−iα7

− e−iα0 e−iα1 e−iα2 − e−iα3 − e−iα4 e−iα5 e−iα6 − e−iα7

− e−iα0 − e−iα1 e−iα2 e−iα3 − e−iα4 − e−iα5 e−iα6 e−iα7





|000⟩
|001⟩
|010⟩
|011⟩
|100⟩
|101⟩
|110⟩
|111⟩


. (22)

Alice tells the classical message m1m2 to Bob through the classical channel if her two-step measurement result is

|ζm1⟩|τm2⟩, where m1 = 0, . . . , 31, m2 = 0, . . . , 7.

Step 3 The receiver Bob performs recovery unitary operations with the help of the received classical message to obtain

the prepared state.

Suppose that Alice’s first-step measurement result is |ζ8⟩1257A. As a result, the remaining system is

r0|010⟩|φ−⟩|0⟩+ r1|011⟩|φ−⟩|1⟩+ r2|000⟩|Ψ+⟩|0⟩+ r3|001⟩|Ψ+⟩|1⟩
− r4|110⟩|Ψ−⟩|0⟩ − r5|111⟩|Ψ−⟩|1⟩+ r6|100⟩|φ+⟩|0⟩+ r7|101⟩|φ+⟩|1⟩ . (23)

In this situation, Alice performs the unitary operation I6X8I0 on her particles (6,8,0) and gets

r0|000⟩|φ−⟩|0⟩+ r1|001⟩|φ−⟩|1⟩+ r2|010⟩|Ψ+⟩|0⟩+ r3|011⟩|Ψ+⟩|1⟩
− r4|100⟩|Ψ−⟩|0⟩ − r5|101⟩|Ψ−⟩|1⟩+ r6|110⟩|φ+⟩|0⟩+ r7|111⟩|φ+⟩|1⟩ . (24)

The state in the above equation can be rewritten in terms of the measurement basis |τ0⟩, . . . , |τ7⟩ as√
2

4
[|τ0⟩(y0(|00⟩ − |11⟩)|0⟩+ y1(|00⟩ − |11⟩)|1⟩+ y2(|01⟩+ |10⟩)|0⟩+ y3(|01⟩+ |10⟩)|1⟩

− y4(|01⟩ − |10⟩)|0⟩ − y5(|01⟩ − |10⟩)|1⟩+ y6(|00⟩+ |11⟩)|0⟩+ y7(|00⟩+ |11⟩)|1⟩)

+ |τ1⟩(−y0(|00⟩ − |11⟩)|0⟩+ y1(|00⟩ − |11⟩)|1⟩+ y2(|01⟩+ |10⟩)|0⟩ − y3(|01⟩+ |10⟩)|1⟩

− y4(|01⟩ − |10⟩)|0⟩+ y5(|01⟩ − |10⟩)|1⟩ − y6(|00⟩+ |11⟩)|0⟩+ y7(|00⟩+ |11⟩)|1⟩)

+ |τ2⟩(−y0(|00⟩ − |11⟩)|0⟩ − y1(|00⟩ − |11⟩)|1⟩+ y2(|01⟩+ |10⟩)|0⟩+ y3(|01⟩+ |10⟩)|1⟩

− y4(|01⟩ − |10⟩)|0⟩ − y5(|01⟩ − |10⟩)|1⟩ − y6(|00⟩+ |11⟩)|0⟩ − y7(|00⟩+ |11⟩)|1⟩)

+ |τ3⟩(−y0(|00⟩ − |11⟩)|0⟩+ y1(|00⟩ − |11⟩)|1⟩ − y2(|01⟩+ |10⟩)|0⟩+ y3(|01⟩+ |10⟩)|1⟩

− y4(|01⟩ − |10⟩)|0⟩+ y5(|01⟩ − |10⟩)|1⟩+ y6(|00⟩+ |11⟩)|0⟩ − y7(|00⟩+ |11⟩)|1⟩)

+ |τ4⟩(−y0(|00⟩ − |11⟩)|0⟩ − y1(|00⟩ − |11⟩)|1⟩ − y2(|01⟩+ |10⟩)|0⟩ − y3(|01⟩+ |10⟩)|1⟩

− y4(|01⟩ − |10⟩)|0⟩ − y5(|01⟩ − |10⟩)|1⟩+ y6(|00⟩+ |11⟩)|0⟩+ y7(|00⟩+ |11⟩)|1⟩)

+ |τ5⟩(−y0(|00⟩ − |11⟩)|0⟩+ y1(|00⟩ − |11⟩)|1⟩ − y2(|01⟩+ |10⟩)|0⟩+ y3(|01⟩+ |10⟩)|1⟩

+ y4(|01⟩ − |10⟩)|0⟩ − y5(|01⟩ − |10⟩)|1⟩ − y6(|00⟩+ |11⟩)|0⟩+ y7(|00⟩+ |11⟩)|1⟩)

+ |τ6⟩(−y0(|00⟩ − |11⟩)|0⟩+ y1(|00⟩ − |11⟩)|1⟩+ y2(|01⟩+ |10⟩)|0⟩ − y3(|01⟩+ |10⟩)|1⟩

+ y4(|01⟩ − |10⟩)|0⟩ − y5(|01⟩ − |10⟩)|1⟩+ y6(|00⟩+ |11⟩)|0⟩ − y7(|00⟩+ |11⟩)|1⟩)

+ |τ7⟩(−y0(|00⟩ − |11⟩)|0⟩ − y1(|00⟩ − |11⟩)|1⟩+ y2(|01⟩+ |10⟩)|0⟩+ y3(|01⟩+ |10⟩)|1⟩

+ y4(|01⟩ − |10⟩)|0⟩+ y5(|01⟩ − |10⟩)|1⟩+ y6(|00⟩+ |11⟩)|0⟩+ y7(|00⟩+ |11⟩)|1⟩)]

=

√
2

4
[|τ0⟩(x0|000⟩+ x1|001⟩ − x2|010⟩ − x3|011⟩ − x4|100⟩ − x5|101⟩+ x6|110⟩+ x7|111⟩)

+ |τ1⟩(−x0|000⟩+ x1|001⟩ − x2|010⟩+ x3|011⟩ − x4|100⟩+ x5|101⟩ − x6|110⟩+ x7|111⟩)

+ |τ2⟩(−x0|000⟩ − x1|001⟩ − x2|010⟩ − x3|011⟩ − x4|100⟩ − x5|101⟩ − x6|110⟩ − x7|111⟩)

+ |τ3⟩(x0|110⟩ − x1|111⟩+ x2|100⟩ − x3|101⟩+ x4|010⟩ − x5|011⟩+ x6|000⟩ − x7|001⟩)
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+ |τ4⟩(x0|110⟩+ x1|111⟩+ x2|100⟩+ x3|101⟩+ x4|010⟩+ x5|011⟩+ x6|000⟩+ x7|001⟩)

+ |τ5⟩(−x0|000⟩+ x1|001⟩+ x2|010⟩ − x3|011⟩+ x4|100⟩ − x5|101⟩ − x6|110⟩+ x7|111⟩)

+ |τ6⟩(x0|110⟩ − x1|111⟩ − x2|100⟩+ x3|101⟩ − x4|010⟩+ x5|011⟩+ x6|000⟩ − x7|001⟩)

+ |τ7⟩(x0|110⟩+ x1|111⟩ − x2|100⟩ − x3|101⟩ − x4|010⟩ − x5|011⟩+ x6|000⟩+ x7|001⟩)]. (25)

The above equation implies that Bob can always recover the prepared state by performing appropriate unitary opera-

tions on his collapsed particles when Alice’s first measurement result is |ζ8⟩1257A.
As for the other 31 first-step measurement results, similar analysis can be made to show that Bob can always

recover the prepared state by performing appropriate unitary operations on his collapsed particles whatever Alice’s

second measurement result is. In summary, Bob’s recovery operations conditioned on Alice’s two-step measurement

results are listed in Table 2. Therefore, the total success probability is unit.

Table 2 The relation between the Alice’s two-step measurement outcome |ζm1⟩|τm2⟩ (m1 = 0, . . . , 31,m2 =
0, . . . , 7) and Bob’s recovery unitary operation (BRUO) on the collapsed state.

(m1,m2) BRUO (m1,m2) BRUO

(0, 0), (8, 0), (16, 0), (24, 0) Z3Z4I9 (1, 0), (9, 0), (17, 0), (25, 0) I3I4Y9

(0, 1), (8, 1), (16, 1), (24, 1) I3I4Z9 (1, 1), (9, 1), (17, 1), (25, 1) Z3Z4X9

(0, 2), (8, 2), (16, 2), (24, 2) Z3Z4I9 (1, 2), (9, 2), (17, 2), (25, 2) Z3Z4Y9

(0, 3), (8, 3), (16, 3), (24, 3) Y3Y4Z9 (1, 3), (9, 3), (17, 3), (25, 3) Y3Y4X9

(0, 4), (8, 4), (16, 4), (24, 4) Y3Y4I9 (1, 4), (9, 4), (17, 4), (25, 4) Y3Y4Y9

(0, 5), (8, 5), (16, 5), (24, 5) I3I4Z9 (1, 5), (9, 5), (17, 5), (25, 5) I3I4X9

(0, 6), (8, 6), (16, 6), (24, 6) X3X4Z9 (1, 6), (9, 6), (17, 6), (25, 6) X3X4X9

(0, 7), (8, 7), (16, 7), (24, 7) X3X4I9 (1, 7), (9, 7), (17, 7), (25, 7) X3X4Y9

(2, 0), (10, 0), (18, 0), (26, 0) X3Z4I9 (3, 0)(11, 0), (19, 0), (27, 0) I3Y4Y9

(2, 1), (10, 1), (18, 1), (26, 1) Y3I4Z9 (3, 1), (11, 1), (19, 1), (27, 1) Z3X4X9

(2, 2), (10, 2), (18, 2), (26, 2) Y3I4I9 (3, 2), (11, 2), (19, 2), (27, 2) Z3X4Y9

(2, 3), (10, 3), (18, 3), (26, 3) Z3X4Z9 (3, 3), (11, 3), (19, 3), (27, 3) Y3I4X9

(2, 4), (10, 4), (18, 4), (26, 4) Z3X4I9 (3, 4), (11, 4), (19, 4), (27, 4) Y3I4Y9

(2, 5), (10, 5), (18, 5), (26, 5) X3Z4Z9 (3, 5), (11, 5), (19, 5), (27, 5) I3Y4X9

(2, 6), (10, 6), (18, 6), (26, 6) I3Y4Z9 (3, 6), (11, 6), (19, 6), (27, 6) X3Z4X9

(2, 7), (10, 7), (18, 7), (26, 7) I3Y4I9 (3, 7), (11, 7), (19, 7), (27, 7) X3Z4Y9

(4, 0), (12, 0), (20, 0), (27, 0) I3X4I9 (5, 0)(13, 0), (21, 0), (29, 0) Y3Z4Y9

(4, 1), (12, 1), (20, 1), (27, 1) Z3Y4Z9 (5, 1), (13, 1), (21, 1), (29, 1) X3I4X9

(4, 2), (12, 2), (20, 2), (27, 2) Z3Y4I9 (5, 2), (13, 2), (21, 2), (29, 2) X3I4Y9

(4, 3), (12, 3), (20, 3), (27, 3) Y3Z4Z9 (5, 3), (13, 3), (21, 3), (29, 3) I3X4X9

(4, 4), (12, 4), (20, 4), (27, 4) Y3Z4I9 (5, 4), (13, 4), (21, 4), (29, 4) I3X4Y9

(4, 5), (12, 5), (20, 5), (27, 5) I3X4Z9 (5, 5), (13, 5), (21, 5), (29, 5) Y3Z4X9

(4, 6), (12, 6), (20, 6), (27, 6) X3I4Z9 (5, 6), (13, 6), (21, 6), (29, 6) Z3Y4X9

(4, 7), (12, 7), (20, 7), (27, 7) X3I4I9 (5, 7), (13, 7), (21, 7), (29, 7) Z3Y4Y9

(6, 0), (14, 0), (22, 0), (30, 0) Y3X4Z9 (7, 0)(15, 0), (23, 0), (31, 0) Y3X4X9

(6, 1), (14, 1), (22, 1), (30, 1) X3Y4I9 (7, 1), (15, 1), (23, 1), (31, 1) X3Y4Y9

(6, 2), (14, 2), (22, 2), (30, 2) X3Y4Z9 (7, 2), (15, 2), (23, 2), (31, 2) X3Y4X9

(6, 3), (14, 3), (22, 3), (30, 3) I3Z4I9 (7, 3), (15, 3), (23, 3), (31, 3) I3Z4Y9

(6, 4), (14, 4), (22, 4), (30, 4) I3Z4Z9 (7, 4), (15, 4), (23, 4), (31, 4) I3Z4X9

(6, 5), (14, 5), (22, 5), (30, 5) Y3X4I9 (7, 5), (15, 5), (23, 5), (31, 5) Y3X4Y9

(6, 6), (14, 6), (22, 6), (30, 6) Z3I4I9 (7, 6), (15, 6), (23, 6), (31, 6) Z3I4Y9

(6, 7), (14, 7), (22, 7), (30, 7) Z3Z4I9 (7, 7), (15, 7), (23, 7), (31, 7) Z3I4X9

4 Discussions and Conclusions

We have demonstrated two deterministic RSP schemes

for arbitrary two- and three-qubit states via the four-qubit

entangled χ state. It needs emphasizing that to accom-

plish the RSP tasks with high success probabilities, we

construct a series of ingenious measurement bases at the

sender’s location. In the first scheme, the sender first per-

forms four- and two-qubit projective measurements under

novel sets of measurement bases. And, before perform-

ing the second-step projective measurement, Alice needs

to perform an additional unitary operation conditioned
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on her first-step measurement outcome. Then, the origi-

nal state can be successfully prepared with the probability

100%. In the second scheme, we construct another novel

sets of mutually orthogonal bases. Under these bases, the

sender performs a two-step projective measurement on her

qubits. After achieving the sender’s measurement results,

the receiver can recover the prepared state deterministi-

cally. Compared with the previous DRSP protocols for

arbitrary two- and three-qubit states via the GHZ state

as the quantum channel,[32] the local unitary operations

used in our schemes are only single-qubit Pauli operations

without the use of Hadamard operations and other multi-

qubit unitary operations. Compared with previous RSP

protocols via the χ state,[35] the success probabilities of

our schemes are greatly improved while they still have no

restriction on coefficients of the prepared state. On the

other hand, there are also some defects about our schemes.

More particle projective measurements are required and

more resource is consumed. It means that the sender’s

workload is increased. In spite of this, our solutions are

still interesting as the success probability is an impor-

tant index to weigh a protocol. Moreover, the proposed

schemes require local operations such as single-qubit Pauli

transformations, two-, three-, four- and five-qubit projec-

tive measurements. It is known that single-qubit Pauli

gate can be realized under the present technologies. By

far, projective measurement has received a great deal of

attention.[47−49] Some researchers have conjectured that

any projective measurement can be decomposed into a

sequence of weak measurements,[47−48] which cause only

small changes to the state. Moreover, multi-particle pro-

jective measurement via linear optics, has been investi-

gated by numerous spectacular works.[50−51] Thereby, our

schemes are feasible in the framework of linear optics and

may be demonstrated in prospective experiments.

It is worth mentioning that like many RSP and JRSP

schemes,[12−17,31−32] the proposed schemes use the infor-

mation splitting and divide the related complex coeffi-

cients p+qi = reiθ of the prepared state into r and θ before

constructing the measurement bases. If r and θ are inde-

pendently shared between two senders Alice1 and Alice2,

the two senders cooperatively perform the corresponding

measurements. Thus, the proposed schemes can be re-

duced to deterministic joint remote preparation schemes

of arbitrary two- and three-qubit states via the χ state as

the entangled channel.
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