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Abstract The principle of superposition is universal and lies at the heart of quantum theory. Although ever since
the inception of quantum mechanics a century ago, superposition has occupied a central and pivotal place, rigorous and
systematic studies of the quantification issue have attracted significant interests only in recent years, and many related
problems remain to be investigated. In this work we introduce a figure of merit which quantifies superposition from an
intuitive and direct perspective, investigate its fundamental properties, connect it to some coherence measures, illustrate
it through several examples, and apply it to analyze wave-particle duality.
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1 Introduction

The celebrated monograph of Dirac on quantum me-

chanics began with the principle of superposition,[1] which

is the backbone and hallmark of quantum mechanics. Su-

perposition stems from the linearity of quantum mechan-

ics, exhibits simple and elegant mathematical structure

as well as rich and profound physical contents (e.g., the

Bohr complementarity principle and the wave-particle du-

ality) with wide range applications. The linear structure

of quantum mechanics is extremely rigid. Violation of

linearity will lead to non-causality and other unphysical

consequences.

From a fundamental point of view, superposition incor-

porates coherently the sum of pure quantum states, in rad-

ical contrast to the incoherent mixing of density operators.

Many quantum phenomena have their origins in superpo-

sition. Coherence and interference spring from superposi-

tion, while decoherence may be interpreted as breaking of

superposition. Entanglement arises from the interplay of

superposition and tensor product. Quantum correlations

have their underpinning in superposition. Quantum no-

cloning is also a consequence of the restriction imposed by

superposition. Modern quantum information science ex-

ploits extensively superposition, which is a necessary in-

gredient in many quantum substrates. Superpositions of

quantum states are ubiquitously used to create weird ma-

terial states in order to exploit quantum technologies.[2]

Among the celebrated examples of superposition of quan-

tum states are the Schrödinger cat state, the Bell states,

the GHZ state, the W state, the NOON state, etc. All

these states are important examples of quantum entangle-

ment. We may wonder what are the quantitative and qual-

itative differences between them in terms of superposition.

When one talks about superposition, one is usually con-

cerned with pure states, however, even for mixed states,

it still seems that there is certain degree of superposition

therein, and it is desirable to quantify the superposition in

mixed states. Another important feature of superposition

is the fragility, but the issue of how fragile it is certainly re-

quires a quantitative description. In constructing robust

and macroscopic superposition, a quantitative theory is

also necessary to assess the outcomes.

Given the basic and prominent nature of superposition,

it is curious that quantitative studies of superposition and

related issues of coherence quantification, in particular

from the information-theoretic perspective, have only at-

tracted attention quite recently,[3−25] although the quan-

titative investigations of wave-particle duality, from both

theoretical and experimental perspectives, have made

great progress in the last decades.[26−37] Explicit quan-

titative studies of superposition are quite few.[3] Quantifi-

cation of superposition is an elusive and subtle subject.

Inspired by the investigation of superposition in terms

of relative entropy initiated by Åberg,[3] in this work we

take a more direct and intuitive approach to superposition

quantification, introduce an intrinsic measure of superpo-
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sition, and apply it to the analysis of wave-particle duality.

The measure of superposition may also be interpreted as

a bona fide coherence measure, which is intimately related

to, but different from, the conventional ones.[4]

The work is arranged as follows. In Sec. 2, we intro-

duce a measure of superposition, investigate its fundamen-

tal properties, and illustrate it by several important ex-

amples. We utilize the superposition measure to present

some quantitative analysis of the wave-particle duality.

We conclude with discussions in Sec. 3.

2 Quantifying Superposition

Inspired by the work of Åberg,[3] but with a different

approach, we first introduce a general measure of superpo-

sition of a quantum state ρ with respect to an orthogonal

decomposition of the system Hilbert space

H = H1 ⊕H2 ⊕ · · · ⊕Hm (1)

of finite dimension n =dimH, where Hj may be of dif-

ferent dimensions. The decomposition is usually induced

by the spectral resolution of some observable such as the

Hamiltonian or the number operator with Hj the corre-

sponding eigenspaces. A general element in the superpo-

sition of the subspaces {Hj} is |Φ⟩ =
∑m

j=1 cj |ϕj⟩ with

pure states |ϕj⟩ ∈ Hj . We understand the superposition

with equal absolute weight, i.e., |cj | = 1/
√
m for all j, as

a standard superposition. In this setting, by comparing

any state ρ (in general mixed) on H with these standard

superpositions, we may define a natural measure of super-

position of ρ as

V (ρ|{Hj}) : = max
|Φ⟩

⟨Φ|ρ|Φ⟩ − 1

n
, (2)

with the maximization being over

|Φ⟩ = 1√
m

m∑
j=1

|ϕj⟩ , |ϕj⟩ ∈ Hj , ⟨ϕj |ϕj⟩ = 1 .

Here the normalization of the various component states

|ϕj⟩ is crucial. The substraction of 1/n is for the conven-

tion so that for the maximally mixed state ρ = 1/n, we

have V (1/n|{Hj}) = 0. In particular, when ρ = |Ψ⟩⟨Ψ| is
a pure state, we have V (|Ψ⟩|{Hj}) : = max|Φ⟩ |⟨Φ|Ψ⟩|2 −
1/n. Note that under the above substraction convention,

the superposition achieves its maximal value 1 − 1/n for

any maximally superposed state

|Ψ⟩ = 1√
m

∑
j

|ϕj⟩ , |ϕj⟩ ∈ Hj , ⟨ϕj |ϕj⟩ = 1 .

Thus it seems reasonable to further normalize the su-

perposition measure by multiplying it with the factor

n/(n− 1) so that the superposition of the maximally su-

perposed state takes the value of unity, however we will

not take this convention in order to maintain the simplic-

ity of the definition. It should be emphasized that su-

perposition here is always understood with respect to an

orthogonal sum decomposition of the total system Hilbert

space (1), though non-orthogonal decomposition can also

be treated.

Although the general cases with some Hi multidimen-

sional are important, the most interesting and simplest

case is that when all Hj are one-dimensional. In this

scenario, there exists an orthonormal base {|j⟩} of the

Hilbert space H such that Hj = {c|j⟩ : c ∈ C} is spanned

by a single vector |j⟩. Usually, such an orthonormal base

arises from the spectral decomposition of an observable

A =
∑

j aj |j⟩⟨j| as the eigen-states (e.g., energy eigen-

states of the Hamiltonian), then we talk about superpo-

sition with respect to A. A superposition of this fam-

ily of states takes the form |Ψ⟩ =
∑n

j=1 cj |j⟩ with cj
complex numbers satisfying the normalization condition∑

j |cj |2 = 1. It is intuitive and reasonable to take the

states satisfying |cj |2 = 1/n for all j (i.e., with equal

weight of magnitude) as a benchmark of superposition.

Thus all benchmark superpositions of states with respect

to {|j⟩} read

|θ⟩ : = 1√
n

n∑
j=1

e iθj |j⟩ , (3)

with θ = (θ1, θ2, . . . , θn) ∈ Rn essentially playing the role

of phase factors, which are key ingredients in interferome-

try. In this context, we write V (ρ|{Hj}) as V (ρ) with the

understanding that the quantity is always defined with

respect to a base {|j⟩}, and the maximization in the mea-

sure of superposition defined by Eq. (2) takes the explicit

form

V (ρ) = max
θ

⟨θ|ρ|θ⟩ − 1

n
=

1

n
max

θ

∑
j ̸=k

cjk e
i(θj−θk)

=
2

n
max

θ
Re

(∑
j<k

cjk e
i(θj−θk)

)
, (4)

where cjk = ⟨k|ρ|j⟩, and thus ρ has the matrix repre-

sentation ρ = (cjk) (with respect to the canonical base).

Clearly for any pure state, V (|Φ⟩) = maxθ |⟨θ|Φ⟩|2 − 1/n.

This measure is different from the coherence measure[4]

C(ρ) =
1

n

∑
j ̸=k

|cjk| (5)

defined via the l1-norm, although they indeed coincide for

pure states, which will be made explicit shortly. We em-

phasize that Eq. (4) is essentially a quadratic program-

ming problem, and the maximization cannot be carried

out analytically in general. However, various numerical

methods are available.

Some fundamental properties of the superposition are

as follows.

Theorem 1

(i) For an n-dimensional system, 0 ≤ V (ρ) ≤ 1− 1/n,

and V (ρ) = 0 if and only if ρ =
∑

j pj |j⟩⟨j| for some pj ,

pj ≥ 0,
∑

j pj = 1, i.e., diagonal in the base {|j⟩}, while
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V (ρ) = 1− 1/n if and only if ρ is a pure state of the form

given by Eq. (3).

(ii) The superposition vanishes after the quantum mea-

surement Π = {Πj : = |j⟩⟨j|} along the base: V (Π(ρ)) =

0, where Π(ρ) =
∑

j ΠjρΠj .

(iii) The superposition measure is convex in the sense

that

V
(∑

i

piρi

)
≤

∑
i

piV (ρi) ,

where ρi are density operators, pi ≥ 0,
∑

i pi = 1.

(iv) If |Ψ⟩ =
∑

j cj |j⟩ with
∑

j |cj |2 = 1, then

V (|Ψ⟩) = 1

n

∑
j ̸=k

|cjck| .

(v) Let
∑m

i=1 |ci|2 = 1, then

V
( m∑

i=1

ci|Φi⟩
)
≤

m∑
i=1

V (|Φi⟩) +
m− 1

n
.

We proceed to the proof of the above results.

For (i), we first show that V (ρ) ≥ 0, i.e., maxθ⟨θ|ρ|θ⟩ ≥
1/n. Suppose in the contrary that for all θ, it held that

⟨θ|ρ|θ⟩ < 1/n, then∫ 2π

0

· · ·
∫ 2π

0

⟨θ|ρ|θ⟩ dθ

(2π)n
<

1

n
, (6)

where dθ = dθ1dθ2 · · · dθn. On the other hand, from

Eq. (3) we have

|θ⟩⟨θ| = 1

n

∑
jk

|j⟩⟨k| e i(θj−θk) ,

and consequently by direct evaluation of the integral, we

have ∫ 2π

0

· · ·
∫ 2π

0

|θ⟩⟨θ| dθ

(2π)n
=

1

n

∑
j

|j⟩⟨j| = 1

n
,

where 1 stands for the identity operator on H. This im-

plies that∫ 2π

0

· · ·
∫ 2π

0

⟨θ|ρ|θ⟩ dθ

(2π)n

=

∫ 2π

0

· · ·
∫ 2π

0

tr(ρ|θ⟩⟨θ|) dθ

(2π)n

= tr
(
ρ

∫ 2π

0

· · ·
∫ 2π

0

|θ⟩⟨θ| dθ

(2π)n

)
=

1

n
, (7)

which contradicts inequality (6). Consequently, there ex-

ists θ such that ⟨θ|ρ|θ⟩ ≥ 1/n, i.e., V (ρ) ≥ 0.

Alternatively (as suggested by the referee), the prop-

erty V (ρ) ≥ 0 can also be proved more easily as follows:

by recognizing |θ⟩ as one of the basis vectors, the maxi-

mum of ⟨θ|ρ|θ⟩ (which is in fact the maximum diagonal

element of the matrix representation of ρ in a reference

basis containing |θ⟩) over all |θ⟩ is obviously larger than

1/n since trρ = 1.

The upper bound for V (ρ) follows from the defining

Eq. (4) since ⟨θ|ρ|θ⟩ = trρ|θ⟩⟨θ| ≤ trρ = 1 for any θ.

It is clear from the last equality in Eq. (4) that V (ρ) =

0 for any ρ =
∑

j pj |j⟩⟨j| since the cross terms cjk, j ̸= k,

of the matrix representation of ρ with respect to the base

{|j⟩} all vanish. Next, we show that V (ρ) = 0 implies

that ρ is of the diagonal form ρ =
∑

j pj |j⟩⟨j|. From

V (ρ) = 0 it follows that maxθ⟨θ|ρ|θ⟩− 1/n = 0. We claim

that in this case actually ⟨θ|ρ|θ⟩ − 1/n = 0 for any θ, i.e.,

(1/n)
∑

j ̸=k cjk e
i(θj−θk) = 0 for any θ = (θ1, θ2, . . . , θn),

which implies that cjk = 0 for j ̸= k. Suppose in the con-

trary that there existed θ such that ⟨θ|ρ|θ⟩−1/n < 0, then

by the continuity of ⟨θ|ρ|θ⟩ with respect to θ, we would

have ∫ 2π

0

· · ·
∫ 2π

0

⟨θ|ρ|θ⟩ dθ

(2π)n
− 1

n
< 0 .

This contradicts Eq. (7).

The last statement in item (i) is clear from the defining

Eq. (4).

To establish (ii), noting that Π(ρ) =
∑

j ΠjρΠj =∑
j pj |j⟩⟨j| with pj = trΠjρΠj , we have ⟨θ|π(ρ)|θ⟩ =∑
j pj/n = 1/n, and the desired result follows.

Item (iii) follows from

V
(∑

i

piρi

)
= max

θ

⟨
θ
∣∣∣∑

i

piρi

∣∣∣θ⟩− 1

n

= max
θ

∑
i

pi⟨θ|ρi|θ⟩ −
1

n

≤
∑
i

pi max
θ

⟨θ|ρi|θ⟩ −
1

n

=
∑
i

piV (ρi) .

Item (iv) follows from the defining Eq. (4) by noting

that if ρ = (cjk) = |Ψ⟩⟨Ψ| is pure, then cjk = cj c̄k, and

the maximum can be directly evaluated.

To establish (v), noting that by the Cauchy–Schwarz

inequality,

V
( m∑

i=1

ci|Φi⟩
)
= max

θ

∣∣∣⟨θ| m∑
i=1

ci|Φi⟩
∣∣∣2 − 1

n

= max
θ

∣∣∣ m∑
i=1

ci⟨θ|Φi⟩
∣∣∣2 − 1

n

≤ max
θ

( m∑
i=1

|ci|2
)( m∑

i=1

|⟨θ|Φi⟩|2
)
− 1

n

≤
m∑
i=1

max
θ

|⟨θ|Φi⟩|2 −
1

n

=
m∑
i=1

V (|Φi⟩) +
m− 1

n
.

Before applying the superposition measure to charac-

terize wave-particle duality in the next section, we work

out several examples to gain a more intuitive glimpse of

this measure.
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Example 1 Consider a qubit system with the canoni-

cal base {|0⟩, |1⟩}. For any mixed state ρ = (cjk) repre-

sented in the matrix form relative to the canonical base,

the superposition can be evaluated as V (ρ) = |c12|, which
coincides with the coherence measure C(ρ).[4] In particu-

lar, for any pure state |Φ⟩ = a|0⟩ + b|1⟩, where a, b ∈ C,

|a|2 + |b|2 = 1, we have V (|Φ⟩) = |ab|. We see that in

the qubit case, the superposition indeed quantifies pre-

cisely the coherence (or interference), and coincides with

the conventional measure of coherence.

Example 2 Recall item (iv) of Theorem 1 and Eq. (5),

for an n-dimensional system with canonical base {|j⟩},
any pure state |Ψ⟩ =

∑
j cj |j⟩ has the amount of super-

position V (|Ψ⟩) = (1/n)
∑

j ̸=k |cjck|. If ρ = (cjk) (with

respect to the canonical base) is a mixed state, then

V (ρ) =
1

n
max

θ

∑
j ̸=k

cjk e
i(θj−θk)

is upper dominated by the widely used coherence measure

defined by Eq. (5) in the sense that

V (ρ) ≤ C(ρ) . (8)

Noting the strict inequality may hold for some mixed

states, as shown by a simple analysis of degrees of free-

dom: There are formally n freedoms to choose the num-

bers θj , but there are n(n − 1)/2 freedoms to choose the

signs of cjk. An explicit example illustrating the difference

between V (ρ) and C(ρ) is the state

ρ =
1

9

 3 1 1

1 3 −1

1 −1 3


expressed in the canonical base {|j⟩} for which V (ρ) =

1/9 < C(ρ) = 2/9.

Example 3 For a two-qubit system with the canoni-

cal base {|00⟩, |01⟩, |10⟩, |11⟩}, consider the Bell-diagonal

state

ρ =
1

4

(
1+

3∑
j=1

cjσj ⊗ σj

)

=
1

4


1 + c3 0 0 c1 − c2

0 1− c3 c1 + c2 0

0 c1 + c2 1− c3 0

c1 − c2 0 0 1 + c3

 ,

with σj being the Pauli spin matrices, then

V (ρ) =
1

8
(|c1 − c2|+ |c1 + c2|) .

In particular, for the Werner state ρ = p|Ψ−⟩⟨Ψ−|+ (1−
p)(1/4) with |Ψ−⟩ = (|01⟩− |10⟩)/

√
2, 0 ≤ p ≤ 1, we have

V (ρ) = p/4.

Example 4 In a 3-qubit system, two prominent ex-

amples of superpositions of states are the GHZ state

|GHZ⟩ = (1/
√
2)(|000⟩ + |111⟩) and the W state |W ⟩ =

(1/
√
3)(|001⟩+ |010⟩+ |100⟩), we have

V (|GHZ⟩) = 1

8
, V (|W ⟩) = 2

8
.

We see that from the superposition point of view, the W

state exhibits higher degree of superposition as is intu-

itively clear, although the GHZ state is more entangled.

In terms of the measure of superposition, the notion

of mutually unbiased bases may be simply formulated as

that the amount of superposition of each state in a base

achieves its maximal value with respect to the other base:

If the base {|α⟩} is mutually unbiased relative to {|j⟩}, i.e.,
|⟨j|α⟩| = 1/

√
n for all j and α, then V (|α⟩) = 1 − 1/n.

It is an interesting problem to explore the relations of su-

perposition with two mutually unbiased bases, and one

expects some complementary relations.

Superposition is intimately related to coherence, and

indeed, coherence usually follows from superposition.

Thus a measure of superposition is naturally in the same

time a measure of coherence. Our measure captures super-

position directly, in contrast to the coherence measures,

which are usually defined via distance to incoherent states.

We emphasize that just like superposition, whenever we

talk about coherence, we are referring to coherence with

respect to a particular base. That is, superposition and

coherence are contextual phenomena.

Now we discuss wave-particle duality in terms of super-

position. Quantitative characterizations of wave-particle

duality have been studied by many authors.[26−37] The

amount of superposition V (ρ) may be used to quantify

the interference of an n-path interferometer. To extract

and quantify the path information, one needs to couple

the system with a measurement apparatus. Following the

measurement scheme of von Neumann,[38] consider a sys-

tem state |Ψa⟩ =
∑

j cj |j⟩ and a measurement coupling

the state to an apparatus, which yields the combined sys-

tem

|Ψab⟩ =
∑
j

cj |j⟩ ⊗ |dj⟩ , (9)

where |dj⟩ are detector states, in general not necessary

orthogonal, which are used to extract information about

the path |j⟩. Here the system and the measurement ap-

paratus are indicated by a and b, respectively. Since any

coupling will lead to information leakage (superposition

loss, decoherence), by intuition it is reasonable to expect

the following result.

Theorem 2 It holds that

V (ρa) ≤ V (|Ψa⟩) , (10)

where ρa : = trb|Ψab⟩⟨Ψab| =
∑

jk cj c̄k⟨dk|dj⟩|j⟩⟨k| is the
reduced state of the system a.

This follows from

V (ρa) =
1

n
max

θ

∑
j ̸=k

cj c̄k⟨dk|dj⟩ e i(θj−θk)
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≤ 1

n

∑
j ̸=k

|cj c̄k| · |⟨dk|dj⟩|

≤ 1

n

∑
j ̸=k

|cj c̄k| = V (Ψa)

by noting that |⟨dk|dj⟩| ≤ 1.

Two extreme cases are of particular significance: On

one hand, if {|dj⟩} is an orthonormal base, i.e., we get the

complete path information, then the superposition van-

ishes completely, i.e., V (ρa) = 0. On the other hand, if all

|dj⟩ are equal, we get no path information at all, and the

superposition is preserved, i.e., V (ρa) = V (|Ψa⟩). Conse-

quently, the superposition measure already nicely captures

the extreme cases of the wave-particle duality. The differ-

ence D(ρa) : = V (|Ψa⟩)−V (ρa) may be interpreted as the

de-superposition (decoherence, path information, infor-

mation leakage) due to the measurement. In this context,

we have a mathematically trivial yet physically significant

wave-particle duality relation V (ρa) +D(ρa) = V (|Ψa⟩).
In the following, we present an alternative and intuitive

characterization of wave-particle duality based on our su-

perposition measure and the Gram matrix (encoding the

identity information in a quantum ensemble), which also

constitutes a reinterpretation of the wave-particle duality

in the spirit of Ref. [36].

A natural way to quantify the path information is to

pursue the ability to discriminate the states in the quan-

tum ensemble {|cj |2, |dj⟩⟨dj |}, or equivalently, the sub-

normalized vectors {|cj | · |dj⟩} of the measurement appa-

ratus, arising from the detector state

ρb : = tra|Ψab⟩⟨Ψab| =
∑
j

|cj |2|dj⟩⟨dj |

with each state |dj⟩ encoding the path information of |j⟩.
The Gram matrix of the ensemble {|cj | · |dj⟩} is defined

as[39−40]

G = (gjk), gjk = |cjck|⟨dj |dk⟩ ,

whose absolute norm

Q(ρb) : =
1

n

∑
j ̸=k

|cjck| · |⟨dj |dk⟩|

summarizes the difficulty (ambiguity) in discriminating

the involved states. Noting that the maximum value of

Q(ρb) is 1− 1/n, thus

Λ(ρb) : = 1− 1

n
−Q(ρb)

may be interpreted as a measure for the path informa-

tion. It is remarkable that this quantity actually serves as

an upper bound to the minimal error probability for un-

ambiguous discrimination of quantum states,[36,41−42] and

has been used in quantifying wave-particle duality:[36]

C(ρa) + Λ(ρb) ≤ 1− 1

n
, (11)

where the coherence measure C(ρ) is different from our

superposition measure V (ρ) in general. Now the wave-

particle duality in terms of the superposition measure

V (ρ) may be derived from inequalities (8) and (11) as

V (ρa) + Λ(ρb) ≤ 1− 1

n
,

where ρa = trb|Ψab⟩⟨Ψab|, ρb = tra|Ψab⟩⟨Ψab|, with |Ψab⟩
being defined by Eq. (9). The physical meaning lies in that

V (ρa) quantifies the wave (superposition) property of the

system a, while Λ(ρb) quantifies the particle (which-path)

information (also of system a with the path information

encoded in the measurement apparatus b).

As a remark, here we would like to emphasize that

Gram matrix plays a significant role in quantum infor-

mation theory, which needs further exploration. Noting

that in quantum chemistry, the Gram matrix of a set of

base states is also called the overlap matrix. The rela-

tions between the states in an ensemble are encoded in

the Gram (correlation) matrix. The Gram matrix of any

orthonormal base is the identity matrix. Deviation from

the identity matrix represents nonorhogonality, and thus

quantumness or the difficulty for discriminating the states.

The entropy of the Gram matrix equals the entropy of the

reduced state ρb, which is also called exchange entropy.

3 Discussions

We have introduced a measure for superposition of

quantum states, and have revealed some basic properties

of this figure of merit. Applications to quantifying the

wave-particle duality are illustrated. Superposition, as a

basic principle of the mathematical structure of quantum

mechanics, lies at the roots of coherence and interference,

and consequently the superposition measure can naturally

be regarded as a measure of coherence, which turns out to

be intimately related to, but different from, the significant

coherence measure defined via the l1 norm.[3] They coin-

cide for any (pure or mixed) qubit states, as well as for

pure states in any dimension. However, they differ in gen-

eral for mixed states in high dimensional systems. Many

properties, such as the monotonicity under incoherent

mappings, of the superposition measure remain to be fur-

ther investigated. It will also be interesting to adopt the

present method to the entropic approach, and to quantify

superposition in terms of information-disturbance tradeoff

and information conservation.[43−45]

In recent years, mesoscopic and macroscopic superpo-

sitions are attracting increasing interests,[46−55] the su-

perpose measure may be useful for these issues. It is de-

sirable to investigate the interplay between superposition

and quantumness, in particular their relation in the con-

text of quantum correlations, and to pursue a unified view

of related issues from the perspective of symmetry break-

ing.
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[53] F. Fröwis and W. Dür, Phys. Rev. A 85 (2012) 052329.

[54] S. Nimmrichter and K. Hornberger, Phys. Rev. Lett. 110
(2013) 160403.

[55] T. J. Volkoff and K. B. Whaley, Phys. Rev. A 90 (2014)

062122.


