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The Three-Pion Decays of the a1(1260)
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Abstract We investigate the decay of a+
1 (1260) → π+π+π− with the assumption that the a1(1260) is dynamically

generated from the coupled channel ρπ and K̄K∗ interactions. In addition to the tree level diagrams that proceed via
a+
1 (1260) → ρ0π+ → π+π+π−, we take into account also the final state interactions of ππ → ππ and KK̄ → ππ. We

calculate the invariant π+π− mass distribution and also the total decay width of a+
1 (1260) → π+π+π− as a function of

the mass of a1(1260). The calculated total decay width of a1(1260) is significantly different from other model calculations
and tied to the dynamical nature of the a1(1260) resonance. The future experimental observations could test of model
calculations and would provide vary valuable information on the relevance of the ρπ component in the a1(1260) wave
function.
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1 Introduction
In the naive quark model, mesons are composed of a

quark-antiquark pair. This picture works extremely well

for most of the known mesons.[1] However, there are a
growing set of experimental observations of resonance-

like structures, which cannot be explained by the quark-

antiquark model.[1−3] Even among the seemingly well-

established and understood mesons, some of them may

be more complicated than originally thought.[4−5] One

such example is the lowest-lying axial-vector mesons. The

a1(1260) is a ground state of axial-vector resonance with

quantum numbers IG(JPC) = 1−(1++). However, it was
found that the a1(1260) could be dynamically generated

from the interactions of K∗K̄ and ρπ channels and the

couplings of the a1(1260) to these channels can be also

obtained at the same time.[6] Based on these results, the

radiative decay of a1(1260) meson was studied in Refs. [7–

8], where the theoretical calculations agree with the ex-

perimental values within uncertainties. In Ref. [9] the lat-

tice result for the coupling constant of a1(1260) to the
ρπ channel is also close to the value obtained in Ref. [6].

Besides, the effects of the next-to-leading order chiral po-

tential on the dynamically generated axial-vector mesons

were studied in Ref. [10]. It was found that the inclu-

sion of the higher-order kernel does not change the results

obtained with the leading-order kernel in any significant

way, which gives more supports to the dynamical picture
of the a1(1260) state.

[6,10−11]

On the other hand, it is suggested that the a1(1260)

resonance is a candidate of the chiral partner of the ρ

meson[12−14] described as a qq̄ state. The nature of

a1(1260) has been studied by calculating physical observ-

ables such as the τ decay spectrum into three pions[15−18]

or the multipions decays of light vector mesons.[19−20] Re-

cently, the production of a1(1260) resonance in the reac-

tion of π−p → a−1 (1260)p within an effective Lagrangian

approach was studied in Ref. [21] based on the results ob-

tained in chiral unitary approach. Furthermore, a gen-

eral method was developed in Ref. [22] to analyze the

mixing structure of hadrons consisting of two compo-

nents of quark and hadronic composites, and the nature

of the a1(1260) was explored with the method,[22] where

it was found that the a1(1260) resonance has comparable

amounts of the elementary component qq̄ to the ρπ. In

Ref. [23], the Nc behavior of a1(1260) was studied using

the unitarized chiral approach, and it was found that the

main component of a1(1260) is not qq̄. A probabilistic

interpretation of the compositeness at the pole of a reso-

nance was been derived in Ref. [24], where it was obtained

that, for a1(1260), the compositeness and elementariness

are similar. Furthermore, the a1(1260) can also appear as

a gauge boson of the hidden local symmetry,[25−26] which

is recently reconciled with the five-dimensional gauge field

of the holographic QCD.[27−28] Yet, the nature of the

a1(1260) state is still not well understood. The only way

to understand its nature is to examine it from all possible

perspectives, both experimentally and theoretically.

On the experimental side, for the a1(1260) resonance,

the experimental width Γa1(1260) = (250–600) MeV as-
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signed by the Particle Data Group (PDG)[1] has large un-

certainty. While most experiments and phenomenologi-

cal extractions agree on the mass of the a1(1260) lead-

ing to a PDG value of Ma1(1260) = (1230 ± 40) MeV,

which is more precisely than its width. A new COMPASS

measurement in Ref. [29] provides a much smaller uncer-

tainty of the width Γa1(1260) = 367± 9+28
−25 MeV and mass

Ma1(1260) = 1255 ± 6+7
−17 MeV. Therefore, study of the

total decay width and the decay behaviors of a1(1260) is

important both on experimental and theoretical sides, and

can also provide beneficial information about the internal

structure of it.
The best knowledge about a1(1260) resonance decay

channels and branching ratio comes from hadronic τ de-

cay measurements,[30−32] while the ρπ decay mode in the

three-pion decays, which the dominant decay channel of

a1(1260), is the most important one.[1,33−34] In this work,

we study the three-pion decays of the a1(1260) by con-

sidering only the dominant a1(1260) → ρπ intermediate

process and, in this calculation, we take the coupling con-

stant of a1(1260) to ρπ channel in S-wave as that was

obtained in Ref. [6]. In this respect, our calculations are

based on the dynamical picture of the a1(1260), which

is a dynamically generated state from the interactions of

K̄K∗ and ρπ coupled channels. We calculate the energy

dependence of the partial decay width of Γa1(1260)→3π as

a function of the mass of a1(1260), which could be tested

by future experiments when the precise measurements for

the mass and width of the a1(1260) resonance were done.

This article is organized as follows. In Sec. 2, formal-

ism and ingredients used in the calculation are given. In

Sec. 3, the results are presented and discussed. Finally, a

short summary is given in the last section.

2 Formalism and Ingredients

We study the decay of a1(1260) → 3π with the as-

sumption that the a1(1260) is dynamically generated from

the interactions of ρπ and K̄K∗ in coupled channel, thus

this decay can proceed via a1(1260) → ρπ → 3π as

shown in Fig. 1, where we take the a+1 (1260) → π+π+π−

and π+π0π0 into account. It is easy to know that the

two diagrams in Fig. 1 give the same contributions to

the a1(1260) → 3π decay. Hence, we consider only the

Fig. 1(a) in the following calculation and we multiply by

a factor two to the final result.

Fig. 1 The dominant diagrams for the decay of a1(1260) → 3π. (a) a+
1 (1260) → π+π+π− and (b) a+

1 (1260) → π+π0π0.

2.1 Decay Amplitude at Tree Level

In order to evaluate the partial decay width of

a1(1260) → 3π, we need the decay amplitudes of the tree

level diagrams shown in Fig. 1, where the process is de-

scribed as the a1(1260) decaying to ρπ and then the ρ

decaying into ππ. As mentioned above, a1(1260) results

as dynamically generated from the interactions of the ρπ

and K̄K∗ in coupled channels. We can write the a+1 ρ
0π+

vertex as

−it1 = −i
ga1ρπ√

2
εµa1

εµ , (1)

where εµa1
is the polarization vector of a1(1260) and εµ

the polarization vector of the ρ. The ga1ρπ is the coupling

of the a1(1260) to the ρπ channel and can be obtained

from the residue in the pole of the scattering amplitude

in I = 1. We take ga1ρπ = (−3795 + i2330) MeV and

ga1K̄K∗ = (1872− i1468) MeV as obtained in Ref. [6]. We

can see that the a1(1260) has large coupling to ρπ channel

comparing to the K̄K∗ channel.

To compute the decay amplitude, we also need the

structure of the ρππ vertices, which can be evalu-

ated by means of hidden gauge symmetry Lagrangian

describing the vector-pseudoscalar-pseudoscalar (VPP)

interaction,[25,35−37] given by

LVPP = −ig⟨V µ[P, ∂µP ]⟩, (2)

where the symbol ⟨ ⟩ stands for the trace in SU(3) and

g = mV /2f , with mV = mρ and f = 93 MeV the pion

decay constant. The matrices P and V contain the nonet

of the pseudoscalar mesons and the one of the vectors re-

spectively.

From the Lagrangian of Eq. (2), the vertex of ρ0π+π−

can be written as‡

−it2 = −ig
√
2(p1 − p2)µε

µ, (3)

‡Note that
√
2g from the local hidden gauge approach is 5.89, while the equivalent quantity gρππ used in Ref. [38] is 6.05. They differ

in 2.5%.
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where p1 and p2 are the momenta of π− and π+ mesons,

respectively.
We can now straightforwardly construct the decay am-

plitude for a+1 (1260) → π+π+π− decay corresponding to

the tree diagram shown in Fig. 1(a):

ttree = −ga1ρπg
( Fρππ(q

2
1)(p1 − p2)µ

q21 −m2
ρ + imρΓρ(q21)

+
Fρππ(q

2
2)(p1 − p3)µ

q22 −m2
ρ + imρΓρ(q22)

)
εµa1

,

= ga1ρπg
( Fρππ(q

2
1)(p⃗1 − p⃗2)

q21 −m2
ρ + imρΓρ(q21)

+
Fρππ(q

2
2)(p⃗1 − p⃗3)

q22 −m2
ρ + imρΓρ(q22)

)
· ε⃗a1 , (4)

where the two terms stand for the contributions with

the ρ0 in the π−
1 π

+
2 and in the π−

1 π
+
3 subsystem, and

q1 = p1 + p2 and q2 = p1 + p3.

We take the energy dependent decay width of Γρ. Be-

cause the dominant decay channel of ρ is ππ, we take

Γρ(M
2
inv) = Γon

(qoff
qon

)3 mρ

Minv
, (5)

with Γon = 149.1 MeV, and

qon =

√
m2

ρ − 4m2
π

2
, (6)

qoff =

√
M2

inv − 4m2
π

2
, (7)

with M2
inv = M2

12 = q21 or q22 the invariant mass square of

the π+π− system corresponding the two terms shown in

Eq. (4). We take mρ = 775.26 MeV in this work.

It is worthy to mention that the parametrization of the

width of the ρ meson shown in Eq. (5) is common and it

is meant to take into account the phase space of each de-

cay mode as a function of the energy.[39−41] In the present

work we take explicitly the phase space for the P -wave

decay of the ρ into two pions.

Besides, in Eq. (4), Fρππ is the form factor of ρ0. In our

present calculation we adopt the following form as used in

previous works[41−45]

Fρππ(M
2
inv) =

Λ4
ρ

Λ4
ρ + (M2

inv −m2
ρ)

2
, (8)

where Λρ is the cutoff parameter of ρ0.

2.2 Decay Amplitude for the Triangular Loop

In addition to the tree level diagrams shown in Fig. 1,

we study also the contributions of ππ → ππ and KK̄ →
ππ final state interaction (FSI). For this purpose, we

use the triangular mechanism contained in the diagrams

shown in Fig. 2, consisting in the rescatering of the ππ and

KK̄ pairs. The rescattering of ππ and KK̄ in coupled

channels dynamically generates the f0(500) and f0(980)

resonances.

Fig. 2 Triangular loop contributions to the a+
1 (1260) → π+π−π+ decay.

We can write explicitly the decay amplitudes for the

triangular diagrams shown in Fig. 2 as (see also Ref. [46],

where more details can be found)

tA+B
FSI = ga1ρπg[(2I1 + I2)tππ→ππ p⃗2 · ε⃗a1

+ (2I1 + I2)tππ→ππ p⃗3 · ε⃗a1 ] , (9)

tC+D
FSI = −

ga1K̄K∗g√
2

[(2I ′1 + I ′2)tKK̄→ππ p⃗2 · ε⃗a1

+ (2I ′1 + I ′2)tKK̄→ππ p⃗3 · ε⃗a1 ] , (10)

with

tππ→ππ =
√
2tπ0π0→π+π− + tπ+π−→π+π− , (11)
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tKK̄→ππ = tK0K̄0→π+π− + tK+K−→π+π− , (12)

where tπ0π0→π+π− , tπ+π−→π+π− , tK0K̄0→π+π− , and

tK+K−→π+π− are the meson-meson scattering amplitudes

obtained in the chiral unitary approach in Ref. [47], which

depend on the invariant mass of π+π−. The tππ→ππ and

tKK̄→ππ in the first and second terms in Eqs. (9) and (10)

depend on q22 and q21 , respectively. In addition, in Eq. (9)

the quantities I1 and I2 are given by

I1 = −
∫

d3q

(2π)3
1

8ω(q)ω′(q)ω∗(q)

1

k0 − ω′(q)− ω∗(q) + iϵ

1

P 0 − ω∗(q)− ω(q) + iϵ

× 2P 0ω(q) + 2k0ω′(q)− 2(ω(q) + ω′(q))(ω(q) + ω′(q) + ω∗(q))

(P 0 − ω(q)− ω′(q)− k0 + iϵ)(P 0 + ω(q) + ω′(q)− k0 − iϵ)
, (13)

I2 = −
∫

d3q

(2π)3
k⃗ · q⃗/|⃗k|2

8ω(q)ω′(q)ω∗(q)

1

k0 − ω′(q)− ω∗(q) + iϵ

1

P 0 − ω∗(q)− ω(q) + iϵ

× 2P 0ω(q) + 2k0ω′(q)− 2(ω(q) + ω′(q))(ω(q) + ω′(q) + ω∗(q))

(P 0 − ω(q)− ω′(q)− k0 + iϵ)(P 0 + ω(q) + ω′(q)− k0 − iϵ)
, (14)

with k = p2 for the first term and k = p3 for the sec-

ond term in Eq. (9). While ω(q) =
√

q⃗ 2 +m2
π, ω

′(q) =√
(q⃗ + k⃗)2 +m2

π, and ω∗(q) =
√

q⃗ 2 +m2
ρ are the energies

of the π0 (π+) and π0 (π−), and ρ meson in the triangu-

lar loop, respectively. A more detailed derivation can be

found in Refs. [48–49]. Furthermore, I ′1 and I ′2 can easily

be obtained just applying the substitution to I1 and I2
with mπ → mK and mρ → mK∗ .

It is worth mentioning that after performing the in-

tegrations, the I1 and I2 integrals in the above equa-

tions depend only on the modulus of the momentum of

one of the outgoing π+, which can be easily related to

the invariant mass of the π+π− system via M2
π+π− =

M2
a1

+ m2
π − 2Ma1

√
|p⃗2|2 +m2

π and M2
π+π− = M2

a1
+

m2
π − 2Ma1

√
|p⃗3|2 +m2

π for the first and second terms in

Eqs. (9) and (10), respectively. The d3q integrations are

done with a cutoff qmax = 630 MeV.

3 Numerical Results and Discussion

With the decay amplitudes obtained above, we can

easily get the total decay width of a1(1260) → 3π which

is

dΓ =
1

192π3M2
a1

∑
|t|2p∗1p3dM12dcosθ

∗, (15)

where t = ttree+tA+B
FSI +tC+D

FSI is the total decay amplitude

for the decay of a+1 (1260) → π+π+π−. The p3 and p∗1 are

the three-momenta of the outgoing π+
3 (π+

2 ) meson in the

a+1 (1260) rest frame and the outgoing π− meson in the

center of mass frame of the final π−
1 π

+
2 (π−

1 π
+
3 ) system,

respectively. They are given by

p3 =
λ1/2(M2

a1
,M2

12,m
2
π)

2Ma1

, (16)

p∗1 =
λ1/2(M2

12,m
2
π,m

2
π)

2M12
, (17)

where λ(x, y, z) is the Kählen or triangle function. We

take mπ = 139.57 MeV in this calculation.

For
∑

|t|2, the sum over polarizations can be easily

done thanks to∑
εµa1

εν∗a1
= −gµν +

qµqν

M2
a1

, (18)

with q the four-momentum of the a1(1260). Here we give

explicitly the results for the tree diagrams, as an example,

∑
|ttree|2 = g2a1ρπg

2
( (E1 − E2)

2 − (p1 − p2)
2

D1
+

(E3 − E2)
2 − (p3 − p2)

2

D2

+
(E1 − E2)(E3 − E2)− (p1 − p2) · (p3 − p2)

D3

)
, (19)

with

D1 = (q21 −m2
ρ)

2 + [mρΓρ(q
2
1)]

2, (20)

D2 = (q22 −m2
ρ)

2 + [mρΓρ(q
2
2)]

2, (21)

D3 =
1

2

D1D2

(q21 −m2
ρ)(q

2
2 −m2

ρ) +m2
ρΓρ(q21)Γρ(q22)

, (22)

and

E3 =
M2

a1
+m2

π −M2
12

2Ma1

, (23)

E1 =
Ma1 − E3

2
− p3p

∗
1

M12
cosθ∗, (24)

E2 =
Ma1 − E3

2
+

p3p
∗
1

M12
cosθ∗, (25)

(p1 − p2)
2 = 4m2

π −M2
12 , (26)

(p3 − p2)
2 = 3m2

π −Ma1E3 −
2Ma1p3p

∗
1cosθ

∗

M12
, (27)

(p1 − p2) · (p3 − p2) =
M2

a1
+m2

π

2
− 2Ma1E2 . (28)

The range of M12 is

Mmax
12 = Ma1 −mπ, Mmin

12 = 2mπ .

With all the ingredients obtained above, one can easily
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get the total decay width of a1(1260) → 3π by performing

the integration of M12 and cosθ∗. The results for Γ as a

function of Λρ is shown in Fig. 3 with Ma1 = 1230 MeV.

From Fig. 3 one can see that the results for Γ are not sen-

sitive to the value of Λρ, therefore, we fix Λρ = 1500 MeV

in the next calculations.

Fig. 3 The total decay width of a1(1260) → 3π as a
function of the cutoff parameter Λρ.

Fig. 4 The π+π− invariant mass distribution for
a1(1260) → 3π as a function of the invariant mass of
the π+π− system. The experimental data are taken from
Ref. [50].

However, since a1(1260) has large total decay width

which should be taken into account. For this purpose we

replace the dΓ in Eq. (15) by dΓ̃:

dΓ̃ =

∫ (Ma1+2Γa1 )
2

(Ma1−2Γa1 )
2

dΓdm2S(m2) , (29)

where the spectral function S(m2) is defined as

S(m2) = − 1

π
Im

( 1

m2 −M2
a1

+ iMa1Γa1

)
. (30)

In Fig. 4, we show the numerical results for π+π− in-

variant mass distributions. We compare also our theoret-

ical calculations with the experimental results of Ref. [50]

measured in the decay of τ → π−π−π+ντ . In Fig. 4 we see

that the tree level alone can describe well the experimen-

tal data around the ρ peak. This is attributed to the effect

of the ρ0 off shell propagator. The implementation of the

contributions of the triangle loop diagrams is responsible

for the enhancement of the invariant mass distribution at

the lower invariant masses, where the f0(500) resonance

appears. There is also a small peak around the KK̄ mass

threshold, where the f0(980) resonance appears.

Fig. 5 The total decay width of a1(1260) → 3π as a
function of Ma1 .

The numerical results in Fig. 4 show how the most

drastic change in the line shape of the the invariant π+π−

mass distribution is caused by the tree diagram alone in

Fig. 1 and, as mentioned before, this is tied to the ρ0 con-

tribution, which appears at tree level because of the large

coupling of a1(1260) to ρπ channel obtained in the chiral

unitary approach.[6]

Next, we calculate the total decay width of

a+1 (1260) → π+π+π− as a function of the mass of

a1(1260). The numerical result is shown in Fig. 5. The

width rises rapidly with increasing Ma1 in the mass range

Ma1 < 1300 MeV, while it goes to flat when Ma1 >

1400 MeV. Besides, we get Γ = 166 MeV at Ma1 =

1230 MeV. There is still no precise measurement about the

a+1 (1260) → π+π+π− decay, we cannot compare our result

with experiment. Note that the width Γa1 ≡ Γa0
1→π+π−π0

was studied in Ref. [19], and Γa1 = 860 MeV was obtained

at Ma1 = 1230 MeV. One can see that the theoretical re-

sult in Ref. [19] is much different with us. On the other

hand, there are two peaks in the solid curve in Fig. 5,

which are attributed to the effect of the ππ → ππ and

KK̄ → ππ final state interactions. We hope that the fu-

ture experiments could test the model calculations.

So far we have assumed that the a1(1260) resonance is

fully made from ρπ and K̄K∗ interaction. The pole posi-

tion (Mpole
a1

− iΓpole
a1

/2) is identified from the zero of the

denominator of the scattering amplitudes in the complex

plane, and the effective couplings ga1ρπ and ga1K̄K∗ are

calculated from the residues of the scattering amplitudes

at the complex pole. We know that the a1(1260) Breit-

Wigner parameters,Ma1 and Γa1 , deviate from its pole pa-

rameters by a large amount and are reaction dependent.[1]

On the other hand, we have no information on how the

effective couplings obtained at the pole position change
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with varying Ma1 , and therefore, we cannot include the

uncertainties of these effective couplings without mak-

ing further assumptions. Besides, there are hints that

the a1(1260) resonance could have also other components

as mention above, thus, there should be also contribu-

tion from a1(1260) → f0(500)π → 3π[1] in the tree level.

However, the information about this contribution is very

scarce. We will leave such studies to a future work.

4 Summary

In this work, we evaluate the partial decay width of

the a+1 (1260) → π+π+π− with the assumption that the

a1(1260) is dynamically generated from the coupled chan-

nel ρπ and K̄K∗ interactions. The dominant tree level

diagrams that proceed via a+1 (1260) → ρ0π+ → π+π+π−

are considered. Besides, we also take into account the

final state interactions of ππ → ππ and KK̄ → ππ.

It is found that the contributions from ππ → ππ and

KK̄ → ππ are small compared to the tree level diagram,

but they change the π+π− invariant mass distributions of

the a1(1260) → 3π decay.

The results that we obtained for the π+π− invariant

mass distributions are in a fair agreement with the ex-

perimental measurements for the τ → π−π−π+ντ decay.

This provides new support for the molecular picture of

a1(1260). Furthermore, we calculate also the total decay

width as a function of the mass of a1(1260), it is found

that our result is different with other model calculations.

Thus, we hope that the further experimental observations

of the π+π− and π+π+π− mass distributions would then

test these model calculations and provide vary valuable

information on the relevance of the ρπ component in the

a1(1260) wave function.
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