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Collective Diffusion and Strange-Metal Transport∗
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Abstract We study a particular combination of charge and heat currents, which is decoupled with the heat current.
The “heat-decoupled” (HD) current can be transported by diffusion at long distances, when the thermoelectric effect
is small, large, or balanced. Using holographic models with momentum relaxation, we illustrate that the different
thermoelectric effects correspond to the high temperatures and strong disorder, low temperatures, or special critical
index. Meanwhile, the Einstein-like relation and the diffusion/chaos relation may be emergent. Assuming that the
existence and features of HD modes appear in strange metals, we can predict that when the thermoelectric effect is
not very large, the scaling of resistivity is predominantly controlled by the HD susceptibility and chaos; otherwise more
physics is required.
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1 Introduction
In condensed matter physics, the ubiquitous appear-

ance of linear in temperature resistivity is very mysterious.
Typical materials with such strange-metal hallmark in-
clude copper oxides, heavy fermions, organic conductors,
vanadium dioxide, ruthenates, fullerenes, and pnitides.
Obviously, the underlying dynamics for the transport in
strange metals should be independent of the scattering
mechanism and interaction details. Moreover, the quasi-
particle picture is not applicable because at high temper-
atures the resistivity can cross over the Mott-Ioffe-Regel
(MIR) limit.[1−2] The strange-metal region is shaped like
to the quantum critical region of insulators in which the
thermal equilibration time is shortest, see an overview.[3]

Actually, most of the heavy fermion materials exhibit the
T -linear resistivity when they suffer a quantum critical
transition at low temperatures. Partially due to these
facts, it has long been proposed that the universal time
scale associated with quantum criticality could be essen-
tial to the transport in strange metals.[4] By “universal”,
it means that the time scale is independent of material
parameters and determined by the temperature in units
of time through Planck’s constant: τP ∼ ~/(kBT ). It was
pointed out in Ref. [5] that the high transition temper-
ature of copper-oxide superconductors can be correlated
to the short time scale (referred there as Planckian dissi-
pation) by reducing the Home’s law. More direct experi-
mental evidence for the existence of Planckian dissipation
in strange metals is the observation of similar scattering
rates in T -linear region across a wide range of materials.[6]

It is natural to investigate the universal transport of
strange metals by gauge/gravity duality, see some early
references[7−14] and a recent review.[15] This is appealing
for at least three reasons. Above all, holography can pro-
vide a controllable and quasi-particle independent method
to deal with the strongly coupling systems. Next, different
gravitational theories associated with different patterns of
momentum dissipation provide a platform for searching
universality. Last but not the least, black holes are be-
lieved to be so extreme in nature that they tend to satu-
rate various bounds which could dominate the correspond-
ing systems.

In a relativistic system without chemical potential, the
most famous holographic result, namely the conjectured
bound on the viscosity to entropy ratio,[16] can be reformu-
lated as the bound on the diffusion constant of momentum
D & ~c2/(kBT ), where c is the speed of light. Loosely in-
spired by this, Hartnoll has proposed that the diffusion
of charge and energy in incoherent metals is subject to
certain similar bounds.[17] Furthermore, since the thermo-
electric effect is negligible in many materials of interest,
the diffusive bounds can be translated by the generalized
Einstein relation into the bounds of conductivities. When
the descendent bounds are saturated and the charge sus-
ceptibility is assumed to have weak temperature depen-
dence, the T -linear resistivity and the Planckian effective
timescale can be obtained. Moreover, when the temper-
ature is high enough, the resistivity can exceed the MIR
limit.

The theory of incoherent metals is full of insights,
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but it still suffers from some problems, as pointed out
in Ref. [18]. First, the diffusion bound is not universal as
expected.[15] Second, although aiming to set up a frame-
work beyond the MIR limit, the Fermi velocity is taken as
the characteristic velocity in the theory. This is a working
notation, supported by the angle-resolved photoemission
measurement on the cuprate superconductors,[19] which
indicates that the dispersion relation ω ∼ vF |k−kF | about
the Fermi surface is still possible to be identified. How-
ever, as pointed out by Hartnoll himself, the characteris-
tic velocity ideally should be independent with any single-
particle properties. Moreover, one may predict that an un-
suitable velocity would affect the validness of the bound.
For instance, in a single-band Hubbard model,[20] it was
found that the use of bare Fermi velocity violates the dif-
fusive bound by several orders of magnitude. But when
replaced by its low-temperature renormalised value, the
bound is satisfied at high temperatures. To address this
issue, Blake proposed to take the butterfly velocity vB as
the characteristic velocity in strongly coupling systems.[21]

The butterfly velocity quantifies the speed of a local op-
erator growth in time, without reference to the single-
particle picture.[22−25] Actually, a rather universal relation
has been found among the butterfly velocity vB , Planckian
timescale τP and the diffusivity of chargeDC .

[21] However,
in addition to several special non-universal cases,[26−27]

the particle-hole symmetry must be imposed in general1.
At last, the strange metals that are relatively clean has
been excluded in the incoherent metallic theory where the
quick momentum relaxation is postulated.

In view of these problems, much effort has been made
to understand and refine the theory of incoherent metals,
see the recent theoretical[36] and experimental[37] progress
for examples. In this paper, we will explore the diffusive
transport and its possible relation to strange metals with
the help of gauge/gravity duality. We will focus on a par-
ticular combination of charge and heat currents that is
decoupled from the heat current. The “heat-decoupled”
(HD) current was identified in Ref. [18] recently. It can
be viewed as a natural extension of a composite current
that was previously proposed by Davison, Goutéraux, and
Hartnoll (DGH)[38−39] for clean fluids. This is because the
HD current and DGH current are equal in most of homo-
geneous holographic lattices. We will demonstrate that
the HD current can be transported by diffusion at long
distances, when the thermoelectric effect is small, large,
or balanced. Thus, we have three HD diffusive modes2.
We will study three diffusion constants and their rela-
tion to quantum chaos in some holographic models. After
that, we will assume that the existence and features of
HD modes appear in a wide class of theories and describe

some consequences, which may be relevant to the ubiquity
of T -linear resistivity in strange metals.

2 Heat-Decoupled Current
Let us introduce three composite currents, including

the incoherent current, DGH current, and HD current.
Consider the response of the electric current J and the
heat current JQ to small gradients of chemical potential
∇µ and temperature ∇T . The thermo-electric conductiv-
ities (σ, α, κ̄) are defined through the matrix(

J

JQ

)
=

(
σ Tα

Tα T κ̄

)(
−∇µ

−∇T/T

)
. (1)

The DGH current is a particular combination of the elec-
tric and heat currents[38−39]

JDGH ≡ sTJ − ρJQ

sT + ρµ
, (2)

where s, ρ denote the entropy density and charge density,
respectively. For a conformal field theory (CFT), it is
identical with the incoherent current[38]

J inc ≡ J − χJP

χPP
P , (3)

which is defined to decouple with the momentum, i.e.
⟨J incP ⟩ = 03. Here χJP and χPP are the static suscepti-
bilities and P denotes momentum current. In this paper,
we will focus on the HD current[18]

JHD ≡ κ̄J − αJQ

κ̄+ αµ
, (4)

which decouples with the heat current, i.e. ⟨JHDJQ⟩ = 0.
The HD current is relevant to the saturation of a bound[18]

σ̄DGH ≥ σ0
(sT )2

(sT + ρ̄µ)2
, (5)

where ρ̄ is an arbitrary parameter (interpreted as an ef-
fective charge density) and

σ̄DGH ≡ ⟨J̄DGHJ̄DGH⟩, J̄DGH ≡ sTJ − ρ̄JQ

sT + ρ̄µ
,

σ0 ≡ σ − Tα2

κ̄
. (6)

Note that the bound is almost trivial, except that it is
saturated when J̄DGH = JHD.

3 Diffusive Mode
Based on the conservation of the energy and the

charge, the HD current respects the continuous equation

∂

∂t
δQHD +∇ · JHD = 0 , (7)

where
δQHD ≡ δρ− α

κ̄+ αµ
δϵ , (8)

and ϵ denotes the energy density. Consider the thermo-
dynamic identities

∇ρ = χ∇µ+ ζ∇T ,

1Note that the Planckian relation between butterfly velocity and thermal diffusivity seems to be more robust,[22,28−31] also see the

counter examples.[32−35]

2Note that the HD mode at thermoelectric balance has been studied in Ref. [18]. But other two modes have been neglected.
3Note that the decoupled thermo-electric currents have been studied in two holographic models with momentum relaxation.[39−40] Also

see a more general discussion in the Appendix of Ref. [18].
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∇ϵ = (Tζ + µχ)∇µ+ (µζ + cµ)∇T , (9)

where we have defined the susceptibilities by derivatives
of pressure

χ ≡ ∂2p/∂µ2, ζ ≡ ∂2p/∂µ∂T ,

cµ ≡ T∂2p/∂T 2. (10)

Combining Eqs. (1), (7), and (9), one can prove

∂

∂t
δQHD = D

(1)
HD

[
∇2δQHD +

C(1)

µ
∇2ϵ

]
, (11)

∂

∂t
δQHD = D

(2)
HD

[
∇2δQHD + C(2)∇2ρ

]
, (12)

where we have defined

D
(1)
HD ≡ cµ + ζµ

cµχ− Tζ2
κ̄σ − Tα2

κ̄+ αµ
, (13)

D
(2)
HD ≡ ζ

α

κ̄σ − Tα2

cµχ− Tζ2
, (14)

C(1) ≡ αµ

κ̄+ αµ
− ζµ

cµ + ζµ
, (15)

C(2) ≡ 1− αµ

κ̄+ αµ

cµ + ζµ

ζµ
. (16)

Note that Eq. (11) and Eq. (12) hold only at long distance.
Following Ref. [41], the pure diffusion equation

∂

∂t
δQHD = DHD∇2δQHD (17)

can be approximately constructed, provided that we have

|C(1)| ≪ 1 or |C(2| ≪ 1 . (18)

Accordingly, the diffusion constant is

DHD = D
(1)
HD or DHD = D

(2)
HD . (19)

When both conditions in Eq. (18) are respected simulta-
neously, they converge to the same one

κ̄/cµ = α/ζ . (20)

At this time, the diffusion constant can be expressed as

DHD = D
(3)
HD ≡ κ̄σ − Tα2

κ̄χ− Tαζ
. (21)

Hereto, we have revealed that there exists three HD diffu-
sive modes in general, with different diffusion conditions
and diffusivities.

Next, we will study whether the HD modes satisfy the
relation

DHD = σHD/χHD , (22)

where σHD and χHD denote the HD conductivity and sus-
ceptibility:

σHD ≡ ⟨JHDJHD⟩ = σ0
κ̄2

(κ̄+ αµ)2
, (23)

χHD ≡ χδQHDδQHD =
cµTα

2 + κ̄2χ− 2T κ̄αζ

(κ̄+ αµ)2
. (24)

Since DC = σ/χ is well-known as the Einstein relation,
we refer Eq. (22) as the Einstein-like relation.

Some remarks are in order. First, the diffusion con-
ditions (18) require small or large thermoelectric effect
αµ/κ̄ and ζµ/cµ. In general, they are not correlated to

the Einstein-like relation. However, we will show in next
section that the Einstein-like relation may be emergent,
up to an O(1) factor. Second, the diffusion condition (20)
represents a special balance between the thermoelectric
conductivity α and susceptibility ζ,[18] under which one

can find that the Einstein-like relation D
(3)
HD = σHD/χHD

holds exactly. Third, the thermoelectric balance is rem-
iniscent of the Kelvin formula σ/χ = α/ζ. It is a good
approximation to the thermopower in various contexts in-
cluding strongly correlated systems.[42−44]

4 Holographic Models
In the following, we will study the HD modes based

on the simplest holographic model with momentum re-
laxation, that is, the Einstein-Maxwell-axion (EMA)
model.[45] The action is

Sbulk =

∫
d4x

√
−g

[
R+ 6− 1

4
F 2 − 1

2

2∑
i=1

(∂χi)
2
]
, (25)

where χi are two linear axions. For convenience, we
have set the AdS radius L = 1 and the Newton constant
16πGN = 1. This action allows an isotropic background
solution

ds2 = −h(r)dt2 +
1

h(r)
dr2 + r2(dx2

1 + dx2
2) ,

h(r) = r2 −
r3+
r

−
(
1− r+

r

)(r+
4r

µ2 +
1

2
β2

)
,

At = µ
(
1− r+

r

)
, χi = βxi , (26)

where β denotes the disorder parameter and r+ the loca-
tion of the horizon. We can read off the Hawking temper-
ature, entropy density and charge density:

T =
1

4π
(3r+ − 2β2 + µ2

4r+
) ,

s = 4πr2+, ρ = µr+ . (27)

Using the Donos-Gauntlett method, the thermo-electric
conductivities have been derived in Ref. [46]

σ = 1 +
4πρ2

sβ2
, α =

4πρ

β2
, κ̄ =

4πsT

β2
. (28)

We also have interest on an Einstein-Maxwell-Axion-
Dilaton (EMAD) theory, which is described by the
action[47−48]

Sbulk =

∫
dd+2x

√
−g

[
R+ V (ϕ)− 1

2
(∂ϕ)2

− 1

4

2∑
i=1

Zi(ϕ)F
2
(i) −

1

2
Y (ϕ)

d+1∑
i=1

(∂χi)
2
]
. (29)

The theory consists of two Maxwell fields, (d + 1) axions
and a dilaton. The two Maxwell fields are supposed to
have the charges (q1, q2). We impose the physical con-
dition that the first Maxwell current vanishes. Then the
physical charge density is ρ = q2. The potential and the
coupling are all the functions of the dilaton:

V (ϕ) = −2Λ eλ0ϕ, Z1(ϕ) = eλ1ϕ,

Z2(ϕ) = eλ2ϕ, Y (ϕ) = eλ3ϕ, (30)
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where Λ and λi (i = 0, 1, 2, 3) denote some parameters. In
Refs. [47–48], it has been found that this theory admits an-
alytical black-brane solutions in (d+2)-dimensional space-
times with the general dynamical critical index z and hy-
perscaling violating factor θ. For our aim, we only focus
on a special case with (d = 2, z = 2, θ = 0). Then the
solution can be written as

ds2 = −r4f(r)dt2 +
dr2

r2f(r)
+ r2(dx2 + dy2) ,

A(1)t =
r4√
2
, A(2)t =

1

2
q2

( 1

r2+
− 1

r2

)
,

ϕ = 2 log(r), χi = βxi ,

Λ = −6, λ1 = −2, λ2 = 1, λ3 = −1 , (31)

where

f(r) = 1− 1

r4

(
m+

β2

2
log r

)
+

q22
8

1

r6
, (32)

with the mass parameter m. Note that the solution indi-
cates a logarithmic behavior due to z = 2.[48] For our aim,
we need to read off the thermodynamic quantities

T =
1

π
(r2+−

β2 + 2µ2r2+
8r2+

), s = 4πr2+, ρ = 2µr2+ , (33)

and the DC thermoelectric conductivities[47]

σ = r2+ +
q22

β2 + q21r
4
+

, α =
4πq2r

2
+

β2 + q21r
4
+

,

κ̄ =
16π2Tr4+
β2 + q21r

4
+

. (34)

5 Diffusivity and Chaos
Let us study when the thermoelectric effect αµ/κ̄ and

ζµ/cµ are small or large in the EMA model. Then the
diffusion conditions (18) can be satisfied. Using Eq. (27)
and Eq. (28), one can calculate

αµ

κ̄
=


3µ2

16π2
1
T 2 +O( 1

T 4 ) =
2ζµ
cµ

,√
3
2

µ2

2πT
1
β +O( 1

β2 ) =
2ζµ
cµ

,

3µ2

2π
√

6β2+3µ2

1
T +O(T 0) = 2ζµ

cµ
.

(35)

The first two lines in Eq. (35) certify that there is a diffu-
sive mode at high temperatures or strong disorder. From
Eq. (13), the diffusion constant is

D
(1)
HD =

12r2+ + µ2 + 2β2

r+(12r2+ + 3µ2 + 2β2)
=

{
3

4πT +O( 1
T 3 ) ,

√
6

β +O( 1
β2 ) .

(36)

We turn to study the quantum chaos. What we are
concerning is the Lyapunov time τL and the butterfly ve-
locity vB . By constructing a shock wave near the black
hole, they can be calculated by holography.[23−25,49−50]

For the EMA model, they have been obtained in Refs. [21–
22]: τL = 1/(2πT ) and v2B = πT/r+. Then we can build
up

D
(1)
HD ≃ 2v2BτL , (37)

which indicates that besides the butterfly velocity, the HD
diffusivity is dominated by the Lyapunov time.

According to the last line in Eq. (35), the diffusive
mode also exists at low temperatures, with another diffu-
sion constant (14). In Ref. [18], it has been shown that

D
(2)
HD = 1/(2r+) and there is a general diffusion/chaos re-

lation

D
(2)
HD = v2BτL . (38)

Next, we check the Einstein-like relation by two ratio:

D
(1)
HD

χHD

σHD
=

12r2+ + µ2 − 2β2

12r2+ + 3µ2 − 2β2

12r2+ + 3µ2 + 2β2

12r2+ + µ2 + 2β2
,

D
(2)
HD

χHD

σHD
=

1

2

12r2+ + 3µ2 + 2β2

12r2+ + µ2 + 2β2
. (39)

One simple but important observation of this paper is fol-
lowing: due to their particular structure4, the first ratio is
close to 1 and the second ratio belongs to (1/2, 3/2). As a
result, the Einstein-like relation generally holds, up to an
O(1) factor.

We turn the attention to the thermoelectric balance,
which has been realized in Ref. [18]. Here we review it
briefly. Consider the Lifshitz gravity with Eq. (33) and
Eq. (34). One can find that the condition (20) and Kelvin
formula hold exactly. By calculating the diffusion constant
(21) and the quantities in quantum chaos

D
(3)
HD = 1/2, v2B = πT, τL = 1/(2πT ) , (40)

one can obtain

D
(3)
HD = v2BτL . (41)

Before ending this section, note that D
(1)
HD ≃ DC at

strong disorder and D
(2)
HD ≃ DT at low temperatures or

strong disorder in the EMA model, as well as D
(3)
HD =

DC = DT in the Lifshitz model.

6 Charge Transport
We assume that the HD mode, characterized by the

Einstein-like and diffusion/chaos relations, appears in a
wide class of theories under certain “critical condition”5.
As a result, we can deduce a suggestive expression from
Eq. (23) that indicates the saturation of the bound (5):

v2BτLχHDλ ∼ σ . (42)

Here the Einstein-like relation σHD ∼ DHDχHD and the
diffusion/chaos relation DHD ∼ v2BτL have been used.
Also, we have introduced a dimensionless λ-factor

λ ≡ σκ̄

σκ̄− Tα2

(κ̄+ αµ)2

κ̄2
. (43)

We proceed to describe some consequences of the pro-
posed expression on the charge transport in strange met-
als. They can be classified by three different values of the
λ-factor, corresponding to different thermoelectric effect,
and in turn different HD modes and critical conditions.

4Note that the similar structure also appears in the Hall angle of a holographic strange metal.[51]

5The critical condition depends on the concrete systems. In the EMA model, it is the high temperate, strong disorder, or low temperature.

In the Lifshitz gravity, it is the special critical index.
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(i) λ ≃ 1. This requires small α and thereby the first
HD mode may be relevant. In the EMA model, the high
temperature is a critical condition for the HD mode, but
it cannot be directly applied to strange metals, since the
holographic model at high temperatures is controlled by
UV CFTs. Nevertheless, due to Eq. (43), λ ≃ 1 does
not correspond to the low-temperature regime of strange
metals6. Moreover, as illustrated in the EMA model with
strong disorder, the small thermoelectric effect often re-
duces the HD diffusivity to the charge diffusivity. There-
fore, Eq. (42) may be reduced to DC ∼ v2BτL. Obvi-
ously, these results are indicative of the theory of inco-
herent metals,[17] where the high-temperature regime of
strange metals is focused, the fast momentum relaxation
is essential, the thermoelectric effect is neglected, and the
relation DC ∼ v2F τL is proposed. Here the advantage is
that we have not assumed any diffusion bounds which can
be violated.

(ii) λ ≫ 1. Now α is large, the second HD mode can
be realized, and the critical condition may be the low tem-
peratures.

(iii) λ ∼ O(1). When the diffusion condition (20)
holds, the present situation is probable. This is related
to the third HD mode. As illustrated in the Lifshitz grav-
ity, the critical condition may be the special critical index.
In that model, one can find 1 < λ . 5 in the parameter
space with T & 0.2µ and arbitrary β.

Collecting these results together, we can present a gen-
eral predication for strange metals: when the thermoelec-
tric effect is not very large, the scaling of σ is predomi-
nantly controlled by the HD diffusive mode (that deter-
mines DHD ∼ v2BτL and χHD); otherwise more physics
(that determines λ) besides the diffusion is required. More
clearly, we propose to test v2BχHD ∼ O(1) in the high-
temperature regime of strange-metal phase.

One of possible “more physics” is the thermoelectric
balance embodied in the Kelvin formula and the diffu-
sion condition (20). Inputting them into Eq. (24) and
Eq. (43), we can obtain λ = χ/χHD. Thus, we can retrieve
DC ∼ v2BτL, associated with DT ∼ v2BτL. Interestingly,
at this time the thermoelectric effect can be large and the

momentum relaxation can be slow. This might be rele-
vant to the recent experiment on cuprates,[37] as pointed
out in Ref. [18].

7 Discussion
Without reference to quasiparticle pictures, we pre-

sented a theory of diffusive transport, which follows the
spirit of Ref. [17]: the collective diffusion of charge and
energy is relevant to certain bound and dominates the
strange-metal transport that indicates the Planckian dis-
sipation. The main differences include: (i) the relevant
bound is trivial but universal; (ii) the butterfly velocity
is taken as the characteristic velocity and it has the re-
lation to the HD diffusivities; (iii) the diffusion may be
also responsible for the ubiquity of strange metals that
are relatively clean7 and even have the considerable ther-
moelectric effect.

Our theory does not propose any bounds on HD diffu-
sivities, and thereby the universality of HD modes should
be limited. Nevertheless, we need to be convinced that the
existence and features of HD modes are not accidental. In
the Appendix, we will study two typical holographic theo-
ries, which involve the Gauss-Bonnet curvature[53−55] and
anisotropy.[56−58] They are well-known counter examples
of the viscosity bound but the HD modes are robust in
both cases.
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Appendix: Typical Holographic Models

A1 Higher Curvature
The Gauss-Bonnet (GB) correction would be a danger-

ous source of violation for the feature that is robust in the
Einstein gravity.[53−54] In the following, we will use the
GB gravity as a good test for the universality of diffusive
modes.

Adding the GB correction to the five-dimensional
EMA theory gives

Sbulk =

∫
d5x

√
−g

[
R+ 12− 1

4
FµνFµν − 1

2

3∑
i=1

(∂χi)
2 +

α̃

2
(R2 − 4RµνRµν +RµνλρR

µνλρ)
]
, (A1)

where α̃ is the GB coupling constant. The black brane solution can be read from Ref. [55] as

ds2 = −h(r)dt2 +
1

f(r)
dr2 + r2(dx2

1 + dx2
2 + dx2

3) ,

f(r) =
r2

2α̃

[
1−

√
1 + α̃

2(r2 − r2+)

3r6r2+
[q2 + 3r2r2+(β

2 − 4r2 − 4r2+)]

]
,

h(r) = L2
efff(r), A =

Leffq

2r2+

(
1−

r2+
r2

)
dt, χi = βxi, i = 1, 2, 3 . (A2)

6By observing the coefficient of the linear in T resistivity, the strange-metal phase has been delineated into the high-temperature and

low-temperature regimes.[52]

7Recently similar arguments have been presented.[59−60]
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Here L2
eff = (1 +

√
1− 4α̃)/2 denotes the square of the

effective AdS radius. We write down the temperature,
entropy density, and charge density:

T =
Leff

π

(
r+ − β2

8r+
− ρ2

24r5+

)
,

s = 4πr3+, ρ = 2r2+
µ

Leff
. (A3)

The thermo-electric conductivities have been calculated in
Ref. [55]:

σ = r+ +
4πρ2

sβ2
, α =

4πρ

β2
, κ̄ =

4πsT

β2
. (A4)

Using Eq. (A3) and Eq. (A4), the two diffusion con-
ditions (15) and (16) can be tested by calculating two
thermoelectric ratio

αµ

κ̄
=


µ2

2π2
1
T 2 +O( 1

T 4 ) =
3ζµ
2cµ

,
√
2µ2

πLeffT
1
β +O( 1

β2 ) =
3ζµ
2cµ

,
√
6µ2

π
√

3L2
eff

β2+4µ2

1
T +O(T 0) = 3ζµ

2cµ
.

(A5)

Thus, we have obtained the first diffusive mode at high

temperatures or strong disorder, as well as the second dif-

fusive mode at low temperatures. Also, one can evaluate

the diffusion constants (15) and (16)

D
(1)
HD =

{ L2
eff

2πT +O( 1
T 3 ) ,

√
2Leff

β +O( 1
β2 ) ,

D
(2)
HD =

Leff

3r+
. (A6)

The quantum chaos in the GB gravity has been stud-

ied in Refs. [18, 24]. For our case, the butterfly velocity

can be written as

v2B =
2πLeffT

3r+
=

{ 2L2
eff

3 +O( 1
T 2 ) ,

4
√
2LeffπT
3β +O( 1

β2 ) .
(A7)

Combining Eq. (A6) and Eq. (A7), we build the diffu-

sion/chaos relation

D
(1)
HD ≃

{
3
2v

2
BτL +O( 1

T 3 ) ,

3
2v

2
BτL +O( 1

β2 ) ,
D

(2)
HD = v2BτL . (A8)

Fig. 1 The two ratio indicating the Einstein-like relation as functions of T/µ with α̃ = 9/100 in the GB model. The
functions are bounded between 2/3 and 1.

To study the Einstein-like relation, we inspect two ra-

tio D
(1)
HDχHD/σHD and D

(2)
HDχHD/σHD numerically. Both

of them are ranged from (2/3, 1). Thus, the Einstein-like
relation holds up to an O(1) constant. In Fig. 1, we plot
some typical curves.

A2 Anisotropy
We will study a five-dimensional EMAD action

Sbulk =

∫
d5x

√
−g

[
R+ 12− 1

4
FµνFµν − 1

2
(∂ϕ)2

− 1

2
e2ϕ(∂χ)2

]
. (A9)

In Ref. [57], an anisotropic solution has been found nu-
merically:

ds2 = −h(r)dt2 +
1

f(r)
dr2 + g11(r)dx

2
1 + g33(r)

× (dx2
2 + dx2

3) ,

A = At(r)dt, ϕ = ϕ(r), χ = βx1 , (A10)

where the single parameter β simultaneously characterizes
the strength of anisotropy and disorder. The analytical so-
lution with small β also can be obtained,[57] which can be

written as

h(r) =
1

u2
e−ϕ(u)/2B(u)F(u) ,

f(r) =
1

u2
eϕ(u)/2F(u) ,

g11(r) =
1

u2
e−3ϕ(u)/2,

g33(r) =
1

u2
e−ϕ(u)/2, (A11)

where u ≡ 1/r. The three functions (ϕ,B,F) are

ϕ(u) = β2ϕ2(u) +O(β4) ,

B(u) = 1 + β2B2(u) +O(β4) ,

F(u) = 1− u4

u4
+

− 1

12
ρ2u4u2

+ +
ρ2u6

12

+ β2F2(u) +O(β4) , (A12)

where (ϕ2,B2,F2) can be found in Eq. (135) of Ref. [57].

We will use the analytical solution to study the diffusive

mode. We will not use the numerical solution because

the desired functions s(T, µ) and ρ(T, µ) are difficult to
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be solved from the thermodynamic quantities

T =

√
B(u+)F ′(u+)

4π
, s = 4πu−3

+ e−(5/4)ϕ(u+),

µ = ρ

∫ u+

0

u e(3/4)ϕ(u)
√
B(u)du , (A13)

when the background has been described numerically. The
thermo-electric conductivities can be read from Ref. [58],
which are

σ =
g33(u+)√
g11(u+)

+
4πρ2

e2ϕ(r+)β2s
,

α =
4πρ

e2ϕ(r+)β2
, κ̄ =

4πsT

e2ϕ(r+)β2
. (A14)

Using the analytical background solution and conduc-

tivities, we check the thermoelectric effect by Fig. 2(a).

Without loss of generality, we set the parameter β/µ =

0.1. The regime T/µ ≪ 0.1 has been cut off, where β ≫ T

and hence the analytical solution is not reliable. One can

find that the diffusion conditions (15) and (16) hold at

high temperatures and low temperatures, respectively.

Fig. 2 Anisotropic model with β/µ = 0.1. (a) Thermoelectric effect αµ/κ̄ and ζµ/cµ. They become small and large
when T/µ increases and decreases, respectively. (b) Butterfly velocity and diffusivty/chaos relation. Two of the curves
saturate at high temperatures and the other always keeps constant.

Next, we will study the anisotropic chaos. In Refs. [18,
50], it has been found that the form of the Lyapunov time
τL = 1/(2πT ) and butterfly velocity v2B = 2πT/m keep
the same as the isotropic model. However, the anisotropy
changes the screening length by

m2 =
V1(0)

A(0)

3∑
i=1

V ′
i (0)

Vi(0)

∣∣∣
u=0

. (A15)

We display in Fig. 2(b) the temperature dependence of the
butterfly velocity and the diffusion/chaos relation. One

can see

D
(1)
HD ≃ 3

2
v2BτL at high temperatures ,

D
(2)
HD = v2BτL . (A16)

We turn to study the Einstein-like relation. By
scanning the parameter space, we find that two ratio

D
(1)
HDχHD/σHD and D

(2)
HDχHD/σHD are still bounded be-

tween (2/3, 1). Their evolution as the function of T/µ
with β/µ = 0.1 is similar to the one shown in Fig. 1.
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