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Abstract In this letter, a class of reaction-diffusion equations, which arise in chemical reaction or ecology and other
fields of physics, are investigated. A more general analytical solution of the equation is obtained by using the first integral

method.
PACS numbers: 02.30.Jr, 03.65.Fd

Key words: exact solution, reaction-diffusion equation, first integral

1 Introduction

It is well known that many important dynamics pro-
cesses can be described by specific nonlinear partial dif-
ferential equations. When a nonlinear partial differential
equation is used to characterize a physical parameter in-
dicating some kinds of reaction-diffusion, propagation, or
aggregation properties, it is of fundamental physical inter-
est to solve the partial differential equation with a certain
Although in the past
several decades much progress in finding exact solutions

type of traveling wave solutions.

of these nonlinear evolution equations had been achieved,
there are only limited approaches!!=6! available presently
due to the complexity of mathematics.

In the present paper we shall investigate the explicit
analytical solutions for the two-dimensional reaction-
diffusion equation by using the first integral method. This
kind of method has been successfully used to deal with
the Burgers-KdV equation and compound Burgers-KdV
equation, see Refs. [7] ~ [9].

Let us consider the following reaction-diffusion model
in two dimensions,

(ut — Dugy + au® 4+ Bu® +qu), + Auyy =0, (1)

where D, «, (3, v, and X are real constants, and D is also
called diffusion coefficient.

For A = 0, equation (1) is a reaction-diffusion equation
arising in chemical reaction or ecology and other fields of
physics. The choice D = 1, 8 = 0, and v = —a leads
Eq. (1) to the two-dimensional Chaffee-Infante equation,

[us — uge + oz(u3 — )]z + Auyy =0, (2)

the choice D =1, v =0, and a« = —8 = 1 leads Eq. (1)
to the two-dimensional Huxley equation,

[y — e + u® — u?], + Ay =0, (3)

and if taking D = 1, a =1, 8= —(a+ 1), and v = a
in Eq. (1), we can obtain the following two-dimensional
Fitzhugh-Nagumo equation:

[ — Uy + 1 — (a + 1)u? + aul, + Ay, = 0. (4)

2 Exact Solutions to Two-Dimensional
Reaction-Diffusion Equation

Without loss of generality, we may assume that equa-
tion (1) has traveling wave solution in the form

w(@,y,t) =u(§),  E=hx+ly—uwt, (5)
where h, [, w are real constants to be determined.
Substituting Eq. (5) into Eq. (1) then integrating it
once yields
h[—wu'(€) — Dh*u" (€) + au®(€) + Bu®(€) + yu(€)]
+ AP (€) + 1o =0, (6)
where [j is an arbitrary integration constant.

Equation (6) is a nonlinear ordinary differential equa-
tion, and we can rewrite it as

uge — aug — bu® —cu? —du—e =0, (7)
where
_12/\—hw b « _ J6]
““7Drs > T Dn2> °T Dn2
_ oo to
Dh2’ Dh3 -

Let = u, y = ug, then equation (7) is equivalent to
T=y,
y=ay+bx®+ca’+de+e. (8)

According to the first integral method in Ref. [7], we
first introduce the Division Theorem.
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Division Theorem Suppose that P(w,z) and Q(w,z) irreducible polynomial in Clw, 2], such that

are polynomials in Clw, z], P(w, 2) is irreducible in Clw, z]. m A
If Q(&, z) vanishes at all zero points of P(w, z), then there Plz(£),y(§)] = Z ai(z)y’ =0, (9)
exists a polynomial G(w, z) in Clw, 2], such that =0
where a;(z) (i = 0,1,2,...,m) are polynomials of z and
Qw,z) = P(w,2)G(w, 2). all relatively prime in Clw, 2], am(z) # 0. Equation (9) is

also called the first integral to Eq. (8).

Here we take m = 2 in Eq. (9). Note that dP/d¢ is
a polynomial in z and y, and Plz(£),y(¢)] = 0 implies
dP/d€|s) = 0. By the Division Theorem, there exists a

Applying the above Division Theorem, we can seek the
first integral to Eq. (8).
Suppose that © = z(§) and y = y(&) are the nontrivial

solutions to Eq. (8), and P[z(&),y(&)] = f: a;(z)y’ is an polynomial H(z,y) = a(z) + A(z)y in Clw, 2], then

i=0
|
dp 2 , 2 , 2 '
U e~ S aj(@)y ™+ dai(x)y T (ay + ba® + ca® + dz +e) = [a(z) + Bx)y] Y ai(z)y (10)
i=0 i=0 i=0
where the prime denotes derivative.
Comparing the coefficients of y* (i = 3,2,1,0) on both sides of Eq. (10) yields
(v°) ay(z) = Bz)az (), (11)
(%) di(2) = (a(2) - 2a)az(z) + B(z)ai (), (12)
(y")  ap(e) = —2(b2’ + ca® + dz + e)az(x) + (a(z) — a)ai () + B(z)ao(z), (13)
(%) a1(z)(bz® + cx® + dx +e) = a(z)ao(z) . (14)
From Eq. (11) we deduce that as(z) is a constant and G(x) = 0 for a;(x) (i = 0,1, 2) being polynomials.
To simplify, taking as(z) = 1, we have
a@) = [lalz) - 2a)ds, (15)
ap(x) = /[72(61‘3 +ca® 4+ dx + e) + (a(x) — a)ay (z)]d. (16)

By Egs. (14), (15), and (16) we can conclude that dega(x) = 0 or dega(x) = 1 corresponding to degay(z) =1 or
degay(x) = 2, respectively. Otherwise, if dega(z) = k > 1, then we deduce dega;(z) = k + 1 and degap(x) = 2k + 2.
This yields a contradiction with Eq. (14).

In the case of dega(x) = 0, we assume a(z) = a (o € C ) and

CLl(IL‘) =Aix+ Ay, A;,A)€C with A, 7£ 0. (17)
From Eq. (15) we get A1 = a — 2a, or & = A; + 2a. And from Eq. (16) we have
aop(z) = —gx‘l - %cmg + (W - d)x2 + [Ao(4A1 +a) — 2e]z + I1, (18)

where I is an arbitrary integration constant.
Substituting Egs. (17) and (18) into Eq. (14) and setting all coefficients of x% (i = 4,3,2,1,0) to zero yields

Al(Al + a)(A1 + 2a)

Alb:—g(A1+2a), Alc—i—AOb:—%(Al—i—%z), A1d+A06:—(A1+2a)d+

2 b

Ale + Aod = —2(A1 + 2(1)6 + AO(Al + a)(A1 + 2@) 5 Aoe = Il (Al + 20,) . (19)
By solving Eq. (19) we have

A = —ga Ag = —zac I = ¢ (2@2— i) 20> —3¢* +9d =0, 9dc—4a*c —8lbe =0 (20)

P 0T g T 16282 b/’ o o
From Egs. (18) and (20) we have
2
ai(z) = A1z + Ay = —30% ~ 5pac,
2 2 2 2 2

2 a C 2c C C C
4 3 2 2 2
a a = —=I — =CI + - — — |X + —|a — — |T + 2{1 - 7> . 21
o(@) 30 ( 9 3b> 27b( b ) 16252 ( b (1)
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When
Plz(£),y(€)] =Y ai(x)y' =0,
i=0
we have
2a 2ac b 2 a? 2 2c c? c? c?
2 4 3 2 2 2
— = — )y — 2" — = — - = — - — 2 f—>: . 22
v (G gt -3t (G- 5)0 o (P - T )e+ g (200 - ) =0 (22)
|
Then y can be expressed in terms of = by Eq. (22), i.e. we get the following solitary wave solution of Eq. (1),
a ac 1 /b q /1 q 16
= (Lo 4+ %) 2 — /2 (3bz +0)2. 23 =20/ Jrann(Ze) +1] - =
y=(5e+5) Wﬁ( v+0? () w(zyt) i2\/; tanb(Z6) +1] - 2 (29)
Combining Egs. (8) and (23), we have q¢ 1 q 3
2 U,g(l',y,t) =+3 - |:C0th<7€) + 1:| YR (29)
9 dzx _de (24) 2V p 2 3
ab(3bz + ¢) £ /b/2 (3bx + ¢)? where p, ¢, and £ are given in Eq. (26).
Thus we can obtain an exact solution to Eq. (7) as follows (i) If ¢ < 0, i.e. B2 — 3ay < 0, from Eq. (26) we have
by solving Eq. (24) directly, LT et 3
© a 0at/3 ¢ (25) u(z,y,t) = *iq P IF o e 30 (30)
u(§) = ;12 —
3 T1F Ir\/b/2 et/ 3b Similarly, using relationship

Where Iz 1S an arbllrary lntegrall()n C()nslant .
F]()]ll E(] (20) we can Obtalll — ( ) 5
— — 1| sIn — = tanh —
¢ 1+ elm 2 77 2 2

3 /32— 3ay DY 132 — 3oy in .
— 4= - - it e'! 1 i
“ h 6Da h T3Dh 6Da = —— + —coth q

1— ein 22 2’

Thus a more general analytical solution to Eq. (1) can

be represented as we obtain that equation (1) has the following formal soli-

tary wave solution:

e Jé]
w o) = =g —— B g . :
1F Iyp e 3a ug(z,y,t) ::I:q\/7 [2 sin(q*{)—tanh(q—f)—i—i}—ﬂ, (31)
where 2Vp 2 Sa
o 1 /5?2 —3ay 1) = q*\/T thf 1_2 32
pzm’ q:E W’ U4($,y,) :':2 p|:CO (2£)+1:| 306, ( )

where ¢* = \/(Sa’y — (?)/(6Da), and p and £ are given
by Eq. (26)
Case 2 If p<0,ie aD <0,let I =+/—1/p.

(i) If ¢ > 0, i.e. 3% — 3ay > 0, from Eq. (26) we have

_ A 2
€= hr+ly— (El + Dh q)t.
Now let us discuss the result Eq. (26).

Case 1 Ifp>0,ie. Da>0,let b =+/1/p,
(i) If ¢ > 0, i.e. 32 — 3ay > 0, from Eq. (26) we have

T o4 8 u(w,y,t) = £q4/ ! 76% 5 (33)
= - _ — 7 B o i 5 T 3a°
u(zx,y,t) :l:q\/; =o€ 3a° (27) | | | p lFied 3a
Making use of the equalities Using relationship
e’ o n(™ 41 einzl[sechnq:i(tanhn+l)],
1+ev*§[an (i)Jr}’ Liien 2
e” -1 n we also have the following formal solitary wave solution
= — [coth(7> + 1] , Eq. (1
1—en 2 2 to Eq. (1),
|
us(e,y,t) = + 4/ fsceh (g€) — i tanh(gé) — 1] — 2, (34)
’ 2V p 3o
_.q /-1 : LB
uo( 1) = £ - fsech (46) + i tanh(gg) + 1] — 1 (3)

where p, ¢, and £ are given by Eq. (26).
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(i) If ¢ < 0, i.e. 3% — 3ay < 0, from Eq. (26) we have

1 eld™¢ Jé]
t)=4i¢g"y) — ——— — —. 36
e,y ) = FHa' [ = e 3. (36)
Using relationship
eln 1 i n -1 eln 1 i n -1
L ) L )
I+ien 2 2 (an 2 _iom g gt (g™

equation (1) has the following formal solitary wave solution

wr(z,y,t) = i%* _?1 {1 i 2i(tanh<%§) - 1)71] - 3% (37)
us(,y,) = i%* _?1 [—1 —it 2i(tanh(%§) + 1)_1] - % : (38)

where ¢* = \/(3ay — 32)/(6Da), p and ¢ are given in Eq. (26).

In the case of dega(x) = 1, the argument is identical, so we omit it.

If assuming m = 3,4 in Eq. (9), respectively, using the similar arguments as earlier we obtain that equation (8)
does not have any first integral in the form (9). We have no need of discussion for the cases m > 5 due to the fact that
in general the polynomial equation with the degree greater than or equal to 5 is not solvable.
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