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Abstract The order reduction method of the relativistic Birkhoffian equations is studied. For a relativistic autonomous
Birkhoffian system, if the conservative law of the Birkhoffian holds, the conservative quantity can be called the generalized
energy integral. Through the generalized energy integral, the order of the system can be reduced. If the relativistic
Birkhoffian system has a generalized energy integral, then the Birkhoffian equations can be reduced by at least two
degrees and the Birkhoffian form can be kept. The relations among the relativistic Birkhoffian mechanics, the relativistic
Hamiltonian mechanics and the relativistic Lagrangian mechanics are discussed, and the Whittaker order reduction
method of the relativistic Lagrangian system is obtained. And an example is given to illustrate the application of the

result.
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1 Introduction

Relativistic analytical mechanics is an important as-
pect with the modern development in the field of theo-
retical physics. Since 1987, we constructed the theory of
analytical mechanics for the relativistic system, and gave
its basic theoretical frame.'=9 In 1927, G.D. Birkhoff
made primary researches on Birkhoffian dynamics.!'%! In
1983, R.M. Santilli studied the transformation theory of
Birkhoffian equations and generalization of Galilei rel-
ativity, and summarized comprehensively the origin of
Birkhoffian equations and the later studies on them.!
Later, MEI Feng-Xiang gave the Birkhoffian equations
of nonholonomic constrained systems, and studied the
Noether theory, the Lie theory, stability of motion, and
geometrical description of Birkhoffian systems; more-
over, he constructed the theoretical frame of Birkhoffian
dynamics.['2=22 The Birkhoffian dynamics is more gen-
eral than the Hamiltonian dynamics.
dynamics has been extensively applied in the field of mod-
ern physics, so the Birkhoffian dynamics should play an
important role in the field of modern physics. Recently,
we constructed the basic theory of relativistic Birkhoffian
dynamics, and gave its basic theoretical frame.[23—27]

The Hamiltonian

The integral method of dynamical equations of com-
plicated system is an important aspect with the mod-
ern development of the field of mathematical mechanics
and mathematical physics. In 1904, Whittaker initiated
the order reduction method for a holonomic conservative

system by using the energy integral.?8] After that, this
method was always paid attention by mathematicians,
mechanicians, and physicists. Since 1984, the Whittaker
order reduction method has been generalized to classi-
cal mechanics system, Vacco dynamical system, the vari-
able mass system, the noninertial reference frame, and the
Birkhoffian system in Refs. [29] ~ [36]. But, the studies
were confined to the classical mechanics system.

This paper studies the order reduction method of the
relativistic Birkhoffian system and the relativistic La-
grangian system. For a relativistic autonomous Birkhof-
fian system, if the conservative law of the Birkhoffian
holds, the conservative quantity can be called the gen-
eralized energy integral. Through the generalized energy
integral, the order of the system can be reduced. If the
relativistic Birkhoffian system has a generalized energy in-
tegral, then the Birkhoffian equations can be reduced by
at least two degrees and the Birkhoffian form can be kept.
The relations among the relativistic Birkhoffian system,
the relativistic Hamiltonian system, and the relativistic
Lagrangian system are discussed, and the order reduction
method of the relativistic Lagrangian system is obtained.
Also, an example is given to illustrate the application of
the results.

2 Generalized Energy Integral of Relativistic
Birkhoffian Systems
Here we will consider a mechanical system of N par-

ticles. At time t, the i-th particle’s velocity is 7;, the
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limiting velocity is ¢, the classical mass is m,;, and its Generally, we assume
relativistic mass is OB 40 o)
mp= 2% (j=1,...,N). (1) dar 7
\/1—77/c2 From Eq. (6), we get
We can construct the Birkhoffian B* and the Birkhoff’s a"=K(a",h) (v=1,....2n; v#u), (10)
functions R}, (v =1,...,2n) of a relativistic system as OK oB* <3B*)_1
= - . (11)
B* = B*(m,(t,a"),t,a"), Oa” da¥ \ Jat
Letting
R} = R} (m;(t,a"),t,a") (v,u=1,...,2n), (2) 5 .o
p da®  a
and let T dal T alv
B* = B*(t,a") = B*(my(t,a"),t,a"), w  da” ¥
~ ~ - 71 == T’ ceey
R: = Ri(t,a”) = RE(ma(t,a"), t,a). (3) data
. . N om  da® @
For an ideal holonomic or free relativistic system, the a“" = = (12)

Birkhoffian equations of the system can be written in the

form[26]
(OR,*j B 8R;§)dy B o0B* 3 8RZ _0
Oat daV Oat ot
(i =1,...,2n), (4)

where the repeated subscripts represent the summation.
In general, it is supposed that the system (4) is nonsingu-
lar, i.e.

det(w?,) £0, wr, = (gf: - 6&5) . (5)

If R; and B* do not include time ¢ explicitly, the sys-
tem (4) is autonomous. If R}, do not include time ¢ ex-
plicitly, the system (4) is semi-autonomous.

Corollary 1 For a relativistic autonomous Birkhoffian
system, the conservative law of the Birkhoffian holds, i.e.

B*(a*) = B*(m;(a"),a") = h = const.
(p=1,---,2n). (6)

We call Eq. (6) the generalized energy integral of the sys-
tem.
In fact, for the relativistic autonomous Birkhoffian sys-
tem, equations (4) have the simple form as
oR:  OR, dB*
v Y — =1,...,2n).
(8@” aaV )CL 8&“ (V? lu ) ) n) (7)
Multiplying the k-th equation by a*(k = 1,...,2n),
and adding all these equations up, we can obtain
OB* |  9B* , OB* .
7(8a1a+8a2a +”.+8a2”a ):O’ ()
that is, dB*/dt = 0 or B*(a',a?,...

=0

,a®") = const.

3 Order Reduction Method of Relativistic
Birkhoffian Systems

Using the generalized energy integral, we now reduce
the order of Eq. (7).

da' — Al
From the p-th equation of the relativistic Birkhoffian
system (7), we obtain

i =[G~ ) (Gt~ 5 (o)

(v=2,...,2n).

(13)

Substituting Eq. (13) into equations (7) (except the
first and p-th equations), we get
[(9}?’; OB, 0K <8R3 _ 3RZ)]GW
daP  Oa¥  0daP \da*  Ja*
OR:,  OR} 0K (OR: OR
w o PN g 98 1 9t
+ ( daP  Oda )a + daP (5‘a“ dal )
OR; OR:
(aap - aal) =0
(v=2,....20; v#u; p#1,p).

Considering

— oK v + 67](
o 8a”a Oal

(v=2,--+,2n; v#£pu),

/
aﬂ

and making
R (a,... 0" Y a1 . a®)
=Ri(a',...,a" K a6
(v=1,...,2n),
we have
[(8}?3’
oaP
(8]%*1"
dar
Let

ORY 9K

OR* OR*

aaZ gaK”) N ( aai Oa? %)}aw
D/ D/ D/

o) ~ (et + k) =0

OR, _(aﬁz:' OR" 8K>
dar daP OaP da”

v=2,....2n;p=1,....20,v # p), (18)
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~ %/

oR, _ (aﬁq' ORy 0K )
daP daP OaP Oal
(p=2,....2n5v,p # 1), (19)
finally, we obtain
R OR R OR,
(G~ 50"~ (3 + 3at) =0
(v,p=2,...,2n; wv,p#u). (20)

Through the above procedure, equations (7) are re-
duced by two orders while the Birkhoffian form is still
kept. After solving Egs. (20), if equations (6) and (13)
are supplanted, we can obtain the solution of the original
relativistic Birkhoffian system (7). So we have

Corollary 2 If a relativistic Birkhoffian system has a
generalized energy integral, then the Birkhoffian equations
can be reduced by at least two degrees and keep Birkhof-
fian form.

4 Whittaker Order Reduction Method of

Relativistic Lagrangian Systems

Now, we discuss the relations among the relativistic
Birkhoffian system, the relativistic Hamiltonian system
and the relativistic Lagrangian system, and obtain the
order reduction method of the relativistic Lagrangian sys-
tem.

If RZ does not include time ¢ explicitly, for the rela-
tivistic Birkhoffian system (4), we let

; qu (b=1,...,n),
Qa =
pu—n (H:n+1772n)7
~ p /’(‘ = 17 AR ’n) )
Ry=3"" ( (21)
0 (b=mn+1,...,2n),
B* = H*,
then the Birkhoffian tensors of the relativistic system are
0 +1
(J);”) _ nxn nxn (22)
*1n><n On><n

We can obtain immediately the canonical equations of the
relativistic Hamiltonian system

oH* oH*
Is = , s = — s=1,...,n), 23
=3, P B4, ( ) (23)
and the relativistic Lagrangian equations
d oL* OL*
— — =0 =1,... 24
el I CE NSO N
where
oL*
H*t7 sy Ps) = S.S_L*7 s = )
(t, 45, ps) = Psq P = G
L*(taQ&QS) =T" - Va
N
T = muc*(1—\/1-#7/c) (s=1,...,n). (25)
i=1

Therefore, this paper gives the generalized energy integral
and reduction of the relativistic Lagrangian system.

If L* does not include time ¢, then the system (24) has
the relativistic energy integral

oL*

a—qsqs — L* = h = const. (26)
We let
o, dgr
Gr =1, 4= g (r=2,...,n),  (27)
Qatr,41,9s) = L™ (4s» gs) - (28)

Substituting Eqgs. (27) into the energy integral (26),
we can obtain

i =q¢(q,q) (r=2,...,n; s=1,...,n). (29)

By using Egs. (28) and (29), we define the relativistic
Whittaker function

, 00
W(dr,qs) = 90, (30)
From Eqgs. (26) ~ (30), we can obtain
ow _oL* oW  10L*
dqtr 94 g 1 g
(r=2,...,n; s=1,---,n). (31)

Substituting Eqgs. (31) into the last (n — 1) equations of
Egs. (24), we have
d ow oW 0
dgi g, Oqr

(32)

Corollary 3 If a relativistic Lagrangian system has a
generalized energy integral, then the order of Lagrangian
equaions can be reduced and keep Lagrangian form.

5 Examples
As an example, we study a relativistic system of three
particles, in which the Birkhoffian is

B* — [mol(al)Z +m02<a2>2 +m03(a3)2

— (o1 + Moz + me3)]c” (33)
and Birkhoffian’s functions are
Ri =R;=0, R:;=2mga'c?,
R = 2mgpa®c?, (34)
where
a' = (L= @A), @ = (1 /),
a® = (1— g3/~ (35)
Birkhoffian equations are
ad—at =0, at—a?=0,
Mo1a' + moga® =0, a’>=0. (36)
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For B*, ~T, R;, ]:2§, and RZ do not include time ¢ ap-  tions
tly, th tisf llary 1 and the system h =Y 3
parently, they satisfy corollary 1 an e system has a (6Ru_8Rp)a/y_(8Rl _8Rp)_
generalized energy integral daP dav daP dal
- (V,P:2,4)7 (38)
B* = [mol(a1)2 + mo?(a2)2 + moS(a3)2 .
we obtain
— (Mo1 4+ Moz + my3)]c? = h = const. (37) a2 —0
4
So according to corollary 2, the relativistic Birkhoffian a't = me1c?a®[(h — mo1c®(a')? — mac®(a*)? + (mor
system can be reduced in orders. From the reduced equa- + Moz + Me3)?)mgsc®] 12 (39)
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