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Torsion Axial-Vector in an Alternative Kerr Tetrad Field
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Abstract In the framework of parallelism general relativity, the torsion axial-vector in the rotating gravitational field
is studied in terms of the alternative Kerr tetrad. In the case of the weak field and slow rotation approximation, we
obtain that the torsion axial-vector possesses the dipole-like structure. Furthermore, the effect of massive neutrino spin

precession in this field is mentioned.
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1 Introduction

As an extension of Einstein’s general relativity (GR)
and the fundamental exploration of spacetime, the tetrad
theory of gravitation has been paid more attention by
many people,! =7 where the spacetime is characterized by
the torsion tensor and the vanishing curvature, and the
relevant spacetime is the Weitzenbock spacetime,!! which
is a special case of the Riemann-Cartan spacetime.[8! The
tetrad theory of gravitation will be equivalent to general
relativity when the convenient choice of the parameters of
the Lagrangian is made.[!]

We will use the Greek alphabet (u,v,p,...=1,2,3,4)
to denote tensor indices, that is, indices related to space-
time. The Latin alphabet (a,b,c,... = 1,2,3,4) will be
used to denote local Lorentz (or tangent space) indices. Of
course, being of the same kind, tensor and local Lorentz
indices can be changed into each other with the use of the
tetrad hj;, which satisfies

h?he” =46,", h®  hpt = 0% . (1)
A nontrivial tetrad field can be used to define the linear
Cartan connection,“ﬂ
FU;LV = haaauhau ) (2)
with respect to which the tetrad is parallel:
V,hy =0,h%, —T*,,h%, =0. (3)
The Cartan connection can be decomposed according to
Fop,u :Fauy +KU[J,V) (4)
where
o 1
% = §gop [0ugpr + OvGpp — Opgpur] (5)
is the Levi—Civita connection of the metric
Guv = nabha,uhbu , (6)
where 1% is the metric in flat space with the line element
dr? = g, datda” (7)
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and
g 1 [eg g log
K ny — 5 [T;L v+ Tl/ w T ,uu] (8)

is the contorsion tensor with
TUW/ = Fglw - ngu ) (9)

the torsion of the Cartan connection.[*® The irreducible
torsion vectors, i.e., the torsion vector and the torsion

axial-vector, can then be constructed as[*:%]
Ve=T",, (10)
1 vVpo
A, = EEWPUT P (11)

with €, being the completely antisymmetric tensor nor-
malized as €gia3 = /—¢ and €"123 = 1/,/—g, where g is
the determinant of metric.

The spacetime dynamic effects on the spin is incor-
porated into Dirac equation through the “spin connec-
tion” appearing in the Dirac equation in gravitation.!
In Weitzenbock spacetime, as well as the general ver-
sion of torsion gravity, it has been shown by many
authors!129712] that the spin precession of a Dirac parti-
cle is intimately related to the torsion axial-vector, and it
is interesting to note that the torsion axial-vector repre-
sents the deviation of the axial symmetry from the spher-
ical symmetry.?l In PGR, the particle spin vector S* is
defined by the spinor function 1!, the Dirac matrices v*
(k=0,1,2,3,4,5), and the tetrad hi* as follows:!!)

St = —(1/ )by o,

so the spin vector depends on the choice of tetrad. Fur-

(12)

thermore, the spin precession equation is given as’

g:—§A><S,

dt 2 (13)
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where S is the space component of spin vector S* of a o3 = g3o = s in? 0 (18)
Dirac particle, and A is the spacelike part of the tor- )

sion axial-vector A*. Therefore, the corresponding extra with

Hamiltonian energy is of the form A=r2—rag+4+a®> and X =1r>+4a%cos?9. (19)

§H = —%A-S. (14)

The purpose of the paper is to derive the torsion axial-
vector with the alternative Kerr tetrad, which is per-
formed in Sec. 2. In the weak field and slow rotation
approximation, the analytical expression of the torsion
axial-vector is obtained in Sec. 3. Discussions and con-
clusions are given in the last section. Throughout this

paper we use the unit with ¢ = 1.

2 Torsion Axial-Vector in Kerr Spacetime

In PGR, the description of Kerr spacetime is the same
as that in general relativity,[® so the gravitational field of
a rotating mass is described by the axially symmetric sta-

tionary Kerr metric,'?

dr? = goodt® + g11dr® + g20d6”

+ g33d@* + 2go3dedt (15)
where
T b))
goo ik g1 A g22 s ( 6)
2
g33 = — (r2 +a?+ BT Gin2 9) sin®0, (17)

(r? + a®)sinf/A
0
0
av/Ysin? 0

hhot =

where h = det(h®,) = Esinf = \/—g with g = det(gu)-
From Egs. (24) and (25), we can now construct the Cartan connection, whose nonvanishing

conditions in Eq. (1).
components are

In these expressions, 75 is Schwarzschild radius and a is the
angular momentum of a gravitational unit mass source. If
a = 0, the Kerr metric becomes the Schwarzschild metric
in the standard form. In Kerr spacetime, the tetrad can be
expressed by the dual basis of the differential one-form™4
through choosing a coframe of the coordinate system,

90 = A[dt — asin® 0d¢], (20)
9= A dr, (21)
92 = VS de, (22)
93 = B[(—adt + (r* + a?)d¢) (23)

where A = \/A/Y, B = sinf/v/%. Therefore, the tetrad
can be obtained with the subscript p denoting the column

index,
A 0 0 —aAsin?6
0 1/A 0 0
h®, = 24
. 0 0 VI 0 (24)
—aB 0 0 (r*+d*B
with the inverse
0 0 asinf/A
AYsinf 0 0 (25)
0 BY 0 ’
0 0 VY

We can inspect that equations (24) and (25) satisfy the

A/
AT = (Z) (r2 4+ a*)sin — B'a*VSsin? 0, (26)
A/
A3 = — <X>a(7'2 +a?)sin® 0 + [B(r? + a*))'aVEsin? 0, (27)
0 AN 2, 2y 2 2 4.4
hI" g2 = (I)(r +a®)sinf — a”sin“ G cos = a” sin” Hcos /%, (28)
hT035 = —[Asin? 9]@% sin0(r? + a?) + By(r* + a?)avSsin® 0, (29)
'y = —a®sin?@cosf, hI%5 = rsind, (30)
A/
hI30 = (Z)asiHG — B'aVs, (31)
A/
hI33 = —<Z>a2 sin® 0 + [B(r? + a?)|'VE, (32)
3 A5 / 2
hI®ge = (Z)asm@ — BjVXa = (a*/% — 1)acosb, (33)
2
AL = —(Asin® 0); - sind + Bj(a? +r2)VE, (34)
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where
0A r—rs/2 Ar 0A  a’A
A=—=——="_"_ H=— = —sinfcosd 35
or AY DI 7 50 y, SHUCosYs (35)
0B Br OB cosf a’B
B == — _—_ B = — " 4+~ " 4&nb 6. 36
Or v 0 90 \/§+ 5 sin 6 cos (36)
The nonzero torsion axial-vector components are
AW x (6h) = —2(g00T 23 + 903123 + 30T 02 + 9337 02) = —2(900I %32 + 903132 — 9301 %02 — 33T 02) , (37)
A® x (6h) = 2[gooT"13 + gosT*13 + g30T 01 + 9337 01] = 2[g0oT %31 + 903?31 — g30T %01 — g3 P01] - (38)
3 Slow Rotation and Weak Field | related to the axial-vector,
Approximations ds
. — =bxs, (49)
In the case of slow rotation and weak field, we keep dt
the terms up to the first order in the angular momentum  where s is the spin vector, and b = —3A/2. Therefore
a and in r¢/r. The related quantities are simplified as J "
follows: b= e [1 /11— 75 cos fe, + sin 0 69] (50)
A=r’—rg, S=r?, (39)  with J = Ma the angular momentum.
_ -1 _ T's - 2 . . .
goo = (—gu)~ =1- o 92=Tr (40) 4 Discussions and Conclusions
2 . 9 TsG . o The torsion axial-vector Dirac spin coupling by the
= —r“sin“0, = ——sin“0, 41
933 gos r (41) special choice of the Kerr tetrad in the framework of the
. sin @ torsion spacetime without curvature has been derived.
h=r’sinf, A=+/1-r, B= : 42
TS /T T (42) We employ the given Kerr tetrad to derive the torsion

In this approximation, all terms reduce to the values of the
Schwarzschild solution except gpz. On the other hand, in
the weak field limit, characterized by keeping terms up
to the first order in rs/r, the nonzero components of the
axial-vector torsion become

I35 = —ar?sin?@cos@, hI350 =1r2cosh,
hI%49 =0, kI3, = —acosb, (43)
and
hF031 = arsin39(1 — ;—5) , hF331 =rsinf,
r
AT, = %6 sinf, hI®g = asm@ (1 + 72;;) (44)

Substituting Eqgs. (39) ~ (42) into Egs. (37) and (38), we

obtain
2 s\ a
1) S
2
A = 57% sinf . (46)
In spacelike vector form, the axial-vector becomes
—A= A(l)\/—gu e, + A(Z)v —g22 €9, (47)

where e, = \/—g11 dr and ey = \/—ga2 df are unit vectors
in (r,0) directions, and then we have

2
a4 [1 /11— 7;—5 cos e, + sin 969} ) (48)

= 3?
It has been shown by many authors™!% that the spin pre-
cession of a Dirac particle in torsion gravity is intimately

axial-vector, as one of the three irreducible quantities in
Weitzenbock spacetime, which will couple with the Dirac
spin. We find that b field is still a dipole-like field, which
is on account of the axisymmetric property of Kerr space-
time, although it is not a standard dipole gravitomagnetic
field as obtained from the standard Kerr tetrad.[%! Further-
more, if there is no rotation, say a = 0, then the b field
disappears, which is reasonable because the axial-vector
represents the measurement of the axial symmetry devi-
ated from the spherical symmetry.!?

The application of the coupling between the massive
neutrino spin and rotating gravitational field is worthy
of mention because it may be important for understand-
ing some phenomena around black hole, and it has been

(15] in terms of the approximated Kerr

considered before
tetrad. It is expected that the coupling energy from neu-
trino spin precession induced by the rotating gravitational
field will give rise to the neutrino spin flip transition, and
this effect may be detected in strong gravitational fields,
such as in the vicinity of a rotating neutron star, black
hole, or around the gravitational lens.'®! Therefore the
study on the neutrino spin precession effect by the rotat-
ing gravitational field is important because the massive
neutrino may pass by many galaxy black holes before its
propagating to the earth from the deep universe.
Moreover, on how to measure the azial-torsion spin
effect, we have the following further arguments. Gener-
ally, unlike the macroscopic spin object, we will measure

the spin effect by the axial-torsion spin coupling energy of
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Dirac particle. If the spin object is an electron, we will
measure the photon splitting energy. In fact, this kind of
measurement will be very difficult in the astrophysical en-
vironments because the existence of the strong astronom-
ical magnetic field will diminish the chance of observing
this coupling energy. As for the case of massive neutrino,
in principle, the spin-flavor oscillation will be influenced
by the axial-torsion spin coupling although the probabil-
ity also depends on the masses of neutrinos. However,
we have to assume that the massive neutrino has no or
so little magnetic moment that the magnetic induced spin-
flavor oscillation is as low as possible. Moreover, the black
hole itself has no magnetic field, but the accreted matters
around black hole may have weak magnetic field. There-
fore, in order to avoid the magnetic influence, we need

to observe the massive neutrinos to come from the region
close to the horizon and not to pass through the accretion
disk. On the status of observer, it is in a remote distance
from the gravitational source.
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