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Abstract This paper is devoted to the one-loop calculation of the fermion Green function in QED within the
framework of the minimal quantization method, based on an explicit solution of the constraint equations and the gauge-
invariance principle. The relativistic invariant expression for the fermion Green function with correct analytical properties

is obtained.
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1 Introduction

Quantum electrodynamics (QED) is a relativistic
quantum field theory, which is characterized by the U(1)
gauge invariance and the related vanishing photon mass.
QED has many different formulations, which are obtained
by choosing different gauge conditions, all leading to iden-
tical physical predictions. The success of QED in the
explanation of a wide range of physical phenomena (in
particular, the anomalous moment of the electron and
the Lamb shift) has made it the most striking achieve-
ment of relativistic quantum theory. QED has been es-
tablished earlier than other field theories and was the
prototype for them.['=5) In spite of its success, there still
remains in the different formulations of QED the prob-
lem of determining the fermion wavefunction renormal-
ization (or the residue of the one-fermion Green’s func-
tion R = limp_m,(p — mr)Gr(p), where Gg(p) is the
renormalized Green’s function). It was shown by the au-
thor in Ref. [6] that the residue R of the one-fermion
Green’s function has not be solved, after analyzing all
standard proofs of gauge invariance. For instance, in the
usual relativistic covariant gauge one supplies the Gauss
equation with the gauge condition and all components are
quantized on an equal footing (Hereafter we call such ap-
proach a covariant quantization method where the prob-
lem of the gauge choice arises). The introduction of the
superfluous longitudinal variables[®] changes the singular-
ity of the electron Green function,? G(p) ~ (p? — m?)?,
b= —1+ (a/2m)(3 — d), where a = ¢*/4w. In particu-
lar, for the Landau gauge (d = 0) and the gauge corre-
sponding to (d = 1) instead of the usual pole, the branch
appears so that the residue of the Green function R is
equal to zero. Therefore, to reconstruct physical analytical

properties, it is necessary to choose a nonsingular asymp-
totical interaction involving longitudinal components. In
relativistic and nonrelativistic cases, one cannot treat all
components on an equal footing. In this sense, the de-
pendence of the Green function on the choice of gauge is
an inevitable defect of quantization. In the nonrelativis-
tic Coulomb gauge, the residue of the Green function is
given by R = 1 in the rest frame p* = (pg, ) and p' = 0,
whereas in a uniformly moving reference frame the quan-
tity R becomes velocity-dependent and in general loses its
meaning because of infrared divergences.”~1% Many at-
tempts have been made to solve this old problem, but the

[9]

same kind difficulty exists in both nonrelativistic”! and

relativistic gauges,®! where the Green function exhibits a
cut in place of a pole, and the quantity R can be equal
to zero or to infinity, depending on the gauges. There
existed some opinion that fermion Green functions to a
certain extent are nonphysical quantities because physical
quantities must be gauge-independent and their analytical
properties do not reflect the gauge-invariant content of a
gauge theory.

This problem is of appreciable interest for investigating
the soluble models, and is also necessary for logical com-
pleteness of quantum electrodynamics.[®8 Furthermore,
the problem of recovering the relativistic invariance of
Coulomb gauge becomes of practical importance for QCD,
where the “Coulomb” version of confinement is used as a
basis for the violation of chiral symmetry.!*1:12]

In the present paper we attempt to solve the previ-
ously mentioned problem in the framework of the “mini-
mal” canonical quantization method of gauge theories de-

veloped systematically by the author and collaborators in
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Ref. [13]. The approach is based on a quantization of
physical variables obtained by means of an explicit solu-
tion of the constraint equations at the classical level and
of the gauge invariance principle.

The paper is organized as follows. In Sec. 2 we briefly
describe the minimal quantization method['3! for QED.
It is shown that this quantization scheme, based on the
explicit solution of the Gauss equation and on the gauge-
invariant Belinfante tensor, does not need a gauge con-
dition as an initial supposition, and that the Lorentz
transformations of classical and quantum fields coincide
at the operator level.
additional gauge rotation as first remarked by Pauli and
Heisenberg.['4 In Sec. 3, at the level of Feynman diagrams,
this additional gauge transformation leads to an extra set
of diagrams in perturbation theory which provide the cor-
rect relativistic transformation properties of the observ-
ables such as the residues of the Green function. Section
4 is devoted to our conclusions. We use here the conven-
tions g, = (1,-1,-1,-1) and h = c = 1.

These transformations contain an

2 Minimal Quantization Method of

Electrodynamics

Following the quantization method for gauge theories
given in Ref. [13], we consider the interaction between the
electromagnetic field and electron-positron field.

The Lagrangian and Belinfante energy momentum ten-
sor of the system can be chosen in according with the
gauge invariance principle in the following forms,

L(z) = ZFiﬁ\I’[ Vu(i0y — eAy) —m] ¥,
S = /de (1)
TNV = u,\F)\V + \IJ( 8 eA“)\I/
gL+ {0 (T ),
1
Do = 5100 Yl + gunin = 9w (2)

where the spinor field ¥ describes the fermion, A, the
electromagnetic field. The Lagrangian (1) and Belinfante
tensor (2) are invariant under the gauge transformations
A;’i =g(A,+0)97", A,
v =g¥, 9=

for arbitrary function A(Z,t).

To construct the Hamiltonian of the theory, one should
explicitly separate out the true dynamical physical vari-
ables. Lagrangian (1) is degenerate, namely, it does not
contain the time derivative of the field Ag. As a result,
the corresponding canonical momentum of Aq is identi-
cally equal to zero. Here the variable A is not a true dy-
namical physical variable and variation of the action with
respect to Ag leads to a constraint equation (the Gauss
equation). Therefore, for quantization of the Lagrangian

16A“ ,
xp(ieA(Z, 1)) (3)

(1) two possibilities exist: either to use a modified Dirac
canonical formalism['4=2% or to eliminate the nonphysical
variable A( prior to the quantization by explicit solution
of the constraint equation. We shall adhere to the second
possibility, i.e., use the Gauss equation

oS

— =0= 074

84 10
as constraint equation to express Ag in terms of the phys-

ical dynamical variables

= 0;004; + jo (4)

1 .
Ay = 5(51‘50141‘ + Jo) (5)

where 1 /52 is an integral operator represented through
the corresponding Green function. The term (1/92)jo in
Eq. (5) can be written as
1 1
——jo(Z,t) = —
az]o(ﬂ? ) .

L

and describes the Coulomb field of the instantaneous
charge distribution jo(%,t) = e (7, 1) - U(7,1).

The substitution of Eq. (5) into Eq. (1) gives the fol-
lowing expressions for the Lagrangian,

1 2 T 1 2 T AT
L(z) = §F01[A |- ZFij —Ji Ai
1 T
+Jo = 52 ]0 + U’ (17,0, — m]¥™, (7)
1
FolAT) = AT - 9,Af, Af = 5]’5, (8)
where the following notations are introduced,
R 1
AT[A] = (51] Oy a,)AJ
=0;;A; = v A)(A; + 0;)v[A], 9)

TT[A, U] = 0[A)T,
T 1
oF = <5ij - aiﬁaj),

v[A] = exp{/t dt’%@iaoufli} = exp{é@ifli}. (11)

Using the Belinfante tensor (2) expressed in terms of
Egs (9) ~ (11), we obtain the following expressions for the
Hamiltonian, momentum and Lorentz boots,

H= / d32TE
1 _
/ ¥ { Fi+ 7 F + 07 [i7,0, — m]w7 |,
Pk = /deTﬁ

= [ @ FosPus 4 9T 4 S0 T, 297 (13)

(12)

Mo = 2, H — tPy, + / d?’y<y/c — xk)TOO . (14)

It can be seen that the Lagrangian L and the Be-
linfante energy-momentum tensor Tf; are now expressed
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only in terms of A7 and ¥T connected with the initial
fields (8) ~ (10) in nonlocal way.

According to Eqgs (3), (4), (9) and (10) the gauge factor
v[A] transforms as

v[A%] = v[Alg™". (15)

It is easy to check that nonlocal variables A7 and W7
are invariant under gauge transformation (3) of the initial
fields

A7 1A% = AT[4], (16)

TTA9 W9 = UT[A, 0], (17)

This means that the variables AT[A] and W7 [A, ¥] con-
tain only physical degrees of freedom and are independent
of pure gauge function g(Z,t). They satisfy the transver-
sality condition

QAT [A] =0, (18)

which is not an initial assumption in the minimal quanti-
zation method and it changes under Lorentz transforma-
tions.

Thus, the substitution of the explicit solution of
the constraint equation (5) into the gauge-invariant La-
grangian (1) and Belinfante tensor (2) also eliminates
all nonphysical variables as obvious in Egs (7), (8) and
(12) ~ (14). As a consequence, the gauge-invariant ex-
pressions (7), (8) and (12) ~ (14) depend only on two
nonlocal transverse variables A7 [A], UT[A, ¥] which are
themselves gauge-invariant functionals of the initial fields.

Let us consider now the Lorentz boot transformation

/
Ty, = T + it

t'=t+epry, lex| < 1. (19)

Using the solution of the constraint equation (5) and the
relations

800, = ey, 0°(1/8%) = —2e4(1/92)0,00(1/0?)

for nonlocal physical transverse variables A7 and U7 we
find the following expressions,

SYAT[A] = AT (2') + e A(2),

(00T (2') = ei(aidy — O] )AL (@) + AT (1)), (20)
SYUTA, U] = 00T (2') + ieA(2)) T (o),
(52\1:T(x’) = (. 0y — 107 )T (2")
1 T,/
+ zerbo, W7 (@), (21)
where 6¥ is the ordinary Lorentz transformation and
1
A= skﬁ(aoAf + 0 AD) (22)

is the additional gauge transformation which transforms
AT into the transverse field A%* one in the new coordinate
system £, = €5, + 6215,
¢ ATC _
9,A," =0,

(0 = 00 = u(00), A" = AL =0, (AT 1)), (23)

The dynamical system of quantized fields A7 and U7 fol-
lows a rotation of the time axis in relativistic transforma-
tions.

Thus, at the classical level we have three results which
differ from the usual covariant method.

i)  An explicit solution of the constraint equation and
a transition to nonlocal invariant variables;

ii) The choice of a gauge-invariant energy-momentum
Belinfante tensor (The gauge invariance principle
here is extended to the variables themselves and
dynamical observables (12) ~ (14));

ili) The Lorentz transformations of nonlocal physical
fields (9) ~ (11).

In the usual covariant method the physical fields form
a subspace in the space of initial 4-components A, by
constraint conditions. These conditions contain an extra
gauge choice f(A) = 0. In the minimal method the physi-
cal subspace of transverse fields is formed by the nonlocal
projection of the space of initial fields which arises auto-
matically for an explicit solution of the Gauss equation
(4). Tt is necessary to notice that the approach consid-
ered here cannot be described by the general scheme of
choosing gauge conditions which is applied to relativistic
gauge.['% The explicit solution of the Gauss equation and
the gauge invariance principle allow one to remove just
two nonphysical variables from the gauge-invariant expres-
sions L and T}, In constructing variables (9) ~ (11) we
have only the arbitrariness in the choice of time axis or
of the reference frame £, = (1,0,0,0), Ay = (£, A,). We
can choose instead any vector ¢, connected to 62 by the
Lorentz transformation £,, = Eg + 6262.

To discuss the quantum theory, we determine the
canonical momenta and write the equal-time (zg = yo = t)
commutation relations

I[FOZ(.’Z", t),A?(gj, t)] — 52’1;53(@'_ g») ,
(U2 (@ 1), U7 (1)} = 0apd®(@ —77) ,

where Fy;(Z,t) = Fo;[AT], 6T = (8;; — 9;(1/02)0;). Note
that the temporal component Al is not an independent
field, and is determined via U7 in Eq. (8).

Therefore, Al satisfies the equal-time (zg = yo = t)
commutation relations

(AT (7,1), WL (§,1)] -

Va(y). (26)

 An|7 -7
All other commutators are equal to zero. Thus in the
minimal quantization method operators of the quantum
fields AT, WT expressed in the forms of nonlocal function-
als (9) ~ (11) satisfy the nonlocal commutation relations.
In the following we shall show that all of them have the
same Lorentz transformations. Using commutation rela-
tions (24) ~ (26) it is easy to show that the operators H,
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Py, M;j;, My, satisfy the algebra of commutators of the
Poincaré group in the physical sector of gauge fields.[!3l¥
In the present theory the Heisenberg relations for fields

AT = (AT = (1/9%)j5, AT ), T,
i[Py, A] ()] =0, A0 (), [Py, ¥ (2)] =0,97 (x), (27)
and the Schwinger criterion of Lorentz invariance

i[Too(x), Too(y)] = —(Tow (@) + Tor(y))0k0*(F — 7)) (28)

are fulfilled. These relations can be proved by direct cal-
culations.

Making an infinitesimal Lorentz rotation (produced by
the boost Myy) one can see that the operators AlTL and W7
acquire additional gauge-dependent terms

SAT (x) = iep [Mok, Al (x)] = 6V AT (x) + 0,A (29)
§UT () = iey[Moy, U7 (2)] = 6207 (z) + ieAT",  (30)
where 6¥ is the ordinary Lorentz transformation and
1
A= 6;@?(80/15 + 3kA(:)F) (31)

is the gauge operator function.??! Note that the result (31)
is exactly the same as Eq. (22) that we obtained in classi-
cal theory. The physical meaning of the transformation is
that the very decomposition into Coulomb and transverse
parts in this scheme has really a covariant structure. In
other words, the Lorentz transformation simultaneously
changes the gauge.

Note that the transformations (29) and (30) were dis-
cussed at first by Heisenberg and Pauli™ with a refer-
ence to an unpublished remark by J. von Neuman. Also,
we stress that the transformations (29) and (30) of quan-
tum fields are exactly the same as the transformations of
classical fields, Egs (20) and (21).

The formulation of the Coulomb gauge in the frame
work of the usual covariant quantization method leads
to the usual canonical Hamiltonian that differs from the
Belinfante one, Eq. (2), by a total derivative which con-
tributes to the first terms of the boost operators (29) and
(30). Strictly speaking, the Coulomb gauge leads to an-
other gauge functional A in Eq. (31) in addition to those in
Eq. (9). This gauge breaks the usual relativistic covariance
of matrix elements of the type of Green functions. Accord-
ing to the interpretation of the usual covariant method the
term A in Eqgs (29) and (30) is treated as the gauge trans-
formation which does not affect the physical results. But
we know from Refs [6]-[13] that, this interpretation cannot
be applied to off-mass shell amplitudes, bound states and
one-fermion Green function. In our minimal quantization
method, the new type of diagrams (39) with the gauge
functional A(x) defined by Eq. (31) restores the conven-
tional relativistic properties of the Green functions in each
order of radiative corrections.['?]

The diagram technique in the minimal quantization
method, as was shown in Ref. [13], differs from the usual
Feynman rule only by the form of the photon propagator
of

1 v
D, (q) = m{—gw - (qg(?)giq_qz
(a0°)(quty, + fﬁqu)}
(a0 = ¢

In the last expression the vector ﬂg = (1,0,0,0) is deter-
mined in that Lorentz frame of reference where the quan-
tization carried out. Other Feynman rules remain in fact.

The QED constructed by us satisfies all standard re-
quirements of relativistic quantum theory. Such a quanti-
zation scheme is most close to the method of Schwinger!?!!
who has assumed the set of postulates: 1) transversality
of physical variables; 2) the Belinfante tensor; 3) nonlo-
cal commutation relations. The difference between the
scheme proposed here and the Schwinger quantization
method consists in that the physical variables are not
postulated, but rather they are constructed explicitly by
projecting the Lagrangian and Belinfante tensor onto the
solution of the Gauss equation. In Ref. [13] it has been
shown that the nonlocal physical variables obtained by
the solution of the Gauss equation contain new physical
information about the specific character of strong interac-
tion theory® that is absent in the covariant or Schwinger
quantization methods.

(32)

3 The Relativistic Covariance of the Fermion

Green Function in QED

The transverse variables which appear naturally in
solving the constraint equations in the minimal quanti-
zation method are convenient in calculating some tan-
gible physical effects. For example, the Lamb shift cor-
rections O(a®) are calculated only by the use of these
variables.l”23 On the other hand, just for the transverse
variables the wavefunction renormalization is momentum-
dependent because of the absence of a manifestly relativis-
tic covariant expression for the electron Green function.
Let us calculate the Green function from the formula

(2m)*6*(p — 9)G(p)
- / drady P (O[T (T ()87 (4))|0) . (33)
where U” and W7 are operators in the Heisenberg repre-

sentation. In the one-loop approximation, G(p) has the
form

G(p) = Go(p) + Go(p)S(p)Go(p) + 0(c?) (34)

where X(p) is the electron self-energy at order a which
contains the contributions from transverse fields and the

It is important to notice that the Belinfante tensor is a unique tensor which allow one to prove closed algebra of Poincaré group in the

physical sector of gauge theories.

§In QCD this quantization method also leads to a new picture of colour confinement.!*3] The latter is based on the destructive interference

of the phase factors which appear in theories with topological degeneracies [II3(SU(N)) = Z].
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Coulomb interaction

(dg) g q
(p) = / 2 {(51‘,3‘ - q_,;)%' 07 +70Go0 42} (35)

where

(dg)

2
€ . 14 2 -2 2 /
= 71d y = — = s G = G — .
oni T == =4 0=Golp—0q)
Let us prove the invariance of the Green function (34) un-
der the Lorentz transformation of the operators UT and
U7, By “invariance” we mean the equality!

GO(pl) = Sp’pGO(p)S;;lly :
That is, we shall take into account the Lorentz transfor-
mation of the y-matrices. In this case 6YGo(p) = 0. It is

known!¥ that equation (35) can be represented by a sum
of the invariant X p(p) and AX(p) terms,

Se) = - [ (SQ) WGy, 595p() =0,

(36)

d
AX(p) = / dg) 5 [4Goa + aGod + 4Goal
¢2q?
4=l  ¢=77 (37)
The response of AX(p) to the Lorentz transformation

(36) can be obtained by changing the integration variables
in Eq. (37),

%0 = erqr 8qr = erdo »
d N
SOAS(p) = e / %[BkGéq + 4Gy By,
2q
where

2qoqx qoqk .
) q171 - —9 q.
q q

Br = qxv0 + ko — (38)

The total Lorentz transformation for the Green func-
tion contains also the additional gauge transformations
(29) ~ (31),

5.[2m) 6% (p — q)iG(p)] = iecy, / d*zd*yexp(ipz — iqy)

< (O[T (@7 (2) ¥ (y)Ar(y))|0)

— (0|7 (Mg () O™ ()87 (1)) 0)] (39)
Using the explicit form for Ag(z) = AL (x) + A§(x) (see
Fig. 1),

T/ -

AY(Z,t) = Air/dByaj;’“_(;’t) ;

AS(Z ) = 7i 43 akAB(ga t) 7

ar | V-7

we obtain the following expression,

d R R
5.5 = et [ SL (B —m) + (6 - m)GhB], (40
m
where By, is given by formula (38). Since
N N By,
Golp—a)(=m) = 1+Colp=a)i. [ (da) 25 =0, (41
m

the total response of Egs (39) and (40) to the Lorentz
transformations (29) and (30) is equal to zero,

S0t 2(p) = (62 +6,)2(p) = 0. (42)

Fig. 1 Diagrams responding to contribution from the
gauge part of the Lorentz transformation: (a) Coulomb
contribution; (b) Transverse contributions. Here H is
defined by Eq. (12).

Therefore, it is sufficient to calculate expression (33)
in the rest frame of the electron p, = (py,0,0,0) for the

choice £, = (1,0,0,0),
(dq) 2 /
S(p) = . 43
(p) / Z p_qtm =570 P 0 (43)

Using the dimensional regularization, the 1ntegral (43) is

equal to
S(p) = - [m(BD +4) = D —m)] + Salp,).

where D = 1/¢ — v; + In(47) and

(44)

Yrpu) = % { - g + /01 dafzp — m]ln(l - %xﬂ

- m (T (50
—({p—m n
o P p? m2
M} _ i}

2p? op2 )’
To pass to a uniformly moving reference frame p:L =

(pG, D") we should take into account Eq. (39) which leads
to the change of the gauge,

[1 + (45)

AT (@) =0= (g — 6, (Lq)]Al(q) =0, (46)
— /2 (47)

We must also consider the new diagrams (39) dictated by
the “minimal” quantization method. This leads to the
motion of the Coulomb field

K =%V(@)v0 = Y V(@) » (48)

7;/,” = Eu(ﬁ ' P)/) ) qi_ =4y — é#(q : E) . (49)
The use of these diagrams is a principal difference be-
tween the “minimal” quantization method and standard
Coulomb gauge used in many papers.[*7=9 We stress that
the electron self-energy 3(p) in Eq. (45) has no infrared
divergences and allows the renormalization with subtrac-
tion at physical values of the momentum p = m,

5—m) = om = &
S(p=m)=0m= g (3D +4),
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SpH=m)=2-1, Z=1—%D. (50)

The probability of finding an electron with the mass m, =
m + dm calculated from formula (R(p) = lUm p—m, (P —
mg)Gr(p) = [¥|?) is equal to unity (|¥|? = 1). These re-
sults cannot be obtained in any relativistic gauge. These
results represent a solution to the renormalization prob-
lem on mass shell for transverse variables.

A mistake in Refs [4] and [8] consists not only in ig-
noring correct transformation properties (29) and (31) to
the construction of 3(p) but also in a nonphysical choice
of the initial vector (the time axis) that fixes the com-
ponent of the Coulomb field. For example, in expression
(33) where p,, = (po, P # 0) the vector 62 = (1,0,0,0) is
chosen so that the electron has a velocity different from
that of the Coulomb field. As a result, they lead to diffi-
culties with manifest Lorentz invariance and infrared di-
vergences. On the other hand, the correct transition (33)
to the electron rest frame p, = (po,p = 0) does not re-
move these difficulties as we simultaneously rotate the
initial gauge Eﬁ = (1,0,0,0), thus leaving velocities of
the electron and its proper field being different. So, a
choice of Eg must be defined in a physical formulation
of the problem, in this case Zg is the unit vector along
the momentum /¢,, ~ p,. We note that nonphysical in-
frared divergences in the calculation of R arise if we use
the Lorentz transformation corresponding to the canonical
energy momentum tensor 7' fw,[%] or local commutation
relations i[Ei(f, t), Aj(]j, t)] = 5,’j53(f — g)

One has taken into account the additional diagrams
which are induced by the A when passing to another
Lorentz frame. Thus, the proof of manifestly relativistic
covariance of the fermion Green function in the one-loop

approximation, based on the quantization only of physical
transverse variables, can be made at the level of Feynman
diagrams. The results of this paper solve the problem of
renormalization of physical quantities on mass shell for
the transverse variables.

4 Conclusion

In the framework of the minimal quantization meth-
ods of QED the electron’s relativistically covariant Green
function with correct (from a physical point of view) ana-
lytical properties has been obtained. We have shown that
the physical residues of the one-particle Green function
lim 5, (P—mz)GRr(p) = 1. The main difference between
the “conventional Coulomb gauge” and “our minimal
quantization method” consists in the proof and interpreta-
tion of the additional gauge transformations (29) ~ (31).
Our result can be explained by using additional gauge
transformation in the calculation scheme for the physical
residues of the one-particle Green function, as described
here. Moreover, the approach considered in this paper can
be used for investigation of the interaction and spectrum
of bound states in QED and QCD.
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