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Abstract The generalized conditional symmetry is developed to study the variable separation for equations of type
uxt = A(u, ux)uxx + B(u, ux). Complete classification of those equations which admit derivative-dependent functional
separable solutions is obtained and some of their exact separable solutions are constructed.
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1 Introduction
The study on the variable separation for nonlinear

partial differential equations (PDEs) arising from various
fields has been made much progress in the past decades. A
few variable separation approaches to deal with evolution
equations have been developed. These include the Lie-
point symmetry method,[1,2] the differential Stäckel ma-
trix approach,[3] the ansatz-based method,[4] the geomet-
rical method,[5] the formal variable separation approach,[6]

the multi-linear variable separation approach (MLVSA),[7]

the functional variable separation approach (FVSA),[8−10]

the derivative-dependent functional variable separation
approach (DDFVSA),[11] and so on.

Among these methods, the FVSA and the DDFVSA
based on the generalized conditional symmetry (GCS)[12]

have been playing important roles in the study of PDEs.
These two methods were successfully applied to general-
ized nonlinear diffusion equations, extended wave equa-
tions, and KdV-type equations.[8−11] The DDFVSA newly
introduced is an extension of the FVSA. However, on the
variable separation for equations of type

uxt = F (u, ux, uxx, . . .) , (1)

the DDFVSA did not seem to work until lately. This is
the very question we shall address in this paper.

Recently, we defined a concept of the derivative-
dependent functional separable solutions (DDFSSs),[11]

f(u, ux) = a(x) + b(t) , (2)

to (1+1)-dimensional evolution equations. The functional
separable solution (FSS)

f(u) = a(x) + b(t) (3)

is a special case of the DDFSS as fux ≡ 0. If f(u) = lnu,
it is just the product separable solution, while if f(u) = u,
it is the additive separable solution. The FVSA on non-
linear evolution equations has been involved by many
authors.[8−10]

Equations of type (1) enjoy a wide range of appli-
cations in mathematical physics. This type includes
the sine-Gordon, sinh-Gordon, Liouville equations, etc.
Calogero[13] studied an evolution equation in integral form
that can be rewritten in the purely differential form (via
substitutions),

uxt = −uuxx + g(ux) , (4)

where g is an arbitrary differentiable function. The
Vakhnenko equation[14]

(ut + uux)x + u = 0 , (5)

which governs the propagation of waves in a relaxing
medium, shares the remarkable properties inherent to the
KdV equation. In Ref. [15], Rabelo and Tenenblat char-
acterized equations of type

uxt = F
(
u, ux, uxx, . . . ,

∂ku

∂xk

)
, k ≥ 2 , (6)

which describe pseudo-spherical surfaces. Konno, Kame-
yama, and Sanuki[16] obtained the following equation of
motion for nonlinear lattice under a weak dislocation po-
tential:

uxt = −uxxxx −
3
2
u2

xuxx + α sinu = 0 , (7)

where α is a real nonzero constant.
Motivated mainly by the existence of these important

examples, in this paper, as a special case of Eq. (1), we
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intend to discuss the derivative-dependent functional vari-
able separation for evolution equations of the type,

uxt = A(u, ux)uxx + B(u, ux) , (8)

and the functional variable separation for the system of
equations,

vt = A(u, v)vx + B(u, v) , ux = v . (9)

The layout of the paper is as follows. In Sec. 2, we
present the basic theory on DDFSSs and GCSs for evolu-
tion equations. In Sec. 3, we classify systems (9) which
admit FSSs and classify evolution equations (8) which ad-
mit DDFSSs respectively. Some exact separable solutions
to the resulting systems and equations are constructed in
Sec. 4. Section 5 is summary and discussion.

2 Preliminaries
Consider the general m-th order nonlinear evolution

equation

E ≡ E(t, x, u, u1, u2, . . . , um, ut, utt) = 0 , (10)

where uk = ∂ku/∂xk, 1 ≤ k ≤ m, E is a smooth function
of the indicated variables. Let

V = η
∂

∂u

= η(t, x, u, ux, ut, uxx, uxt, uxxx, uxxt, . . . , )
∂

∂u
(11)

be an evolutionary vector field and η its characteristic.

Definition 1 A solution u = u(x, t) is said to
be a derivative-dependent functional separable solution
(DDFSS) to Eq. (10) if it satisfies Eq. (10) and the ansatz

f(u, ux) = a(x) + b(t) , (12)

where f(u, ux) is a smooth function of u and ux, and a(x)
and b(t) are some functions of x and t. In particular, when
f does not depend on ux, the DDFSS turns to be the FSS.

Definition 2 The evolutionary vector field (11) is said to
be a generalized conditional symmetry (GCS) of Eq. (10)
if and only if

V (m)(E)|L∩W = 0 , (13)

where V (m) is the m-th prolongation of Eq. (11), L is the
solution manifold of Eq. (10) and W is the set of all the
total derivatives of η|W = 0 with respect to x, namely,
Di

xη|W = 0, i = 0, 1, 2, . . ., which are invariant surface
condition and its partial derivatives with respect to x by
appending to Eq. (10).

It can be derived from Eq. (13) that equation (10) ad-
mits the GCS (11) if and only if

(Eut
Dtη + Eutt

D2
t η)|L∩W = 0 , (14)

where Dt and D2
t denote the first- and second-order total

derivatives in t, respectively.

How to determine whether a PDE possesses the DDF-
SSs? And if it does, how to derive its DDFSSs? To sum
up the results in Ref. [11], we have the following theorem.

Theorem 1 Equation (10) possesses the DDFSS (12) if
and only if it admits the GCS

V = η
∂

∂u

= [fuuuxut + fuux(uxuxt + uxxut) + fuxuxuxxuxt

+ fuuxt + fux
uxxt]

∂

∂u
. (15)

Unfortunately, Definition 2 does not work upon equa-
tions of type (1). In fact, in virtue of the invariant sur-
face condition and its partial derivatives Di

xη|W = 0,
i = 0, 1, 2, . . ., we have Dxtη|W = 0. If letting Eq. (13)
act on Eq. (1), then considering the determining condi-
tion Dxtη|L∩W ≡ 0, we cannot get any useful informa-
tion. Now we have to try another way. By transformation
ux = v, equation (1) turns to be the following system of
equations

vt = F (u, v, vx, . . . , ) , ux = v . (16)

For system (16), we have the following definition.

Definition 3 A solution u = u(x, t), v = v(x, t) is a
functional separable solution (FSS) to system (16) if it
satisfies both system (16) and the ansatz

f(u, v) = a(x) + b(t) , (17)

where f is a smooth function of the indicated variables.
By transformation v = ux, Definition 3 corresponds to the
following definition.

Definition 4 A solution u = u(x, t) is a derivative-
dependent functional separable solution (DDFSS) to
Eq. (1) if it satisfies both Eq. (1) and the ansatz

f(u, ux) = a(x) + b(t) , (18)

where f is a smooth function of the indicated variables.
By Definitions 3 and 4, we know that seeking DDF-

SSs to Eq. (1) is equivalent to seeking FSSs to system
(16). If we can clarify the functional variable separation
for system (16), by transformation v = ux, we then ful-
fill the derivative-dependent functional variable separation
for Eq. (1) subsequently.

Theorem 2 System (16) possesses the FSS (17) if and
only if it admits the GCS

V (1) = ηu ∂

∂u
+ ηv ∂

∂v
+ Dxηv ∂

∂vx
+ Dtη

v ∂

∂vt
, (19)

where

ηu ≡ fuuuxut + fuux
(uxuxt + uxxut) + fuxux

uxxuxt

+ fuuxt + fux
uxxt , (20)

ηv ≡ fuuvut + fuv(vvt + vxut) + fvvvxvt

+ fuvt + fvvxt , (21)
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and V (1) is the first prolongation of V = ηu∂/∂u+ηv∂/∂v

of system (16).

Proof Differentiating expressions (18) and (17) with re-
spect to x and t respectively, we have

ηu ≡ ∂2f(u, ux)
∂x∂t

= fuuuxut + fuux
(uxuxt + uxxut)

+ fuxuxuxxuxt + fuuxt + fuxuxxt = 0 ,

ηv ≡ ∂2f(u, v)
∂x∂t

= fuuvut + fuv(vvt + vxut)

+ fvvvxvt + fuvt + fvvxt = 0 .

In the same way, as verifying Theorem 1, we can complete
the proof. Similar to Definition 2, we have the following
definition.

Definition 5 The evolutionary vector field (19) is a GCS
of system (16) if and only if

V (1)(Ẽ)|L̃∩W̃ = 0 , (22)

where Ẽ ≡ {vt −F (u, v, vx), ux − v}, V (1) is the first pro-
longation of V = ηu∂/∂u + ηv∂/∂v of system (16), L̃ is
the solution manifold of system (16) and W̃ is the set
of all the total derivatives of ηu|W̃ = 0 and ηv|W̃ = 0
with respect to x, namely, Di

xηu|W̃ = 0, Di
xηv|W̃ = 0,

i = 0, 1, 2, . . ., which are invariant surface conditions and
their partial derivatives with respect to x by appending to
system (16).

By Definition 5, we conclude that system (16) admits
the GCS (19) if and only if

Dtη
v|L̃∩W̃ = 0 , (23)

where Dt denotes the first order total derivative in t.

3 Classification of System (9) Admits FSSs
and Equation (8) Admits DDFSSs
From Eq. (23) and Theorem 2, we know that classifi-

cation of system (9) which admits FSSs (17) is equivalent
to seeking the GCS of the form (19) which satisfies

Dtη
v|L̃∩W̃ = 0 , (24)

while Ẽ ≡ {vt − F (u, v, vx), ux − v} and

ηv ≡ fuuvut + fuv(vvt + vxut) + fvvvxvt + fuvt

+ fvvxt . (25)

We now calculate the left side of expression (24).
Making full use of expressions Di

xηu|W̃ = 0, Di
xηv|W̃ =

0, i = 0, 1, 2, . . . , and system (9) and excluding the higher-
order derivatives of u and v in expression (24), at last, the
left-hand side of expression (24) is changed into an expres-
sion of independent derivatives of u and v, which reads

Dtη
v|L̃∩W̃ = (h0vx + h1)utt + (h2vx + h3)ut

2

+ (h4vx
2 + h5vx + h6)ut + h7vx

3

+ h8vx
2 + h9vx + h10 , (26)

where hi = hi(u, v), i = 0, 1, . . . , 10, are expressed by
f(u, v), A(u, v), B(u, v) and their derivatives with respect
to u and v.

Equating expression (26) to zero leads to f(u, v),
A(u, v) and B(u, v) satisfying the following system of
PDEs:

hi = hi(u, v) = 0 , i = 0, 1, . . . , 10 . (27)

The detailed expressions for hi are listed in Appendix.
After solving system (27) for f(u, v), A(u, v) and

B(u, v), besides the case A(u, v) ≡ 0, we obtain the fol-
lowing classification theorem.

Theorem 3 The system

vt = A(u, v)vx + B(u, v) , ux = v ,

admits FSS of the form f(u, v) = a(x)+ b(t) if and only if
it is equivalent to one of the following cases, up to trans-
lation and dilatation for u and v:
(i)

vt = c2 ec1f(v)vx + b(v) , ux = v , (28)

f(u, v) = f(v) , (29)

where b(v) and f(v) satisfy

[c1(f ′(v))2f ′′(v) + (f ′′(v))2 − f ′′′(v)f ′(v)]b(v)

+ [c1(f ′(v))2 − f ′′(v)]f ′(v)b′(v)− (f ′(v))2b′′(v)

= 0 (30)

(ii)

vt = c1vvx + v(u + c2v + c3) , ux = v , (31)

f(u, v) = ln(v) ; (32)

(iii) c2 6= 0,

vt = c2(u + c3) ec1f(v)vx +
c4 − c2

∫ v
ξf ′(ξ) ec1f(ξ)dξ

f ′(v)
,

ux = v , (33)

f(u, v) = f(v) ; (34)

(iv) c4 6= 0,

vt = c2(u + c1)vvx −
1
2
v[c2v

2 + c4u(u + 2c1) + c3] ,

ux = v , (35)

f(u, v) = ln(v) ; (36)

(v) c1 6= 0,

vt = (c2 e−c1u + c3)vx + v(c1c2v + c4) e−c1u ,

ux = v , (37)

f(u, v) = c1u + ln(v) ; (38)

(vi) c1 6= 0,

vt =
c2 e−c1uvx

v
− v[c1c2(c1u + ln(v))− c3] e−c1u ,
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ux = v , (39)

f(u, v) = c1u + ln(v) ; (40)

(vii) c1c3 6= 0,

vt = c2 e−c1uvx + v[c1(c2v + c3u) + c3 ln(v) + c4] e−c1u ,

ux = v , (41)

f(u, v) = c1u + ln(v) ; (42)

(viii)

vt = c2(v + c3)2/3 , ux = v , (43)

f(u, v) = c1u +
3
4
(v + c3)4/3 ; (44)

(ix)

vt = c2vx + c3 , ux = v , (45)

f(u, v) = u + c1v ; (46)

where ci, i = 1, 2, 3, 4 are arbitrary constants and f(v)
is an arbitrary function in their definition sets when not
specified.

By transformation v = ux, as a simple consequence of
the foregoing theorem, we have the following classification
theorem for Eq. (8):

Theorem 4 The equation

uxt = A(u, ux)uxx + B(u, ux) ,

admits DDFSS of the form f(u, ux) = a(x) + b(t) if and
only if it is equivalent to one of the following cases, up to
translation and dilatation for u:
(i)

uxt = c2 ec1f(ux)uxx + b(ux) , (47)

f(u, ux) = f(ux) , (48)

where b(ux) and f(ux) satisfy

[c1(f ′(ux))2f ′′(ux) + (f ′′(ux))2 − f ′′′(ux)f ′(ux)]b(ux)

+ [c1(f ′(ux))2−f ′′(ux)]f ′(ux)b′(ux)−(f ′(ux))2b′′(ux)

= 0 ; (49)

(ii)

uxt = c1uxuxx + ux(u + c2ux + c3) , (50)

f(u, ux) = ln(ux) ; (51)

(iii) c2 6= 0,

uxt = c2(u + c3) ec1f(ux)uxx

+
c4 − c2

∫ ux ξf ′(ξ) ec1f(ξ)dξ

f ′′(ux)
, (52)

f(u, ux) = f(ux) ; (53)

(iv) c4 6= 0,

uxt = c2(u + c1)uxuxx

− 1
2
ux[c2ux

2 + c4u(u + 2c1) + c3] , (54)

f(u, ux) = ln(ux) ; (55)

(v) c1 6= 0,

uxt = (c2 e−c1u + c3)uxx + ux(c1c2ux + c4) e−c1u , (56)

f(u, ux) = c1u + ln(ux) ; (57)

(vi) c1 6= 0,

uxt =
c2 e−c1uuxx

ux
− ux[c1c2(c1u + ln(ux))

− c3] e−c1u , (58)

f(u, ux) = c1u + ln(ux) ; (59)

(vii) c1c3 6= 0,

uxt = c2 e−c1uuxx + ux[c1(c2ux + c3u)

+ c3 ln(ux) + c4] e−c1u , (60)

f(u, ux) = c1u + ln(ux) ; (61)

(viii)

uxt = c2(ux + c3)2/3 , (62)

f(u, ux) = c1u +
3
4
(ux + c3)4/3 ; (63)

(ix)

uxt = c2uxx + c3 , (64)

f(u, ux) = u + c1ux , (65)

where ci, i = 1, 2, 3, 4 are arbitrary constants and f(ux)
is an arbitrary function in their definition sets when not
specified.

4 Some Exact Separable Solutions to Eq. (8)
and System (9)
In this section, we construct some exact separable so-

lutions to the resulting equations and systems listed in
Theorems 3 and 4. To perform this, one can refer to
Ref. [11]. In the following, ki (i = 1, 2, 3, 4), λ, and µ

are arbitrary constants in their definition sets when not
being indicated, while the primes denote derivatives.

Example 1 For case (i) in Theorems 3 and 4, we
distinguish three special subcases:

(i) f(v) = ln(v) or f(ux) = ln(ux)
Substituting f(v) = ln(v) into Eq. (30), we get

v2b′′(v)− (c1 + 1)(vb′(v)− b(v)) = 0 ,

whose general solution b(v) = c3v + c4v
c1+1, then system

(28) is reduced to

vt = c2v
c1vx + c3v + c4v

c1+1 , ux = v , (66)

vt = c2vx + (c3 + c4)v , ux = v , c1 = 0 . (67)

From Eqs. (29) and (17), we have f(v) = ln(v) = a(x) +
b(t), or v = ea(x) eb(t), then u = eb(t)

∫
ea(x)dx + f1(t)

via ux = v. Now we formally obtain the solution

v = ea(x) eb(t) , u = eb(t)

∫
ea(x)dx + f1(t) . (68)
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To fix the unknown functions a(x), b(t), and f1(t), we
substitute Eq. (68) into Eq. (66) and split it into a system
of ordinary differential equations (ODEs) with dependent
variables a(x), b(t), and f1(t). The system of ODEs reads

c2a
′(x) = λ e−c1a(x) − c4 , b′(t) = λ ec1b(t) + c3 .

After solving it, we have the following.
Systems (66) and (67) possess FSSs (68), where f1(t) is

an arbitrary function, a(x) and b(t) are respectively given
by

a(x) = − 1
c1

ln
( c4

λ ec4c1(x+k1)/c2 − 1

)
− c4(x + k1)

c2
, (69)

b(t) =
1
c1

ln
( c3

1− λ ec3c1t+k2c1c3

)
+ c3(t + k2) ,

c1 6= 0 , (70)

and

a(x) =
(λ− c4)x

c2
+ k1 , b(t) = (λ + c3)t + k2 ,

c1 = 0 . (71)

As a result, by transformation v = ux, case (i) in The-
orem 3 corresponds to case (i) in Theorem 4. Thus, in
this subcase, equation (47) is reduced to

uxt = c2ux
c1uxx + c3ux + c4ux

c1+1 , (72)

uxt = c2uxx + (c3 + c4)ux , c1 = 0 , (73)

whose DDFSSs are respectively given by

u = eb(t)

∫
ea(x)dx + f1(t) ,

where f1(t) is an arbitrary function, a(x) and b(t) satisfy
Eqs. (69) and (70) or (71).

(ii) f(v) = v or f(ux) = ux

Substituting f(v) = v into Eq. (30), we get

b′′(v)− c1b
′(v) = 0 .

Solving it we have b(v) = c3 + c4 ec1v, then system (28) is
reduced to

vt = c2 ec1vvx + c3 + c4 ec1v , ux = v , (74)

vt = c2vx + c3 + c4 , ux = v , c1 = 0 . (75)

From Eqs. (29) and (17), we have f(v) = v = a(x) + b(t),
then u =

∫
a(x)dx + b(t)x + f1(t) via ux = v. Now we

formally obtain the solution

v = a(x) + b(t) , u =
∫

a(x)dx + b(t)x + f1(t) . (76)

To fix the functions a(x), b(t), and f1(t), we substitute
Eq. (76) into Eq. (74) and split equation (74) into a system
of ordinary differential equations (ODEs) with dependent
variables a(x), b(t), and f1(t), which read

c2a
′(x) + c4 = λ e−c1a(x) , b′(t)− c3 = λ ec1b(t) .

After solving them for a(x) and b(t), at last, we have the
following solutions.

Systems (74) and (75) possess respectively the follow-
ing FSSs:

u = − 1
c1

∫
ln

( c4

−1 + λ ec4c1(x+k1)/c2

)
dx− c4x

2

2c2

+
[ 1
c1

ln
( c3

1− λ ec3c1t+k2c1c3

)
+ c3t

− k1c4

c2
+ k2c3

]
x + f1(t) , (77)

v = ux , c1 6= 0 ; (78)

and

u =
(−c4 + λ)x2

2c2
+ [(c3 + λ)t + k2 + k1]x + f1(t) , (79)

v = ux , c1 = 0 . (80)

Consequently, in this subcase, equation (47) is reduced
to

uxt = c2 ec1uxuxx + c4 ec1ux + c3 , c1 6= 0 , (81)

and
uxt = c2uxx + c3 + c4 , c1 = 0 , (82)

whose DDFSSs are given by Eqs. (77) and (79) respec-
tively, where f1(t) is an arbitrary function.

(iii) f(v) = 1/v or f(ux) = 1/ux

In the same way, substituting f(v) = 1/v into Eq. (30),
and solving it for b(v), system (28) is reduced to the fol-
lowing:

vt = c2 ec1/vvx + (c3 + c4 ec1/v)v2 , ux = v , (83)

vt = c2vx + (c3 + c4)v2 , ux = v , c1 = 0 . (84)

From Eqs. (29) and (17), we know f(v) = 1/v = a(x) +
b(t). Hence we obtain the following FSSs to system (83)
and (84)

v =
1

a(x) + b(t)
, u =

∫
1

a(x) + b(t)
dx + f1(t) , (85)

where f1(t) is an arbitrary function, a(x) and b(t) are ex-
pressed by

a(x) =
c4(x + k1)

c2
− 1

c1
ln

( c4

1− λ e−c4c1(x+k1)/c2

)
, (86)

b(t) =
1
c1

ln
( c3

−1 + λ e−c3c1(t+k2)

)
− c3(t + k2) ,

c1 6= 0 (87)

or

a(x) =
(c4 + λ)x

c2
+ k1 , b(t) = (−c3 + λ)t + k2 ,

c1 = 0 . (88)

Correspondingly, equation (47) turns out to be

uxt = c2 ec1/uxuxx + (c3 + c4 ec1/ux)ux
2 , c1 6= 0 , (89)

and
uxt = c2uxx + (c3 + c4)ux

2 , c1 = 0 , (90)
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whose DDFSSs are shown by the second formula of
Eq. (85), where f1(t), a(x), and b(t) are the same as the
above.

Example 2 Now we seek for the separable solutions
to Eq. (31) and (50) in case (ii) of Theorems 3 and 4 re-
spectively.

From Eq. (32) and (17), we have f(v) = ln(v) =
a(x) + b(t), or equivalently, v = ea(x) eb(t). Substitut-
ing v = ea(x) eb(t) into Eq. (31) and solving it for u gives
the FSSs

u = [−c1a
′(x)− c2] eb(t) ea(x) + b′(t)− c3 ,

v = ea(x) eb(t) , (91)

to system Eq. (31), where b(t) is an arbitrary function and
a(x) satisfies ODE

c1a
′′(x) + c1(a′(x))2 + c2a

′(x) + 1 = 0 . (92)

In fact, substituting Eq. (91) into ux = v and simplify-
ing it, we find that a(x) satisfies ODE (92), which can be
reduced to the following linear ODE,

c1M
′′(x) + c2M

′(x) + M(x) = 0 , (93)

by transformation a′(x) = M ′(x)/M(x). The general so-
lutions of Eqs. (93) and (92) are listed below:

M(x) = e−c2x/2c1

[
k1 cosh

(√c2
2 − 4c1x

2c1

)
+ k2 sinh

(√c2
2 − 4c1x

2c1

)]
, (94)

a(x) = ln
[
k1 + k1

(
tanh

(√c2
2 − 4c1x

4c1

))2

+ 2k2 tanh
(√c2

2 − 4c1x

4c1

)]
+

( c2√
c2

2 − 4c1

− 1
)

ln
[
tanh

(√c2
2 − 4c1x

4c1

)
− 1

]
+ k3 −

(
1 +

c2√
c2

2 − 4c1

)
× ln

[
1 + tanh

(√c2
2 − 4c1x

4c1

)]
, c2

2 − 4c1 > 0 ; (95)

M(x) = e−c2x/2c1

[
k1 cos

(√−c2
2 + 4c1x

2c1

)
+ k2 sin

(√−c2
2 + 4c1x

2c1

)]
, (96)

a(x) = ln
[
−k1

(
tan

(√−c2
2 + 4c1x

4c1

))2

+ k1 + 2k2 tan
(√−c2

2 + 4c1x

4c1

)]
− 2c2√

−c2
2 + 4c1

arctan
(
tan

(√−c2
2 + 4c1x

4c1

))
+ k3

− ln
[
1 +

(
tan

(√−c2
2 + 4c1x

4c1

))2]
, c2

2 − 4c1 < 0 ; (97)

M(x) = (k1 + k2x) e−c2x/2c1 , (98)

a(x) = − c2x

2c1
+ ln(k1 + k2x) + k3 , c2

2 − 4c1 = 0 . (99)

Correspondingly, to obtain the DDFSSs to Eq. (92), considering v = ea(x) eb(t) and ux = v, we have

u = eb(t)

∫
ea(x)dx + g1(t) . (100)

Substituting Eq. (100) into Eq. (60) and splitting it give the following system:∫
ea(x)dx + [c1a

′(x) + c2] ea(x) = λ , b′(t)− g1(t)− c3 = λ eb(t) . (101)

The combination of Eqs. (101) and (100) with Eq. (60) leads to the following DDFSS of (60):

u = [λ− (c1a
′(x) + c2) ea(x)] eb(t) + g1(t) , (102)

b(t) =
∫

g1(t)dt− ln
[
−k1 − λ

∫
e
∫

g1(t)dt+c3tdt
]

+ c3t , (103)

where g1(t) is an arbitrary function and a(x) satisfies ODE (92).

Example 3 For FSSs to Eq. (33) and DDFSSs to Eq. (52) in the case (iii) of Theorems 3 and 4 respectively, we
just display the solutions relating to two special evaluations of f(v) = ln(v) = a(x) + b(t) and f(v) = v = a(x) + b(t).
The FSSs to Eq. (33) and DDFSSs to Eq. (52) in the case (iii) of Theorems 3 and 4 are given by

(i) f(v) = ln(v) or f(ux) = ln(ux)

u = eb(t)

∫
ea(x)dx + f1(t) , v = ea(x) eb(t) ,
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where a(x), b(t), and f1(t) are listed as follows.
Specifically, for different subcases, the FSSs {u, v} to Eq. (33) and DDFSSs {u} to Eq. (52) read
(i.1) c1 6= 0:

v = [µc1(x + k1)]1/c1 eb(t) , b(t) is an arbitrary function ,

u =
1

µ(c1 + 1)
[µc1(x + k1)](c1+1)/c1 eb(t) − c4 − b′(t)

µc2 ec1b(t)
− c3 ;

(i.2) c1 6= −1, c4 6= 0:

v =
[ c4

λ ec4(c1+1)(t+k1) − 1

]1/(c1+1)

ea(x)+c4(t+k1) ,

u =
(∫

ea(x)dx + µ
)[ c4

λ ec4(c1+1)(t+k1) − 1

]1/(c1+1)

ec4(t+k1) − c3 ,

where a(x) satisfies

c2 ec1a(x)
[
a′(x)

(∫
ea(x)dx + µ

)
− ea(x)

c1 + 1

]
+ λ = 0 ; (104)

(i.3) c1 6= −1, c4 = 0:

v = ea(x)[λ(c1 + 1)(t + k1)]−1/(c1+1) , u = [λ(c1 + 1)(t + k1)]−1/(c1+1)
(∫

ea(x)dx + µ
)
− c3 ,

where a(x) satisfies Eq. (104);
(i.4) c1 = −1:

v = − eb(t)

µ(x + k1)
, b(t) is an arbitrary function ,

u =
[b′(t) + c2b(t)− c2 ln(−µ)− c4

c2µ
− ln(x + k1)

µ

]
eb(t) − c3 ;

or
v = ea(x)+k1 e−c2t−(λ−c4)/c2 , u =

(∫
ea(x)dx + µ

)
ek1 e−c2t−(λ−c4)/c2 − c3 ;

where a(x) satisfies

c2a
′(x)

(∫
ea(x)dx + µ

)
+ [λ− c2a(x)] ea(x) = 0 .

(ii) f(v) = v or f(ux) = ux:

v = − 1
c1

ln
( c2

k1x− λc1

)
+ b(t) , b(t) is an arbitrary function ,

u =
(
x− λc1

k1

)
b(t)− 1

c1k1

[
ln

( c2

k1x− λc1

)
+ 1

]
(k1x− λc1)−

c1(c4 − b′(t))
k1 ec1b(t)

− c3 .

Example 4 The FSSs to Eq. (35) are given by

v = ux , c2c4 > 0 ,

u =
1
2

√
(−c3 + c4c1

2)c4

c4 + (c4
2λ2 + c2

2k1k2) e(−c3+c4c12)(t+k3)

×
(c2k1

c4
e
√

c4/c2x − c2k2

c4
e−
√

c4/c2x + 2λ
)

e(−c3+c4c1
2)(t+k3)/2 − c1 ,

and

v = ux , c2c4 < 0 ,

u =

√
(−c3 + c4c1

2)c4

c4 + (c4
2λ2 − c2

2(k2
2 + k1

2)) e(−c3+c4c12)(t+k3)

×
[
−c2k1

c4
cos

(√
−c4/c2x

)
+

c2k2

c4
sin

(√
−c4/c2x

)
+ λ

]
e(−c3+c4c1

2)(t+k3)/2 − c1 .
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The DDFSSs to Eq. (54) are given by the expressions of u listed above.

Example 5 An FSS to Eq. (37) is given by

v =
k1 ek1x+k2

c1( ek1x+k2 + k1f1(t))
, u =

1
c1

ln
[
− (c2k1 + c4)( ek1x+k2 + k1f1(t))

k1(f ′1(t) + c3k1f1(t))

]
,

and A DDFSS to Eq. (56) is given by the above expression of u, where f1(t) 6= 0 is an arbitrary function.

Example 6 An FSS to Eq. (39) is given by

v =
k1

c1(k1x + k2)(ln(k1x + k2) + k1f1(t))
, u =

1
c1

[
ln

(c1(ln(k1x + k2) + k1f1(t))
k1

)
+ b(t)

]
,

and A DDFSS to Eq. (58) is given by the above expression of u, where

f1(t) =
{ 1

c1

∫
(c1c2(b(t) + 1)− c3) exp

[
−b(t)− c2k1

∫
e−b(t)dt

]
dt + k3

}
exp

[
c2k1

∫
e−b(t)dt

]
,

and b(t) 6= 0 is an arbitrary function.

Example 7 The FSSs to Eq. (41) are given by

v =
ea(x)

c1(
∫

ea(x)dx + f1(t))
, u =

b(t) + ln[c1(
∫

ea(x)dx + f1(t))]
c1

,

where

a(x) = k1 e−c3x/c2 − c4 + λ

c3
, f1(t) =

∫
(λ− c3b(t)) e−b(t)

c1
dt + k2 , c3 6= 0 .

If c3 = 0, then

v = e(−c4−λ)x/c2+k1

( c1c2

−c4 − λ
e(−c4−λ)x/c2+k1 + λ

∫
e−b(t)dt + c1k2

)−1

,

u =
1
c1

[
b(t) + ln

( c1c2

−c4 − λ
e(−c4−λ)x/c2+k1 + λ

∫
e−b(t)dt + c1k2

)]
,

where b(t) 6= 0 is an arbitrary function.
The DDFSSs to Eq. (60) are given by the above expressions of u.

Example 8 The FSSs to Eq. (43) are given by

v = ux , u =
b(t)
c1

− 1
108

c2
4

c1

(
t− c1x

c2
+ k1

)4

− c3x , c1 6= 0 ,

and

v = ux , u =
[ 1
27

c2
3(t + k1)3 − c3

]
x + g(t) , c1 = 0 ,

where b(t) and g(t) are arbitrary functions.
The DDFSSs to Eq. (62) are given by the expressions of u above.

Example 9 An FSS to Eq. (45) is given by

v = −c3x

c2
+ k3 e−(c2t+x)/c1 + k1 , u = −1

2
c3x

2

c2
+ k1x− c1k3 e−(c2t+x)/c1 + b(t) ;

A DDFSS to Eq. (64) is given by

u = −1
2

c3x
2

c2
+ k1x− c1f1

(c2t + x

c2

)
+ b(t) ,

where b(t) and f1((c2t + x)/c2) are arbitrary functions.

5 Summary and Discussion
In this paper, we have applied the DDFVSA to evolution equations of type (1). For example, we have classified

Eqs. (8) and systems (9) which admit FSSs and DDFSSs respectively. We also have obtained some of their exact
separable solutions.

There are still some interesting topics to be treated later.
(i) How can we apply the DDFVSA to other types of evolution equations or higher-dimensional evolution equations?
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(ii) How can we unify other variable separation approaches by the DDFVSA? For instance, the possible group
explanation of the MLVSA may be obtained via the GCS by extending the DDFSS ansatz (2), so can we recover the
results from the MLVSA by the DDFVSA?

(iii) It is interesting to extend the DDFVSA and apply it to some differential-difference equations.

Appendix Expressions of hi in Eq. (27)
In the following f = f(u, v), A = A(u, v) and B = B(u, v), and the subscripts of f , A and B denote the partial

derivatives with respect to u and v respectively.

h0 = fuv = 0 , (A1)

h1 = vfuu = 0 , (A2)

h2 = fuuv −
fuv(fvAu + fuvA)

fvA
= 0 , (A3)

h3 = v
[
fuuu −

fuu(fvAu + fuvA)
fvA

]
= 0 , (A4)

h4 =
(
fuvv −

fuvfvv

fv

)
A−

(fvAu

A
+ 2fuv

)
Av + fvAuv = 0 , (A5)

h5 = −
(fuvB

A
+ 3vfuu

)
Av −

fvvB + fvBv

A
Au +

(
2fuvv − 2

fuvfvv

fv

)
B

− vfvAu
2

A
− fufuvA

fv
+ (Buv + vAuu)fv + fvvBu + fuuA = 0 , (A6)

h6 =
[
v2

(fuvA

fv
−Au

)
− v

(
Bv +

fvvB

fv

)
+ 2B

]
fuu −

(vfuv + fu)AuB

A
+

[
fu + v

(
2fuv −

fvAu

A

)]
Bu

+
[
2vfuuv −

(vfuv + fu)fuv

fv

]
B + v

(
fvBuu −

fuuAvB

A

)
− v2fuuuA = 0 , (A7)

h7 = fv(AAvv −Av
2)− fvvAAv = 0 , (A8)

h8 =
[(

fvvv −
fvv

2

fv

)
B + vfvAuv + fvAu + fvvBv + fvBvv

]
A +

(vfuvfvv

fv
− fuv − vfuvv

)
A2

− fvAv
2B

A
+ fvAvvB − [(2vfuv + 2fu)A + fvBv + 2fvvB + vfvAu]Av = 0 , (A9)

h9 =
[
fvB − v(vfuv + fu)A− vfvAvB

A

]
Au +

(
vfvBuv −

fufvvB

fv
+ fuvB

)
A

−
[
v2fuuv + 2vfuu −

vfuv(vfuv + fu)
fv

]
A2 − fvv(fvvA + fvAv)B2

fvA
− fvAvBBv

A

− [3(vfuv + fu)Av − fvvBv]B + [(fv + vfvv)A− vfvAv]Bu

+ fv(Bvv + vAuv)B + fvvvB2 = 0 , (A10)

h10 = fv

[(
B − vAvB

A

)
Bu + vBBuv

]
− (vfuv + fu)AvB2

A
− (vfuv + fu)(fvvB − vfuvA)B

fv

− v(vfuv + fu)AuB + vfvvBBu − v(vfuuv + 2fuu)AB + (2fuv + vfuvv)B2 = 0 . (A11)

References

[1] P.J. Olver, Application of Lie Groups to Differential
Equations, 2nd ed., Graduate Texts Math. 107, Springer,
New York (1993); G.W. Bluman and S. Kumei, Sym-
metries and Differential Equations, Appl. Math. Sci. 81 ,
Springer, Berlin (1989); L.V. Ovsiannikov, Group Analy-
sis of Differential Equations, Academic, New York (1982).

[2] W. Miller, Symmetry and Separation of Variables,

Addison-Wesley, Reading, MA (1977).

[3] E.G. Kalnins and W. Miller, J. Math. Phys. 26 (1985)
1560; E.G. Kalnins and W. Miller, J. Math. Phys. 26
(1985) 2168.

[4] R.Z. Zhdanov, J. Phys. A 27 (1994) L291; R.Z. Zhdanov,
I.V. Revevko, and W.I. Fushchych, J. Math. Phys. 36
(1995) 5506; R.Z. Zhdanov, J. Math. Phys. 38 (1995)
1197.



978 ZHANG Shun-Li Vol. 45

[5] P.W. Dolye, J. Phys. A: Math. Gen. 29 (1996) 7581;
P.W. Dolye and P.J. Vassiliou, Int. J. Nonlinear Mech.
33 (1998) 315.

[6] C.W. Cao, Sci. China A 33 (1990) 528; Y. Cheng and
Y.S. Li, Phys. Lett. A 175 (1991) 22; S.Y. Lou and L.L.
Chen, J. Math. Phys. 40 (1999) 6491.

[7] S.Y. Lou, Phys. Lett. A 277 (2000) 94; S.Y. Lou and H.Y.
Ruan, J. Phys. A: Math. Gen. 34 (2001) 305; X.Y. Tang
and S.Y. Lou, J. Math. Phys. 44 (2003) 4000.

[8] E. Pucci and G. Saccomandi, Physica D 139 (2000) 28.

[9] K.S. Chou and C.Z. Qu, J. Phys. A: Math. Gen. 32
(1999) 6271; C.Z. Qu, S.L. Zhang, and R.C. Liu, Phys-
ica D 144 (2000) 97; P.G. Estevez, C.Z. Qu, and S.L.
Zhang, J. Math. Anal. Appl. 275 (2002) 44; S.L. Zhang,
S.Y. Lou, and C.Z. Qu, Chin. Phys. Lett. 19 (2002) 1741;
S.L. Zhang, S.Y. Lou, and C.Z. Qu, Chin. Phys. Lett. 22
(2005) 1029; S.L. Zhang, S.Y. Lou, and C.Z. Qu, Chin.
Phys. Lett. 22 (2005) 2731.

[10] C.Z. Qu, W.L. He, and J.H. Dou, Prog. Theor. Phys.
105 (2001) 379; P.G. Estevez and C.Z. Qu, Theor. Math.
Phys. 133 (2002) 1490; S.L. Zhang, S.Y. Lou, C.Z. Qu,
and R.H. Yue, Commun. Theor. Phys. (Beijing, China)
44 (2005) 589.

[11] S.L. Zhang, S.Y. Lou, and C.Z. Qu, J. Phys. A: Math.

Gen. 36 (2003) 12223; S.L. Zhang and S.Y. Lou, Com-
mun. Theor. Phys. (Beijing, China) 40 (2003 ) 401; S.L.
Zhang and S.Y. Lou, Commun. Theor. Phys. (Beijing,
China) 41 (2004) 161; S.L. Zhang and S.Y. Lou, Physica
A 335 (2004) 430.

[12] A.S. Fokas and Q.M. Liu, Phys. Rev. Lett. 72 (1994)
3293; R.Z. Zhdanov, J. Phys. A: Math. Gen. 28 (1995)
3841; R.Z. Zhdanov, J. Math. Anal. Appl. 238 (1999)
101; C.Z. Qu, Stud. Appl. Math. 99 (1997) 107; C.Z.
Qu, IMA J. Appl. Math. 62 (1999) 283; C.Z. Qu, Nonlin.
Anal. Theory Meth. Appl. 42 (2000) 301.

[13] F. Calogero, Stud. Appl. Math. 70 (1984) 189.

[14] V.A. Vakhnenko, J. Phys. A: Math. Gen. 25 (1992) 4181;
E.J. Parkes, J. Phys. A: Math. Gen. 26 (1993) 6469;
V.O. Vakhnenko, Ukr. J. Phys. 42 (1997) 104; V.O.
Vakhnenko, E.J. Parkes, and A.V. Michtchenko, Int. J.
Diff. Eq. Appl. 1 (2000) 429; V.O. Vakhnenko and E.J.
Parkes, Chaos, Solitons & Fractals 13 (2002) 1819.

[15] M.L. Rabelo and K. Tenenblat, J. Math. Phys. 31 (1990)
1400; M.L. Rabelo, Stud. Appl. Math. 81 (1989) 221.

[16] K. Konno, W. Kameyama, and H. Sanuki, J. Phys. Soc.

Japan 37 (1974) 171; K. Konno and H. Sanuki, J. Phys.

Soc. Jpn. 39 (1975) 22.


