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Abstract The generalized conditional symmetry is developed to study the variable separation for equations of type
Ugt = AU, Uz )uzs + B(u,ug). Complete classification of those equations which admit derivative-dependent functional
separable solutions is obtained and some of their exact separable solutions are constructed.
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1 Introduction

The study on the variable separation for nonlinear
partial differential equations (PDEs) arising from various
fields has been made much progress in the past decades. A
few variable separation approaches to deal with evolution
equations have been developed. These include the Lie-
point symmetry method,!*?! the differential Stickel ma-
trix approach,®! the ansatz-based method,!!
rical method,[®! the formal variable separation approach,!®
the multi-linear variable separation approach (MLVSA),W]
the functional variable separation approach (FVSA),[S’N]
the derivative-dependent functional variable separation
approach (DDFVSA)," and so on.

Among these methods, the FVSA and the DDFVSA
based on the generalized conditional symmetry (GCS)!2
have been playing important roles in the study of PDEs.
These two methods were successfully applied to general-

the geomet-

ized nonlinear diffusion equations, extended wave equa-
tions, and KdV-type equations.[8=11 The DDFVSA newly
introduced is an extension of the FVSA. However, on the
variable separation for equations of type

Uyt :F(uaumuwwa---)a (1)

the DDFVSA did not seem to work until lately. This is

the very question we shall address in this paper.
Recently, we defined a concept of the derivative-

dependent functional separable solutions (DDFSSs),1]

fu,uz) = alz) +b(t) (2)

to (1+1)-dimensional evolution equations. The functional
separable solution (FSS)

f(u) = a(z) + b(t) 3)

is a special case of the DDFSS as f,,, = 0. If f(u) = Inuw,
it is just the product separable solution, while if f(u) = w,
it is the additive separable solution. The FVSA on non-
linear evolution equations has been involved by many
authors.[8=10]

Equations of type (1) enjoy a wide range of appli-
cations in mathematical physics.
the sine-Gordon, sinh-Gordon, Liouville equations, etc.
Calogerol'®! studied an evolution equation in integral form
that can be rewritten in the purely differential form (via
substitutions),

This type includes

Upt = —Ulgzy + g(Uz) , (4)
where ¢ is an arbitrary differentiable function. The
Vakhnenko equation*4]

(ut +utg)y +u =0, (5)

which governs the propagation of waves in a relaxing
medium, shares the remarkable properties inherent to the
KdV equation. In Ref. [15], Rabelo and Tenenblat char-
acterized equations of type

oFu
* dak
which describe pseudo-spherical surfaces. Konno, Kame-
yama, and Sanukil'® obtained the following equation of
motion for nonlinear lattice under a weak dislocation po-
tential:

), k> 2, (6)

Ugp = F(u,ug;,um, o

Upt = —Uppos — iuium +asinu=0, (7)
where « is a real nonzero constant.
Motivated mainly by the existence of these important

examples, in this paper, as a special case of Eq. (1), we
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intend to discuss the derivative-dependent functional vari-
able separation for evolution equations of the type,

Ugpt = A(u, um)umx + B<u7 um) ) (8)

and the functional variable separation for the system of
equations,

vy = A(u, v)v, + B(u,v), u, =v. (9)

The layout of the paper is as follows. In Sec. 2, we
present the basic theory on DDFSSs and GCSs for evolu-
tion equations. In Sec. 3, we classify systems (9) which
admit FSSs and classify evolution equations (8) which ad-
mit DDFSSs respectively. Some exact separable solutions
to the resulting systems and equations are constructed in
Sec. 4. Section 5 is summary and discussion.

2 Preliminaries

Consider the general m-th order nonlinear evolution
equation

E = E(t,z,u,uy,us,.. (10)

'7U’maut7utt) - 07

where uy, = 8’%/53:’“, 1 <k <m, FE is a smooth function
of the indicated variables. Let

0
V=nl
”au
(t )i) (11)
= y Ly Uy Ugy Uty Uy y Uzt s Uggas Uzats - - -y
n t t t ou

be an evolutionary vector field and 7 its characteristic.

Definition 1 u(z,t) is said to
be a derivative-dependent functional separable solution
(DDFSS) to Eq. (10) if it satisfies Eq. (10) and the ansatz

f(u,ug) = a(z) +b(t), (12)

where f(u,u;) is a smooth function of u and u,, and a(x)

A solution v =

and b(t) are some functions of z and ¢. In particular, when
f does not depend on u,, the DDFSS turns to be the FSS.

Definition 2 The evolutionary vector field (11) is said to
be a generalized conditional symmetry (GCS) of Eq. (10)
if and only if

V) (E) | Law =0, (13)

where V(™) is the m-th prolongation of Eq. (11), L is the
solution manifold of Eq. (10) and W is the set of all the
total derivatives of n|y = 0 with respect to z, namely,
Dinlw = 0,4 = 0,1,2,..., which are invariant surface
condition and its partial derivatives with respect to x by
appending to Eq. (10).

It can be derived from Eq. (13) that equation (10) ad-

mits the GCS (11) if and only if
(E’UtDtn+EUttDt2n)|LﬁW 207 (14)

where D; and D? denote the first- and second-order total
derivatives in t, respectively.

How to determine whether a PDE possesses the DDF-
SSs? And if it does, how to derive its DDFSSs? To sum
up the results in Ref. [11], we have the following theorem.
Theorem 1 Equation (10) possesses the DDFSS (12) if
and only if it admits the GCS

0
V=n—
Tou
= [fuuu.rut + fuum (Umumt + uzxut) + fumumumrurt
0
+ fullzt + fu,u t]au (15)

Unfortunately, Definition 2 does not work upon equa-
tions of type (1).
face condition and its partial derivatives Din|y = 0,
1 =0,1,2,..., we have Dy n|w = 0. If letting Eq. (13)
act on Eq. (1), then considering the determining condi-
tion Dy|aw = 0, we cannot get any useful informa-
tion. Now we have to try another way. By transformation

In fact, in virtue of the invariant sur-

u; = v, equation (1) turns to be the following system of

equations
(16)

ve = F(u,v,04,...,), uUz=".

For system (16), we have the following definition.
Definition 8 A solution u = u(x,t), v = v(z,t) is a
functional separable solution (FSS) to system (16) if it
satisfies both system (16) and the ansatz
fu,v) = a(x) +0(t),
where f is a smooth function of the indicated variables.

By transformation v = wu,, Definition 3 corresponds to the
following definition.

(17)

Definition 4 A solution u = wu(z,t) is a derivative-
dependent functional separable solution (DDFSS) to
Eq. (1) if it satisfies both Eq. (1) and the ansatz

flu,ug) = a(z) +b(t),
where f is a smooth function of the indicated variables.
By Definitions 3 and 4, we know that seeking DDF-
SSs to Eq. (1) is equivalent to seeking FSSs to system
(16). If we can clarify the functional variable separation
for system (16), by transformation v = u,, we then ful-
fill the derivative-dependent functional variable separation
for Eq. (1) subsequently.

Theorem 2 System (16) possesses the FSS (17) if and
only if it admits the GCS

(18)

0 0 0 0
VO =gt = g o= Do’ 5=+ D’ -
Oy ovg

ou ov (19)

where
N" = fuutiats + fuu, Ualier + Uzatt) + fuyu, Uoalat
+ futtzr + fu, Uzat (20)
n" = fuuUt + fuo (V0 + Vo) + froVzvt

+ fuvt + fvvzt s (21)
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and V(1 is the first prolongation of V = 5%d/0u+n"0/0v
of system (16).

Proof Differentiating expressions (18) and (17) with re-
spect to x and t respectively, we have

nt = % = fuulatt + fuu, (UsUat + Uzztir)
+ furuzuxzurt + fulle: + fumurzt =0,
82

’r]” = % = fuuvut + fu’u(vvt + Uwut)

+ fvvvmvt + fuvt + fvvmt =0.
In the same way, as verifying Theorem 1, we can complete

the proof. Similar to Definition 2, we have the following
definition.

Definition 5 The evolutionary vector field (19) is a GCS
of system (16) if and only if

VO(E) g =0, (22)
where E = {v; — F(u,v,v;),uy — v}, V(1) is the first pro-
longation of V' = n"9/0u + n?9/dv of system (16), L is
6) and W is the set
of all the total derivatives of 77“|W =0 and 0| =0

= |W =0, D} 27 |W =0,
which are invariant surface conditions and

the solution manifold of system (1

with respect to x, namely, D
i=0,1,2,...,
their partial derivatives with respect to = by appending to
system (16).

By Definition 5, we conclude that system (16) admits
the GCS (19) if and only if

Din’|iqw =0, (23)

where D; denotes the first order total derivative in ¢.

3 Classification of System (9) Admits FSSs
and Equation (8) Admits DDFSSs
From Eq. (23) and Theorem 2, we know that classifi-
cation of system (9) which admits FSSs (17) is equivalent
to seeking the GCS of the form (19) which satisfies

Din’|paw =0, (24)
while E = {v, — F(u,v,vs),us — v} and
1° = fuuur + fuo(V0r +vur) + foovave + fuvy
+ foUst - (25)

We now calculate the left side of expression (24).

Making full use of expressions Din*|;, = 0, Din®|y =
0,i=0,1,2,..., and system (9) and excluding the higher-
order derivatives of u and v in expression (24), at last, the
left-hand side of expression (24) is changed into an expres-
sion of independent derivatives of u and v, which reads

(h(ﬂ}m + hl)utt + (thI + hg)’ut2
+ (havy® + hsvg + he)us + hyv,®

Dn®|zaw =

+ hSUx2 + hQUaz + th 9 (26)

where h; = h;(u,v), ¢ = 0,1,...,10, are expressed by
f(u,v), A(u,v), B(u,v) and their derivatives with respect
to w and v.

Equating expression (26) to zero leads to f(u,v),
A(u,v) and B(u,v) satisfying the following system of
PDEs:

hi = hi(u,v) =0, i=0,1,...,10. (27)

The detailed expressions for h; are listed in Appendix.
After solving system (27) for f(u,v), A(u,v) and
B(u,v), besides the case A(u,v) = 0, we obtain the fol-

lowing classification theorem.

Theorem 8 The system
vy = A(u,v)v, + B(u,v),

admits FSS of the form f(u,v) = a(x)+b(t) if and only if
it is equivalent to one of the following cases, up to trans-
lation and dilatation for u and v:

(1)

Uy =V,

vp = cp e Wy + b(v), wuy=wv, (28)
flu,v) = f(v), (29)
where b(v) and f(v) satisfy
[er(f'(0)2 f"(0) + (f"(0))* = f""(v) f'(0)]b(v)
+ e (f'(0)? = @)L () (v) = (f'(v))%" (v)
~0 (30)
(ii)
vy = c1vvgy +v(u+ cov+e3), Uy =v, (31)
f(u,v) =1In(v); (32)
(iii) e2 # 0,
e f(v ca —co [TEf(€) e/ @ de
vy = co(u + e3) e Wy, + I f’(v) ,
Uy =V, (33)
flu,v) = f(v); (34)
(iv) ea #0,
vy = ca(u+ c1)vv, — %v[czqﬂ + cqu(u + 2¢1) + c3],
Uy =V, (35)
f(u,v) =1In(v); (36)
(v) e1 #0,
vp = (2™ + c3)vy + v(c1cv + c4) 7Y,
Uy =V, (37)
f(u,v) = cru+1n(v); (38)
(vi) e1 # 0,
o= 2 e (eru 4 In(w)) — es] e,

v
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fu,v) = cqu+ In(v) ; (40)  (v) c1 #0,

(vii) c1e3 # 0, Uyt = (2 €7 + 3)Upy + Uz (creauy + c4) e ™™, (56)
vy = ca e MM, + v[er (eav + czu) + ez In(v) 4 4] e T fuyuz) = cru+ In(uy) ; (57)
Uy =V, (41) (Vi) cp #0,

—Ci1u
flu,v) =cru+In(v); (42) Upp = €2© ” Ysw _ uzlcrea(cru + In(uy))
(viii) | * (58)
—cgle™ M,
v =co(v+¢3)23, up=w, (43)
3 flu,ug) = cru+ In(uy) ; (59)
Flu,w) = exu+ o(0+ ) () (yii) ercs 20,

(ix) Ugt = Co €~ gy + ugfer (coug + csu)

Ut =CoUp F 03, Up =, (45) + ez In(ug) + cq] e, (60)
fu,v) =u+crv; (46) flu,uy) = cru + In(ug) ; (61)
where ¢;, i = 1,2,3,4 are arbitrary constants and f(v)  (viii)

is ar% arbitrary function in their definition sets when not gt = ¢ (g + 03)2 /37 (62)

specified.

By transformation v = u,, as a simple consequence of fu,ug) = cru+ §(ux + 63)4/3 : (63)

the foregoing theorem, we have the following classification ) 4

theorem for Eq. (8): (ix)

Theorem 4 The equation Ugt = ColUgy + C3, (64)

Ugr = A, g )igy + Blu, uy) | Flu,ue) = u+ cruq, (65)

admits DDFSS of the form f(u,u,) = a(x) + b(t) if and
only if it is equivalent to one of the following cases, up to
translation and dilatation for u:

(i)

Ugy = co e W)y 4 b(uy), (47)
flu,ue) = flua), (48)
where b(u,) and f(u,) satisfy
[en (F (ua))* " () + (F" (1)) = £ () ' (u)]b(us)

+len (f (ua))? = f" (ua) ' (a)V (uz) = (' (1)) 6" (uz)

—0: (49)
(i)
Ugpt = ClUzUze + Uy (U + couy + c3) (50)
flu, ug) = In(ug) ; (51)
(iii) o # 0,
Uyt = Cou + c3) e o)y,
ca—co [ () ecr ) g
ssEgge
flu,uz) = fluz); (53)
(iv) es # 0,
Uyt = Co(U + €1) U Uz
- lux [cotg? + cqu(u + 2¢1) + 3], (54)

2

where ¢;, i = 1,2, 3,4 are arbitrary constants and f(u,)
is an arbitrary function in their definition sets when not
specified.

4 Some Exact Separable Solutions to Eq. (8)

and System (9)

In this section, we construct some exact separable so-
lutions to the resulting equations and systems listed in
Theorems 3 and 4. To perform this, one can refer to
Ref. [11]. In the following, k; (i = 1,2,3,4), A, and p
are arbitrary constants in their definition sets when not
being indicated, while the primes denote derivatives.

Exzample 1 For case (i) in Theorems 3 and 4, we
distinguish three special subcases:

(i) f(v) =In(v) or f(uz) = n(u,)
Substituting f(v) = In(v) into Eq. (30), we get
V2V (v) — (1 + 1) (vb (v) — b(v)) =0,
whose general solution b(v) = c3v + c4v“ ! then system
(28) is reduced to

vy = oV 0y + c3v + cqv L

(66)
vy = Uy + (c3 + ¢4V, (67)

From Egs. (29) and (17), we have f(v) = In(v) = a(x) +
b(t), or v = @ @ then u = e'® [ @ dx + f(t)
via u; = v. Now we formally obtain the solution

v=e@ b 4 = b / e@dx+ fi(t).  (68)

Uy =V,

Uy =v, c1=0.
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To fix the unknown functions a(x), b(t), and fi(t), we
substitute Eq. (68) into Eq. (66) and split it into a system
of ordinary differential equations (ODEs) with dependent
variables a(x), b(t), and f1(¢). The system of ODEs reads

ca, V() =reP® ¢y

After solving it, we have the following.

Systems (66) and (67) possess FSSs (68), where f1(¢) is
an arbitrary function, a(z) and b(t) are respectively given
by

cd (z) = Ae—cra(@) _

aw) =~ () q(m; k) o)
b(t) = éln(l - Aecffﬁmcg) +es(t+ ko),
e # 0, (70)
and
a(z) = %4‘]617 b(t) = (A + c3)t + ko,
c1 =0. (71)

As a result, by transformation v = u,, case (i) in The-
orem 3 corresponds to case (i) in Theorem 4. Thus, in
this subcase, equation (47) is reduced to

c1+1

Upt = CoUz M Ugy + C3UL + Colly ;

Ugt = CoUgy + (€3 + C4)Uz, €1 =0,

whose DDFSSs are respectively given by
u= e’® / @ dx + f1(t),

where fi(t) is an arbitrary function, a(z) and b(t) satisfy
Egs. (69) and (70) or (71).

(if) f(v) = v or f(us) = us

Substituting f(v) = v into Eq. (30), we get

b (v) — e1b' (v) = 0.
Solving it we have b(v) = c3 + c4 €, then system (28) is
reduced to
(74)
Ve = CoUy +C3 + C4, (75)

From Egs. (29) and (17), we have f(v) = v = a(z) + b(t),
then v = [a(z)dz + b(t)z + fi(t) via u, = v. Now we
formally obtain the solution

v=a(®)+b(t), u= / a(x)de +b(t)e + fi(t). (76)

To fix the functions a(x), b(t), and f1(t), we substitute
Eq. (76) into Eq. (74) and split equation (74) into a system
of ordinary differential equations (ODEs) with dependent
variables a(z), b(t), and f1(t), which read

V(t) —c3 = Aert®)

vy = co €Uy 43+ g e, up=w,

Uy, =v, c1=0.

ot/ (1) + ¢4 = Ae~19@)

After solving them for a(x) and b(t), at last, we have the
following solutions.

Systems (74) and (75) possess respectively the follow-
ing FSSs:

_ i 1 C4 d ar
u= - n(_]_+)\ec401(93+k1)/c2) v 2¢o

C1
* [a 1n(l — )\ecac:1t+kzclc3) +cst
kicq
e + kgc;),]x + f1(t), (77)
v=1uy, c1F£0; (78)
and
u= (‘342”;)132 + [(e3 + Nt + ko + kilz + f1(t),  (79)
v=1uy, c1=0. (30)

Consequently, in this subcase, equation (47) is reduced
to

Uyt = Co €M Uy + g™ 4¢3, 1 #£0, (81)

and

Ugt = Colgy +C3+ ¢4, ¢1 =0, (82)

whose DDFSSs are given by Egs. (77) and (79) respec-
tively, where f;(t) is an arbitrary function.

(iii) f(v) =1/v or f(uz) = 1/uy

In the same way, substituting f(v) = 1/v into Eq. (30),
and solving it for b(v), system (28) is reduced to the fol-
lowing:

2

v = ¢V, + (e3 4 ¢4 eV )02 , (83)

v = CoUy + (3 + c4)0?, c1=0. (84)

(

(
From Egs. (29) and (17), we know f(v) = 1/v = a(z
b(t). Hence we obtain the following FSSs to system (
and (84)

Uy =V,

)+
83)

1 1
= u=]——d t), (85
a(z) + b(0) /a(x)er(t) v+ h®), ()
where f1(t) is an arbitrary function, a(z) and b(t) are ex-
pressed by
_ca(z+ k) 1 Ca
a(z) = C2 o ln(l — )\e*%cl(f*kl)/@)  (86)
1 C3
b(t) = Eln<—1 - Ae_cm(t%z)) — st + k),
1 #0 (87)
or
A
a(x) = (C‘*ji)“’” ke b(t) = (—es+ N+ ks,
2
c1 = 0. (88)

Correspondingly, equation (47) turns out to be
Ugy = Co € "y + (3 + ca e/ u 2, e #£0, (89)

and

Upt = Collgy + (3 + C)u®, ¢ =0, (90)
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whose DDFSSs are shown by the second formula of
Eq. (85), where fi(t), a(x), and b(t) are the same as the
above.

Example 2 Now we seek for the separable solutions
to Eq. (31) and (50) in case (ii) of Theorems 3 and 4 re-
spectively.

From Eq. (32) and (17), we have f(v) = In(v) =
a(x) + b(t), or equivalently, v = e eb®)  Substitut-
ing v = e*@ b into Eq. (31) and solving it for u gives
the FSSs

v = 4@ b (91)
to system Eq. (31), where b(t) is an arbitrary function and
a(x) satisfies ODE

cra’ (z) 4 c1(a’ (x))? + cod () +1=0. (92)

In fact, substituting Eq. (91) into u, = v and simplify-

ing it, we find that a(x) satisfies ODE (92), which can be
reduced to the following linear ODE,

aaM"(z) + coM'(x) + M(z) =0, (93)

by transformation o' (x) = M’'(z)/M(x). The general so-

u=[—c1d' (x) — ca] ®® @) L V(1) — c3, | lutions of Egs. (93) and (92) are listed below:
N I V)
M(z) = e~c2%/2a {kl cosh( 2’ 0133) + ko sinh(%” ’ (94)
C1
VeoZ — deia\ 2 2_4
a(z) = m[kl th (tanh( 2’ Clx)) + 2%y tanh<7\/c24clx)}
1
vV -4
n (072 - 1) m{tanh(u) - 1] kg — (1 n 072)
Jo? — ey dcy Ve? —dey
V=4
« In [1 n tanh(%)} 2 —dey >0 (95)
1
2 2
= omean/20 Voot tar o (Y=C2t +dar
M(z)=e [kl cos( 20 ) + ko sm( 20, )} , (96)
=2+ 4 2 /et 4
a(z) = ln [—kl (tan(ﬂ)) + k1 + 2ko tan(Mﬂ
4cq 4cq
e amtan(tan(iv—@ﬂw )+
vV —622 —+ 401 4Cl s
/2 1 4 2
~m[1+ (tan(M)) |, e —te <o; (97)
401
M(x) = (k1 + ko) e~ 2%/21 (98)
a(z) = — % +In(ky + kox) + k3, 2> —4c; =0. (99)
1
Correspondingly, to obtain the DDFSSs to Eq. (92), considering v = e®) b and u, = v, we have
w= eb® / @ da 4 g1(1). (100)
Substituting Eq. (100) into Eq. (60) and splitting it give the following system:
/ @ dx + [c1d' () + co] e =X, V(1) — g1 (t) — c5 = XD, (101)
The combination of Egs. (101) and (100) with Eq. (60) leads to the following DDFSS of (60):
w=[\— (c1d'(z) + c2) e @] eb® 1 gy (1), (102)
b(t) = /gl(t)dt “In [—kl - A/ef‘h(“dt*%tdt] +est, (103)

where g1 (t) is an arbitrary function and a(z) satisfies ODE (92).

Example 8 For FSSs to Eq. (33) and DDFSSs to Eq. (52) in the case (iii) of Theorems 3 and 4 respectively, we

just display the solutions relating to two special evaluations of f(v) = In(v)

(i) £(v) = In(v) or f(u,) = In(u,)

w= et /ea(””)da; AW, = e )

= a(z) + b(t) and f(v) = v = a(x) + b(t).
The FSSs to Eq. (33) and DDFSSs to Eq. (52) in the case (iii) of Theorems 3 and 4 are given by
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where a(x), b(t), and fi(¢) are listed as follows.
Specifically, for different subcases, the FSSs {u, v} to Eq. (33) and DDFSSs {u} to Eq. (52) read
(i1) ¢1 # 0:
v =[per(z + k)] e!® | b(t) is an arbitrary function,
ca — V(1)

1
_ (ci4+1)/c1 b(t) _ =4 — 7 \")
u= [per(z + kq)] e 1 0ot

cs;
pler +1) ’

(i2) 1 #—1,ca #0:

Cyq 1/(e1+1)
v=| )

ea(a:)+04(t+k1)
AeC4(Cl+l)(t+k’1) _ 1 ’

a(x Cq 1/(er+1) cq(t+k1)
“= (/e | )dx+u> [)\654(51+1)(t+k1) 71} et — ¢,

where a(x) satisfies
(@)

c1+1

cpecra(®) [a’(x) (/ @ dz + u) — ] +A=0; (104)
(i3)cr#—1,ca=0:
v= e @\ + 1)+ k)] | w=[Aer + 1)t + k)] @D (/ea(’”)dx n u) —es,

where a(x) satisfies Eq. (104);

(i4) g = —1:
e?®) : . .
v = EeETaE b(t) is an arbitrary function ,
_ V(t) +cob(t) —coln(—p) —cs In(z+ kl)] MO
Copt u

or
o= er@theT RO/ -y ( / e 4 p) et O gy

where a(x) satisfies
cza'(a:) (/ @) dg 4+ u) + [A = caa(z)] e _ .
(i) f(v) = v or f(ug) = uy:

1
v = o ln(ﬁ) +b(t), b(t) is an arbitrary function,

- )\Cl 1 Co C1 (C4 — b/(t))
v= (m - /Tl)b(t) T ok [ln(klx - >\01> + 1} (k12 = Aer) = kpecib(®) 3

Exzample 4 The FSSs to Eq. (35) are given by

V=g, cocq >0,

1 (—c3 4+ cacr1?)ey
v= 2\ cq + (642/\2 + 622k1k2) e(—catcaci?)(t+ks)

y (Czkl oVerlear _ k2 \foiTee 2A) o(—eateaer)(t+ka) /2 _

Cq Cq

and

V=1Up, Cac4 <0,

w— (—c3 + cacr?)ey
V) a F (@a2N2 — o2 (ko? + Ky 2)) e(—cateaca?)(t4ka)

k k
X [—E cos(\/—04/02x> 4 2% Sin<\/—C4/ng) + )\} e(mesteser®)(t4ks)/2 _ ()
Cq Cq
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The DDFSSs to Eq. (54) are given by the expressions of u listed above.
Exzample 5 An FSS to Eq. (37) is given by

kel = L[ e o)
cr(ekr@the 4k fi(t)) 1 ki (f1(t) + cski fi(t)) 7
and A DDFSS to Eq. (56) is given by the above expression of u, where f1(t) # 0 is an arbitrary function.
Exzample 6 An FSS to Eq. (39) is given by
k 1 In(k k k t
_ 1 - [ln(a(n( 17 + ko) + 1f1()))+b(t)},
c1(k1x + ko) (In(kix + k2) + k1 f1(t)) k1

and A DDFSS to Eq. (58) is given by the above expression of u, where

1

) = {— /(6102<b(t) +1) —c3)exp|—b(t) — c2ky /e_b(t)dt} dt + kg} exp {021@1 /e_b(t) dt} ,
c

1

v =

C1

and b(t) # 0 is an arbitrary function.
Exzample 7 The FSSs to Eq. (41) are given by

Yy e(®) " b(t) + Infer ([ @ dx + f1(t))]
ci(fer®da + fi(t))’ 1 ’
where
A A — c3b(t)) e o)
a(r) = kye~cav/c2 764;— , fit) = /( c c(l))e dt + ko, c3#0.
If ¢35 = 0, then
v = e(—64—)\)w/cz+k1( C1C2 e(—c4—>\);n/02+k1 +)\/e—b(t)dt+61k2)—l
—Cyq — A ’
1
u=— [b(t) + ln<& elmea=Nz/eathy 4 )\/e*b(t) dt + clkg)] ,
C1 —Cq4 — A

where b(t) # 0 is an arbitrary function.
The DDFSSs to Eq. (60) are given by the above expressions of w.

Exzample 8 The FSSs to Eq. (43) are given by

b(t) 1024 4
L B N N
V= u o 108 01( + k1 c3T c1 #
and

1
V= Uy, u = [2—7023(t+k1)3—03]x+g(t), c1:0,

where b(t) and g(t) are arbitrary functions.
The DDFSSs to Eq. (62) are given by the expressions of u above.

Example 9 An FSS to Eq. (45) is given by

2
T kye—(ct+a)/en f p g = lesz

ey 2 ¢
A DDFSS to Eq. (64) is given by

v = + ki — crks e~ (c2tte)/en b(t);

cot+x
C2

1 cgx?
U=—=
2 Co

where b(t) and f1((cat + x)/c2) are arbitrary functions.

+hx—qﬁ< )+mo,

5 Summary and Discussion

In this paper, we have applied the DDFVSA to evolution equations of type (1). For example, we have classified
Egs. (8) and systems (9) which admit FSSs and DDFSSs respectively. We also have obtained some of their exact

separable solutions.
There are still some interesting topics to be treated later.

(i) How can we apply the DDFVSA to other types of evolution equations or higher-dimensional evolution equations?
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(ii) How can we unify other variable separation approaches by the DDFVSA? For instance, the possible group
explanation of the MLVSA may be obtained via the GCS by extending the DDFSS ansatz (2), so can we recover the
results from the MLVSA by the DDFVSA?

(iii) It is interesting to extend the DDFVSA and apply it to some differential-difference equations.

Appendix Expressions of h; in Eq. (27)
In the following f = f(u,v), A = A(u,v) and B = B(u,v), and the subscripts of f, A and B denote the partial
derivatives with respect to u and v respectively.

ho = fus =0, (A1)
hi = 0fuu =0, (A2)
hy = Fus — fw(fvfjlcz X fuwd) _ o (A3)
T a4)
o= (fuww = P - (P o 2p) 40+ fod =0, (45)
hs = —(fule +3vfuu)Av . WAU + (2fm - 2f“}f””)3

- Uf”jf - f“fﬁ:}”A + (Buv + vAuwu) fo + fouBu + fuuA =0, (A6)
o= [o?(22 — a) — (B 228 28] g, - o IAE Ty (5, - e g,

+ [20 e - Olu + fufu ;vf")f””}B 0 foBuu — W) " (A7)
hr = FolAduy = 4%) = fu,AA, =0, (A8)
s = [(fuw f)B b ofoun  fout furBot £ B A+ (I, o, )

A b B (20hs 26 A+ B, 420D+ 0, AA, =0, (49
o= [£o8 = o0t + f)A = LB A (08B = 222 4 1, B) 4

Ufu'u(vfuv +fu) fvt)(fva+vav)B2 fUAUBBU
_ [quuv + 20 fyu — 7. }Az _ i _ .

- [3(Ufuv + fu)Av - fvav]B + [(fv + vav)A - Uf'uAv]Bu

+fv(B'uv +’UAuv)B+f'uva2 = 07 (AlO)
vA,B v A,B? v B—vf,,A)B
th:f,U|:<B— v )Bu—’—’UBBu,Ui|—( fu’u+fu) v _( fuv+fu)(fvv qu )
A A fo
—0(Vfup + fu)AuB + 0 fou BBy — 0(0 fuuw + 2fuu) AB + (2fuw + 0 fuwe) B> = 0. (A11)
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