
Commun. Theor. Phys. (Beijing, China) 38 (2002) pp. 615–616
c© International Academic Publishers Vol. 38, No. 5, November 15, 2002

A Simple Method to Obtain Exact Soliton Solutions for a Nonlinear Equation in a

Loss Fibre System∗

YANG Xiao-Xue1 and WU Ying1,2

1Department of Physics and National Key Laboratory for Laser Technique, Huazhong University of Science and Technol-
ogy, Wuhan 430074, China

2Wuhan Institute of Physics and Mathematics, the Chinese Academy of Sciences, Wuhan 430071, China

(Received April 24, 2002)

Abstract We show that the nonlinear equation governing wave propagation in a loss fibre system considered by
Nakkeeran in J. Phys. A34 (2001) 5111 can be brought into the standard nonlinear Schrödinger equation by a simple
transformation.

PACS numbers: 42.81.Dp, 42.65.Tg, 05.45.Yu
Key words: nonlinear optics, fibre communication

Nakkeeran[1] has recently considered the following non-
linear equation describing wave propagation in a loss fibre
system

iqz + qtt + 2|q|2q + β2t2q + iβq = 0 (1)

with a constant β, and has in the same paper shown its
complete integrability and obtained the soliton solutions
by constructing its Lax pair and Bäcklund transforma-
tion. However, we shall provide an alternative and simpler
method to do so by showing that this equation can in fact
be transformed into the standard nonlinear Schrödinger
equation (NLS)

iQξ + Qττ + 2|Q|2Q = 0 (2)

by introducing the following transformations

q = Q(ξ, τ) exp[−a(z)] exp{i[b(z)t2 + c(z)t + d(z)]} (3)

with

ξ =
1− e−4βz

4β
, τ = e−2βz(t− e−2βz) , (4a)

a(z) = 2βz, b(z) = β/2, c = e−2βz ,

d(z) =
e−4βz − 1

4β
, (4b)

when β is a constant.
Let us now give the explicit derivation of the transfor-

mation results in Eqs. (2) ∼ (4). Substituting q(x, t) in
Eq. (3) but with

ξ = η(z), τ = ω(z)[t− f(z)] , (5)

it is readily shown that the function Q(ξ, τ) satisfies the
following equation

iηzQξ + ω2Qττ + 2 e−2a|Q|2Q + AQ + iBQτ = 0 (6)

with
B = (ωz + 4ωb)t + (2cω − ωzf − ωfz)

and

A = −(4b2 + bz − β2)t2 − (4bc + cz)t

+ [i(2b− az + β)− (c2 + dz)] .

Our task is to find the explicit forms of the functions
a(z), b(z), c(z), d(z), f(z), η(z), and ω(z) such that
Q(ξ, τ) satisfies the standard nonlinear Schrödinger equa-
tion (2). Obviously, such a requirement will be satisfied if
A = B = 0 and

ηz = e−2a, ω = e−a . (7)

B = 0 and A = 0 respectively lead to

(lnω)z = −4b(z) , (8a)

2c(z)− 2(lnω)zf(z)− fz = 0 , (8b)

az = 2b(z) + β, dz = −c2(z) , (9a)

(ln c)z = −4b(z), bz + 4b2(z) = β2 . (9b)

Equations (7), (8a), and (9a) immediately give the results
b = β/2 and a = 2βz. Equations (9b) and (9a) give
c = f = exp(−2βz) and d = ( e−4βz − 1)/(4β). These re-
sults together with Eqs. (5) and (7) are nothing but those
given by Eq. (4).

It is well known[2] that the standard NLS is completely
integrable, and the explicit forms of its solition solutions
have been known for a long time. In this paper, we have
shown that the nonlinear equation (1) can be transformed
into the standard NLS (2), and have thus shown the com-
plete integrability of the nonlinear equation (1). In ad-
dition, the explicit forms of its soliton solutions can be
easily obtained by borrowing the soliton solutions of the
standard NLS,[2] and hence we omitted here.
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Our approach provides not only an alternative method
to show the complete integrability and obtain the exact
soliton solutions of Eq. (1) but also an explicit form to see
how the N -soliton solutions of the nonlinear equation (1)
depend on the variables z and t through the combination
variables ξ and τ . What is more important, the results in
this paper offer another significant merit over the previ-
ous study[1] in which the relation between the nonlinear
equation (1) and the standard NLS (2) also allows one to
borrow more general conclusions of the much thoroughly
studied standard NLS beyond soliton excitations, for in-
stance, nonlinear dynamics for general initial conditions
which may or may not involve soliton(s). Before ending

this paper, we mention that the nonlinear equations

iqjz + qjtt + 2

(
N∑

j=1

|qj |2
)

qj + β2t2qj + iβqj = 0 (10)

with j = 1, . . . , N considered also in Ref. [1] can be trans-
formed into the forms

iQjξ + Qjττ + 2

(
N∑

j=1

|Qj |2
)

Qj = 0 ,

j = 1, . . . , N (11)

by the transformations (3) and (4) except the replace-
ments q → qj and Q → Qj .
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